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THE INTUITIONISTIC REVOLUTION IN MATHEMATICS AND LOGIC 


A. A. FRAENKEL 
Department of Mathematics, The Hebrew University of Jerusalem 


‘In December 1951 I had the privilege of talking to Professor Einstein and describing 


the recent controversies between (neo-)intuitionists and their “formalistic’” and ‘“‘lo- 
gicistic”’ antagonists; I pointed out that the first attitude would mean a kind of atomistic 


theory of functions, comparable to the atomistic structure of matter and energy. Ein- 


stein showed a lively interest in the subject and pointed out that to the physicist such 
a theory would seem by far preferable to the classical theory of continuity. I objected 
by stressing the main difficulty, namely, the fact that the procedures of mathematical 
analysis, e.g. of differential equations, are based on the assumption of mathematical 
continuity, while a modification sufficient to cover an intuitionistic-discrete medium 
cannot easily be imagined. Einstein did not share this pessimism and urged mathe- 


; maticians to try to develop suitable new methods not based on continuity. 


This discussion has induced me to present here a short description of the nucleus 


of intuitionism, particularly in its far-reaching form proposed by Brouwer and adopted 


by Weyl in the 1920’s. This, however, does not mean taking an-attitude in favour of 


- intuitionism. 


The crisis in Greek mathematics which developed in the Pythagorean school in the 
sixth century B. C., as well as the crisis of the foundation of calculus in the eighteenth 


century, were apparently solved by satisfactory methods: the former by the theory of 


proportions as presented in Euclid’s book Five, the latter by Cauchy’s doctrine of limits 


_ and by the arithmetical theories of irrational number as given by Dedekind, Weierstrass 


and others. However, during the last fifty years it has turned out that these methods 
had not succeeded in actually solving the problems involved. This disappointment 
became manifest in the foundations of mathematics in general and in the theory of 
continuum in particular. 


As to the continuum, i. e. the set of points on a line (or on a segment) or the aggregate 
of real numbers, Zenon and his contemporaries of the Eleatic school, no less than 
medieval scholastics (whose logical achievements have only recently been valued approp- 


_riately), tried in vain to reveal the “‘mystery of continuum’’, and from Thomas Aquinas 
to our times we observe a reiterated readiness, born of despair, to accept continuum 


y+ 


as a dogma or as an “original intuition‘‘. The would-be complete constructions or 
descriptions of the continuum achieved during the last third of the nineteenth century 
in real analysis on the one side and in set theory (Cantor) on the other, were attacked 
by H. Poincaré, B. Russell, H. Weyl and others as insufficient or meaningless because 
of their using vicious circles — in particular, of their defining particular objects with a 


certain property by the totality of those objects. At any rate, such methods are not fit 
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to construct the continuum and to bridge the abyss between the discrete and individual 
realm of integers and the continuous and homogeneous medium of points in space. 

At the same time, in the first decade of the twentieth century, the discussion was en- 
larged and transferred to the foundations of mathematics in general by the logical anti- 
nomies that were pointed out between 1896 and 1905, mostly connected with the con- 
cept of set (aggregate) which had just opened new horizons in mathematics: not only 
as a subtle and powerful instrument in analysis and geometry but also as an access 
to deeper foundations of mathematics as a whole. The first effect of the antinomies 
was catastrophical, so much so that a few outstanding scholars explicitly abandoned 
some of their results. Even after Russell had shown that the antinomies had no pro- 
perly mathematical essence but were closely connected with certain logical difficulties 
discovered by Greek philosophers, as the Liar (Epimenides), the shock turned out to” 
have been profound enough as to cause scepticism regarding mathematical analysis 
in the ‘‘classical”’ shape, which had been thought in the 1870’s and 1880's to be satis- 
factory and final. ; 

I cannot describe here the various elaborate systems which emerged from the objections © 
specified. They vary from methods faithfully keeping to the tradition, to a revolutionary | 
attitude which abandons the bulk of classical mathematics. Most surprising results 
have been obtained, in particular Godel’s incompleteness theorem of 1930 which shows © 
that the power of deductive inference is, by its very nature, much more limited than had 
been assumed still in the first quarter of the present century. I shall therefore restrict 
myself to analysing a few characteristic lines, both mathematical and logical, of the 
intuitionistic trend which on the whole is the most revolutionary one: the Dutch school, | 
founded in 1907 by L. E. J. Brouwer, who has named it neo-intuitionism. This trend 
should particularly be distinguished from the French school of intuitionists (Borel, 
Lebesgue, Lusin etc.) who do not go as far as the Dutch. 

The main thesis of neo-intuitionists is that mathematical existence coincides with con- 
struction. According to them, neglecting this principle and identifying existence with 
non-contradiction has brought about not only the antinomies but classical analysis 
of the nineteenth century. Hence, the majority of its concepts and theorems ought to 
be abandoned, and the remains should be based on new foundations. Also revolutionary 
opinions about the relation between mathematics and language evolve from the main 
thesis. A second thesis, especially peculiar to Brouwer’s theory of continuum, concerns 
the “‘sequences of choice’’; in addition to sequences of rationals which are determined 
by a given law, sequences are also. admitted here whose members are successively 
chosen in an arbitrary way, which implies that the sequence (representing a real number) 
can ‘never be considered a finished whole. It is obvious that the intuitionistic theory of 
continuum essentially bears on the applicability of mathematics to physics. 

The main thesis would imply the necessity of an exact definition, or at least de- 
scription, of constructibility. It is just such a description which Brouwer has refused 
to give, while the definitions of others, e.g. Menger, were emphatically rejected by 
him. It is true that he agrees to Kronecker’s and Poincaré’s attitude that mathematical 
induction, i. e. the general concept of integer, is the main constructive source of mathe- 
matics. Beyond this, however, he is satisfied with giving a few simple instances of con- 
structive steps, maintaining that the very dynamic character of mathematics prevents. 
us from foreseeing all “‘constructive” devices possibly needed for a certain purpose — 
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in analogy to a mountaineer who does not in advance know all possible obstacles he 
_has to overcome before reaching the summit. 

Naturally such vagueness must not prevail in mathematical exposition where de- 

finitions and procedures of proof should be well determined. However, says Brouwer, 

_ mathematical exposition, static in its essence, uses the Janguage to describe mathema- 
tical constructions, and language is an accessory means, serving ‘“‘only” to transfer the 

_ expression of construction from one person to another, while construction in itself is — 
an original and primitive act which cannot adequately be described by a linguistic pro- 
cess. For the systematization of mathematics by language, non-contradiction may be 
an essential factor; but by no means can it coincide with the construction or be the 
arbiter of legitimacy of construction — no more than the impossibility of proving a 
defendant’s guilt signifies that he is innocent. On the other hand, mental constructions, 
as well as nature’s processes, do not need a proof of logical compatibility. 

The neo-intuitionistic doctrine of the relation between mathematics and logic then 
follows immediately. G. Frege, B. Russell and the logicians influenced by them main- 
tain that mathematics is based on logic and grows from it ‘“‘as boys grow to become 

men’. On the other hand, the ‘“‘formalistic’” and axiomatic attitudes originating from 
Hilbert, while not conceiving logic as the very source of mathematics, regard it as an 
instrument without which mathematics can certainly not do, and at the same time as 
the source of “‘metamathematics” whose (to be sure, presumably unattainable) aim 
is to prove the compatibility of the formal axiomatic system that means mathematics. 

In contrast with these attitudes, the Dutch school contends that logic, far from 
being at the bottom of mathematics or independent of it, is just derived from mathe- 
matics and has no autonomous existence. According to this view, the laws of logic are 
mere abstractions from mathematical constructions, and these are their only justifi- 
cation. As to Aristotle’s logical principles, the law of identity and the law of contra- 
diction are retained, yet the principle of the excluded middle (tertium non datur) is 
denied any autonomous validity. It may be affirmed only as an abstraction from the 
constructions admissible in the domain of finite sets, and it is senseless and unjustifiable 
to apply it automatically within the infinite sets prevailing all over mathematics. 

Aristotle formulated the principle of the excluded middle as follows: if S denotes a 
given set of objects (elements), and p a property which is meaningful (not necessarily 
true!) for the elements of S, then either all elements. of S have the property p, or one 
element at least of S has the contradictory property non-p. Propositions of the first 
kind are called general propositions, those of the second kind existential propositions. 
Our principle asserts that the negation of a general proposition is an existential one, 

_and that no third possibility is left. Let us scrutinize this state of affairs in the light 
of four simple instances. 

(a) Take the general proposition: all citizens of Israel (at a certain time) were 
born between the northern and the southern polar circles. Its negation therefore main- 
tains that at least one citizen was born northward of the first or southward of the se- 

cond circle. Do we really need Aristotle’s principle to assert that either the first or the 
second proposition holds true? 

Of course not. Starting from the assumption that we can ascertain the origin of each 
single citizen, and perusing all citizens, we either find that each of them was born between 
the circles, thus obtaining the general proposition, or we find an exception, which 
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justifies the existential proposition. In other words, our alternative results from the 
conjunction (for the general proposition) or the disjunction (for the existential one) of 
a finite number of particular propositions. And this, says the intuitionist, is the whole 
contents of the so-called “‘principle” tertium non datur; it is an abstract drawn from 
perusing particular propositions, and the so-called general proposition is just a short 
formulation of the conjunction: A has the property p, and B has it, etc. No wonder 
that in the second case we have a quasi-existential proposition which is also accepted 


_ by intuitionism; in fact the second result is not existential but merely the disjunction 


(obtained by constructions): A has the property non-p, or B has it, etc. 


(b) Consider now the proposition: either a// integers of the form 2”+ 1, where n 
goes over all powers 24 (q any integer surpassing 4*), are composite numbers (general 
proposition), or at least one prime number is among them (existential). Up to now no 
prime has been discovered among these “Gauss numbers’’. (Fermat had guessed that 
all numbers 2” + 1, where n is a power of 2, were primes; but Euler showed that, for 
n=25, 2”+ 1 is composite, and the same turned out later for all those n which one has 
succeeded in investigating.) | 

Given a certain o, in principle, one can decide whether 2” +1 with n =2/ is prime or | 
not, since a finite number of steps is sufficient for the decision. However, in order to 
assert “no q >4 gives a prime 2”+ 1”, we ought to peruse all the infinitely many natural - 
numbers qg that surpass 4 — as long as we have not found a general proof showing 
that 2”+ 1, for such n, cannot be prime. Thus, in contrast with instance (a) where a 
finite aggregate only had to be examined, we cannot accomplish the infinite conjunction, | 
hence a genuine general proposition is involved. 

Negating this general proposition does not furnish us, according to intuitionism, 
with any kind of legitimate proposition; the sentence “‘there is a prime number of the 
form in question” is purely existential and void of meaning, so far as such a prime 
has not been constructed. 


(c) The expansion of = into a decimal fraction is known up to thousands of digits. 
Heretofore, however, certain general questions about the sequence of digits as a whole. 
have not been solved; for instance, the question of whether the digit 7 ever occurs seven 
successive times. According to the principle of the excluded middle, this would either 
happen, and then once for the first time in the expansion, defining the mth place after 
the decimal point as the beginning of the first sequence 7777777 — or else the expansion ; 
contains no seven successive 7’s. But as long as a general proof of this impossibility has | 
not been reached, the intuitionist would not acknowledge the disjunctive proposition 
just, expressed; a mathematical theorem, proved both on the assumption that such a 
sequence occurs and on the assumption that it does not, would not be considered to. 


| 


be proven. 1m 


Analogically as in example (b), for each single value of n= 1, 2,....it can be decided. 
by a finite procedure whether at the nth place a sequence of seven 7’s begins or not. 
The quantification applying to all values of m, however, transforms the problem into 
an infinite one. ) 


(d) Fermat's Last Theorem maintains that for no positive integer n can the equation 
xr? 4 yrt? — z”+2 be solved by natural numbers x, y, z. While for infinitely many 


} 
} 


* For q = 0, 1, 2, 3, 4, one obtains prime numbers. 
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values of n the theorem has been proved, there remain also infinitely many cases un- 


settled (and no counterinstance has been discovered). In this case, the intuitionist not 


_ only denies the possibility of asserting that the theorem is either true or false, but even 


for a given n — except those n for which a proof has been accomplished — he would 


not admit the equation to be either solvable or not, because there exists no general 
_ finite method to decide between both cases. 


Examples (a)—(d) show, firstly in what sense one cannot, with regard to infinite 


_ aggregates, justify the use of tertium non datur by the method used in (a), and secondly 
_ that the “third” case is not coordinate with the first two (general proof, construction). 


To be sure, for more than one generation, traditional two-valued logic (with the values 
true and false) has been generalized to a logic of n truth-values, n assuming integral 
values surpassing 1, or even infinite values (for instance, in the theory of probability). 
In the present case, however, as should be stressed against certain misconceptions, we 
are not dealing with a logic with three truth-values: true, false, third case — a logic 
which accordingly would require a principle of quartum non datur; for the third case 


is qualitatively distinct from the other two, being not objective and absolute but de- 


pendent on the present stage of scientific research. In each of the cases (b) — (d) the 
trichotomy may disappear to-morrow, owing to the achievement of a general proof 
or to the discovery of a counter-example. Yet this possibility does not impress the in- 
tuitionists who point out that, instead of any problem solved in this sense, a new un- 
solved problem can be indicated. 

Now this state of affairs expresses itself not only on the borderline of mathematical 


- research but it applies to elementary theorems of analysis, such as the proposition that 


two well-defined real numbers are either equal or different. Let us define, e. g., numbers 
a and bas follows. a=1/3; b is a decimal beginning also with 0.333... . and continuing 
with the digit 3, except for the following case: if at the mth place in the decimal ex- 


- pansion of = for the first time a sequence of seven 7’s is starting, then the mth digit of 


b shall be 2 if m is odd, 4 if m is even. We have to-day no means of deciding whether 6b 
is equal, greater or smaller than a; therefore Brouwer considers a and b to be incompar- 
able — which has actual implications. For instance, the proof of the so-called funda- 
mental theorem of algebra considers the function of the coefficients of a given equation, 
called: discriminant, and proceeds in different ways according as this function equals 
0 or not. But a constructive decision between these two is impossible when the dis- 


- criminant is divisible by a—b. In view of this, in 1924, three leading intuitionists (Brou- 


wer, Skolem, Weyl) independently elaborated new proofs of the fundamental theorem, 
regarding the dozens of proofs given since 1799 as inadequate. 
To be sure, the ‘“‘classical’’ mathematician or logician will answer: intrinsically and 


objectively, only one of two possibilities can obtain! For instance, in example (b): 


either 216 + 1 is the last prime number of the form 2”+ 1, or there is one greater than 
216 + 1. In the latter case we are even sure in advance that a constructive finite procedure 
(though its length is not bounded a priori) will verify its truth: accordingly, the ob- 


| jective lack of such procedure means that the first case is true. Where is, then, room 
for a “‘third” case? The Dutch school regards this argument as void, since it relies on 


the assumption of absolute truth in a world of Platonic ideas, which has nothing to 
do with scientific truth: mathematical concepts and propositions exist only as far as 
they are constructed and proven by the creative activity of human mind, and this acti-~ 


the means of symbolic logic. In the 20’s and the early 30’s European scholars, as Hey- : 
‘ting, Godel, Glivenko, Kolmogoroff, Gentzen, Jaskowski started this procedure, which 
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vity is their only raison d’étre. Relying on non-contradiction or on projections upon 
a supposed world of objective entities, is not science but metaphysical speculation — 
and this, alas, is what mathematicians have been persisting in doing from the seventeenth 
century up to our days, with a few exceptions. 

Though the number of conclusive intuitionists has remained small up to now, and 
though many of them (in particular those of the Paris school: Borel, Lebesgue, etc.) 


did not always, in their mathematical research work, refrain from using procedures 


which they declined in principle, the influence of those sceptical attitudes is felt more and 
more in wide mathematical circles. If this is not in agreeing with the decisive restriction 
of the mathematical domain as implied by the principles of neo-intuitionism, so at least 
in demanding safer and less “‘absolutist” foundations for classical mathematics than 
those recognized through the nineteenth century — and no such foundations have 
turned up as yet. This means an unexpected and profound revolution within two or 
three decades from the International Congress of Mathematicians in Paris in 1900, when 
Hilbert in his historical address on Mathematical Problems, under general consensus, 
declared: for the mathematician there is no ignorabimus; all of you share the con- 
viction that each definite mathematical problem necessarily admits a strict settlement, 
and you are aware of the continual call addressing you “behold the problem, seek its 
solution’; you can find it by pure thought (using, of course, the principle of the ex- 
cluded middle). What almost tragic turn from such conviction to one of the profoundest — 
achievement of the next generation, to the proof — by as absolutist a thinker as Gddel — 
in 1940 that his solution of the first of Hilbert’s problems, the continuum problem, | 
is consistent, i. e. non-contradictory; or to the justification of classical arithmetic by 
mapping it on a subclass of intuitionistic arithmetic (cf. below). : 
One may say that the most interesting results in the field of intuitionism have been 
reached by handling intuitionistic propositions with classic methods; in particular, with © 


was afterwards developed by Americans, e. g. Stone, Birkhoff, Kleene, etc. To illustrate 
the situation consider the following example which only needs one pair of symbols, that | 
of classical negation ~ and that of neo-intuitionistic negation | (absurdity) ) . The tertium | 
non datur then appears under either of the forms “‘p or ~p’’, ““~~>p is equivalent p’’, | 
p denoting any proposition. In the logic of neo-intuitionism this theorem is no more. 
valid, and we have to distinguish between three cases: p, ) p, ) | p. However, if g is a | 
negative proposition | p, asserting the absurdity of p, then the tertium non datur obtains 
for g; in other words, the equivalence between |) | p and ) p holds generally. One can 
also show that if p can be proved in classical logic, ) ) p can be proved in intuitionistic | 
logic, and conversely; and if ) p is provable classically, the same holds intuitionisti- | 
cally. The system of axioms for the classical calculus of propositions is transformed | 
to Heyting’s intuitionistic system by replacing the tertium non datur “‘p or non-p” with | 
the weaker principle: a proposition which implies p as well as) p, is absurd. 

Any formula that is classically provable, is intuitionistically at least compatible (non- | 
contradictory). Hence the intuitionistic calculus of propositions constitutes part of the| 
classical calculus, and it cannot be represented by a logical system with a finite number | 
of truth-values. In fact, an infinite sequence of “‘decreasing” logical systems is inter- | 
spersed between the classical and the intuitionistic systems. 


- Heyting’s calculus is part of the classical one, this statement needs a modification: | 


A 
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Perhaps the most surprising result is the following. Though it was just said that 


while it is true in view of the ordinary correspondence between classical and intuitio- 
nistic concepts (e. g., between ~ and ) ), there are other ways of correspondence be- 


_ tween the primitive concepts of both calculi—and among them such as map the classical 


calculus on part of the intuitionistic one (Godel). 

To be sure, this mapping is built on the excluded middle; for this reason, as well as 
for the very method of mapping, it is not acceptable to intuitionists. Nevertheless it 
reveals a certain relativity with respect to the extension of both calculi. This relativity 
can even be transferred from the calculus of propositions to classical and intuitionistic 


_ arithmetics, and would then, for classical eyes, yield a proof of non-contradiction of 


classical arithmetics by means of intuitionistic constructions. 

On the whole one has to admit that the restrictions of intuitionism imply a serious 
amputation on the domain and the methods of mathematics, and this is the main reason 
why the vast majority of mathematicians have refused to accept them. While these 
restrictions are necessarily still more felt by the physicist who continually applies cal- 
culus and classical analysis in general to his problems, he will consider the intuitionistic 
trends to contain a profound analogy to certain ideas of modern physics. In particular 


the intuitionistic theories of continuum, which renounce genuine mathematical con- 


tinuity in favour of either “‘atomistic’’ attitudes or of the conception of continuum as a 
medium of “freely developing” instead of static “‘being’’, cannot fail to evoke among 
physicists a longing for a new mathematical analysis fit to deal with such pseudo-con- 
tinua. The future will show whether this longing can be satisfied. 
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THE COMPETITION BETWEEN THE LOW CONFIGURATIONS IN THE 


SPECTRA OF THE IRON GROUP 


G. Racan ' 
Einstein Institute of Physics, The Hebrew University of Jerusalem 


I. INTRODUCTION 


It is stated in every standard book of spectroscopy that the 4s-level is lower than 3d, 
and therefore in the building up of the periodical system the 3d-shell is filled after the 
45; and the same holds for the 4d and the 5s, and for the 5d and the 6s shells. But a 
thorough examination of the situation shows that “there is a close competition going 
on between configurations of the type d”, d"~'s and d”~*s* for the distinction of con- 
tributing to the normal state of the atom’’!, and that d” 7s? is not always the winner: 
on the contrary, in many elements the normal state belongs to d”—'s, and in Pd even to 
d‘0, as is shown in Table I. The situation is even more complicated in the ionized atoms, 
as the fundamental levels of the second spectra belong to d”, d"~!s, and even to d’~*s? 
without any apparent order. 
TABLE I 
Number of s-electrons in the ground states of atoms and ions in the first two long periods 


Element K Ge Ss Ti Vv Cr Mn Fe Co Ni Cu 


Zn 
Neutral Atom 1 2 2, 2 2 1 2 22 2 2 1 D 
Tonized Atom 0 1 1 1 0 0 Err tnd 0 0 0 1 
Element Rb Er NY Zr IND sMole ae Rie Rete Ag Cd 
Neutral Atom 1 2 2 ip 1 1 2 1 1 0 1 2 
Tonized Atom 0) 1 2 1 0 0) 1 0 0) 0 0 1 


A first attempt at a quantitative comparison of the positions of the different low con- | 


figurations in the spectra of the iron group was made by Russell? in his classical paper 
of 1927. 

Since then both our experimental aautedasy and our theoretical understanding of 
these spectra have enormously increased, and a new and very successful comparison 
has now been made by Catalan, Rohrlich and Shenstone (CRS). 

These authors break with the old-established tradition of comparing sequences of 
isoelectronic spectra with different degrees of ionization; instead, they consider the Te- 
lative positions of the lowest terms of the configurations d", d"—'s and d"~*s? for a fixed 
ionization degree. Their results are represented as functions of n by very broken lines 
(Figures | and 2 of CRS), as could be expected from the apparent disorder of Table I; 
but these broken lines show very striking regularities, which are repeated almost exactly 
for the different degrees of ionization and for the different long periods. 

The form of these diagrams has already been discussed and compared with theory 
by CRS; but it is perhaps worthwhile to discuss them from a more general point of view, 
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_ by substituting their Tables, III and IV, of theoretical results with closed formulas, 
- which allow a better understanding of the physical meaning of the regularities and ir- 
a regularities of the diagrams. Furthermore, by comparing baricenters of groups of terms 
_ instead of individual terms, we shall obtain simpler interpolation formulas which may 
be useful for the prediction of still unknown terms, and we shall see how the method 
“may be extended in a very natural way to more complex configurations. 


II. THEORY 

The electrostatic interaction between the electrons of a given configuration is usually 
_ expressed in terms of the Slater-Condon parameters F,. In a previous investigation‘ it 
was empirically found that the formulas for the configurations d” are simplified by 
substituting the F, with some linear combinations of them; but only later’ a rational 
method was found for the choice of the most convenient linear combinations. These 
_ hew combinations are especially convenient for such general considerations as those 
contained in the present paper; since CRS used the old combinations A, B and C, we 
shall give the new combinations both in terms of the F* and of A, B and C: 


= FoO-(F2+F4)/14 = A-7B/2 
= S(F2+F4)/98 = C+5B/2 nd) 
E2 = F2/98—5F4/882 = B/2. 


bo 
| | 


In terms of these new parameters the interaction energies of the configuration d? are: 


1S = EO+7E! 

3P = Eo +21 EF? 

1D = E0+2E1 —9F2 (2) 
3F = Eo —9F2 


1G = E0+2E1 +5E2. 


_ The choice of £°, £1 and E? was based on group-theoretical considerations; but also 
a more physical definition of them may be given, which is important for the purposes of 
the present paper. E° is the baricenter of the triplets and is therefore the mean value of the 
interaction of two d-electrons with parallel spins; 2E1 is the distance between the bari- 
center of !D and 1G and the baricenter of the triplets, and 7! is the distance of 1S from 
the baricenter of the triplets; the distances of the individual terms from the baricenter 
of their group are expressed by means of E?. 
_ The terms of d” with parallel spins may be calculated directly, without the use of 
_ Slater’s diagonal-sum method, by simple vectorial considerations®. If the energy of the 
triplets of d? is written in the form 


W(a2) = E0— 9E2— 6(/; -12)E2 (S=1) (3) 
we see immediately that for configurations d” the energy is 
W(d") = 1/2n(n—1)(B°-9E?)—6E? & (li lk) = 
= 1 /on(n—1(B0-9E2)-3{L(L + )—nl( + DE? = 
= 1/.n(n—1)E° +32 /2n(S—n)—-L(L +1) | E2 (S=n/2). (4) 
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If we consider the values of L allowed by the Pauli exclusion principle for the terms 
with highest multiplicity, we see that the coefficient of E2 vanishes for n=0, 1, 4, 5, i.e. 
for the configurations with one term of highest multiplicity, S or D, and is different 
from zero for n=2, 3, i.e. for the configurations where the terms with highest multi- 
plicity are F and P. We may therefore write instead of (4) 


W(d") = 1/2n(n—1)E9 + x(L)E2 (S=n/2) (5)'t 
with 
x(S) = x(D) = 0, 35a goed MPI a21- (6) 
We may also remark that although x(L) does not vanish in the configurations with two 
terms of highest multiplicity, also in these configurations 
2i(2E +1) AL) = 0, (7) 


and therefore the baricenter of the terms with parallel spins is always given by 1/2 n(n—1)E°. 
And this is not a surprise, considering the definition of £9 and E2. 


Equation (5) has a meaning only for n<5, as for n >5 there are no terms with S=n/2; _ 
but for n>5 the electrostatic interaction may be calculated according to Chap. XIII of 
TAS. In particular equation 1132 shows that W(d'°-*) may be derived from W(d*) by 
adding to it (5-<) times the expression 9611 with m/=n’l’. Since this last expression has 
‘the value 9£°+7£E'!, we have 


W(d") = W(d!°-") + (n—5)(9E° + 7B}) = 


= 1/,n(n—1)E° + 7(n—5)E! + x(L)E2 (S=(10—n)/2). (8) 
Equations (5) and (8) may be collected together by writing 
Wh (d") = 1/on(n—1)E° +7/2(n—2S)E! +x(L)E2, (Oe 


where the suffix means “highest multiplicity’. 


The electrostatic interaction for the configurations d’—' s may be calculated accor- 


ding to Van Vleck? by means of Dirac’s vector model; his result reads 


W(d"!s) = Wd") + (n-1)FO = 1/2 {n-1+2[Si0S1 +1) — Sk(Se +1) — 3/4] G2, 10) 


where S; and Sx, F0 and G2, are, respectively, the spins of the term and of the 
core, F(ds) and G2(ds). For the terms with highest multiplicity Sx, = S;— 1/2, and — 
(10) reduces to 


W (d"-!s)=Wnh (d"“) + (n-1) Fo — 1/2 (2 + 281 — 2) Go= 
=Holn—1)(n—2) BO + (21) F190 +251-2)G +7/2(n—251)E +x(L1) B®. (11) 


The electrostatic interaction for the configuration s2 is F’9=Fo(ss), and the interaction 
between d"~? and s2 may be calculated by means of 9611 of TAS: the result is 


W (d"s*) = W (a) + Fo+ (n—2) (2Fo—G)) (12) 
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: and therefore 


a 
te 


Wid" 82) = 3/2(n—2)(n—3) Eo + F'o +(n—2)(2F°—G2) +1/(n—2S2—2) E! +x(L2)E®. (13) 


: Before we compare the energies of the different terms, we need still to add the ener- 
_ gies of the electrons in the field of the nucleus and of the closed inner shells: 


E(d"— s*) = (n-k) Aa +k As +W (d"-*s*), (14). 


The relative positions of the lowest terms of the different configurations may now 
be obtained easily from (14), (9), (11) and (13): 


Ea" s)\—E,(d") = Ax—Aa—T(S1—S)E! 4 
+(n—1)(F°— EF? G2) +1/2(n—281)G2 + 
+ [x(Li)—x(L)]E?, (15) 
Ed’ 3?)—Ex(d"—! 8) = Ae—Aa+ F’o—F0 +Go—1(S2—S +1)E1 + 
| (n—2)(F°—E») 1 /3(a—28,)G2+ 


+ [x(L2)—x(L1)}E2. (16) 


The expressions (15) and (16) consist essentially of three parts: the first part is in- 


dependent of n, but has a strong discontinuity in the middle of the group, as S;—S and — 


S2—S; +1 vanish on the left side of the periodic table and equal one on the right side; 
the second part increases linearly with n, and also the coefficient of n has a disconti- 
nuity (but much smaller) in the middle of the group, as !/2(n—2S,) vanishes on the left 
side and equals n—6 on the right side; the last part is an oscillating function of n, as 
x(Li)—x(L) and x(L2)—x(L;) take the values 0, 9, 0,-9, 0, on the left side, and again 
the same values on the right side, if we take always the L’s of the lowest terms. We 
conclude that the behaviour of (15) and (16) as functions of n describes the form of 
the experimental diagrams (Figures | and 2 of CRS) very well qualitatively. 


III. COMPARISON WITH EXPERIMENT 


In order to make a quantitative comparison between theory and experiment, it is con- 
venient to get rid of the oscillating term. We have already seen that the mean (weighted) 


- value of x(Z) vanishes for the terms with highest multiplicity of every configuration. © 


Therefore, if instead of comparing the energies of the lowest terms of every configu- 
ration we compare the baricenters B, of the terms of highest multiplicity, we shall ob- 
tain the same expressions (15) and (16), but without the last term; and the ten points 
representing one of these differences as functions of n are expected to lie in two groups 
of five on two straight lines. 

In the calculation of the experimental values of the baricenters, a minor difficulty 

arises from the fact that in some configuration only the fundamental F-term is known, 
and the P-term has not yet been identified. This difficulty may be overcome by remarking 
that the difference P—F is always 30E2, and should therefore be a regular function of 
the atomic number and of the degree of ionization. Indeed an inspection of the known 
terms’ in the configurations d”~*s* of the iron group shows that 34 differences P—F 
may be represented by the interpolation formula 
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P—F = 2679 +3158g—111q2 +853n + 1334k, (17) | 
TABLE II where g is the degree of ionization; the : 


The interpolation of the differences P-F with highest five pumerical coefficients were obtained | 
multiplicity in the configurations d®-k sk of the ee f th ; tal? 
iron group y least squares from the experimental — 

* 1 7 | 

Config. Spectrum Obs. | Calc. Diff. data* and the agreement is shown in 
Table II; the mean error of +340 seems _ 


a Ca I $057 4385 +672 i 
Sc’ II FAO lg FAG? 1 BONS to be very satisfactory. 
Ti Jl 10419 10257 +162 : : 
Vo AV 12925°. 12860 +65 Only two P—F differences did not fit 
‘ ve ' ae , oi) 5 a (17) and have been discarded: they are the - 
n — Zz : . . 
Fe VII 19509 19337-4172 differences +P—+F in the configurations a 
d3 Sc I (2694) 5238 ~ of ScI and d3s2 of CrII: in the first case it 
Ti i 8367 8285 + (82 seems very probable that 3d3 e4P is strong- 
Ve TT 11332. 11110: +222 4Des 
Cr IV 13770. 13713. + 57 ly perturbed by 3d4s4d f4P; in the second 
Mn V 15968 16094  -126 case the disagreement of more than 10000 
ae a at Bee he K shows that c4P cannot belong to d3s2, 
Ni VIII 21945 21905 +40 and the independent calculation of Schwei- 
d Mn I = 8650 =a zer10 shows that it may be assigned to 
Fe - II 11195) 11697 — 502 4 
Co Il 14561 14522 + 39 BS 
d8 Fe I = 9503 = : 3 
Co I 12649 12550 + 99 Equation (17) was used for calculating 
Ni Il 15836-15375 +461 the differences P—F in the cases where one 
as se “ ere pale mes of the terms is still unknown or has been 
esa SN ye aut discarded; and the results are given in 
Coty. = 15047 a the same Table II; the baricenters were 
beter oe Es, 7a then obtained by adding to the F-terms 
Vat EL 10721. 10472 +249 3/10 of the calculated differences, or, 
Cr Tl 13241-13297 56 in the case of MnI, by detracting from 
aa Peep Ne the 4P-term 7/10 of the calculated dif- 
dis Fe I 10295" 10837. > 612 ference. 
Co II 13818 13884 — 66 
i 2 Ill 16494 16709 — 215 *Since the d8s4 P-terms of NiII and Culll are 
5 x te 11391 11690 — 299 strongly perturbed by the 2D-terms, and even the 
Be tt 14601 14737 — 136 assignments of the levels with J=3/2 and J=5/2 
oe ae i 17050-17562, — 512 are somewhat doubtful9, the baricenter of these 
> oF Ir ee 8759 — 435 4P-terms was calculated by assigning to them the 
352 Vel 939 6 ee SF lowest level with J=5/2 and the highest one with 
iain ay fa ettyan Cen Hae J=3/2; this choice is justified not only by the 
dis2 Gs I Gs i ot 12659 i g-values and the theoretical calculations, but also 
‘ONG Tr ae Be +159 by the fact that the choice of one lower and one — 
d8s2 Ni I 1 4725 eee * 848 ea level will give a value for the calculated 
Cu I 17473 16924 ~ +549 aricenter, which should be nearer to the un- 


perturbed position. 


The differences 
D,= B,(d"'s) — B, (d”) 
and 
Dy =B, Ad" 7 s*) Ba 15) 
are given in Tables III and IV, and are compared with the values of linear functions of 
n fitted by least squares. Baricenters calculated by means of (17) are marked by a star. 
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TABLE Ii 


; Relative positions of the baricenters of the terms with highest multiplicity in the configurations d°-! 5 and 
dn of the iron group. 


_ Spectrum n By,(d™1 5) B,(d") Dy ay+byn Diff. by 
: Keak 1 000 PEAS S35) (—21535) —26652 (SilW/M) 
Ca I 2) 20357 45011 —24654 —24433 —221 
seed 3 13518 35417* —21899 —22214 +315 2219 
pee | 4 8921 28881 —19960 —19995 + 35 
Weseal 5 2297 20202 —17905 —17776 —129 
Crt 6 000 35498 —35498 —34950. —548 
Mn I 7 17301 45635* —28334 —29848 +1514 
Fe I 8 10527 36117* —25590 —24746 —844 5102 
Co I 9 7575 27886 —20311 —19644 —667 
ING 10 731 14279 —13998 —14542 +544 
pCa IL 1 000 13687 —13687 —13546 —14] 
Sores Bf 2 105 7075 — 6970 — 7062 + 92 
“Terie eal ay 3 3148 3595 — 447 — 578 +131 6484 
Vi-. I 4 6142 206 + 5936 + 5906 + 30 
Cr II 5) 12278 000 +12278 + 12390 ——112 
Mn II 6 000 14586 —14586 —14663 + 77 
esl 7 416 S775 — 5359 — 5367 + 8 
Co II 8 8299 4492 + 3807 + 3929 =) 9296 
“Ni Il 9 13735 603 +13132 + 13225 3=)93 
Cu Il 10 22649 000 +-22649 +-22521 +128 
Se. il 1 25537 119 25418 25493 SS 
Ti Ul 2 38277 3368 34909 34872 + 37 
NST OE 3 48076* 3736 44340 »44251 +. 89 9379 
eran LET 4 53992 350 53642 53630 + 12 
Mn III 5 62948 : 000 62948 63009 — 6l 
Be Lu 6 30089 423 29666 29541 +125 
Co Til 7 47047 5186 41861 41871 — 10 
Ni Il 8 59782 5745 54037 54201 —164 12330 
Gu Ti 9 67221 829 66392 66531 —139 
Zn Ill 10 79048 000 79048 78861 +187 
mo TV 1 80379 231 80148 80144 + 4 
a ANA 2 96547 4297 92250 92280 —_ 30 12136 
Cr IV 3 109151* 4685 104466 104416 + 50 
Mn IV 4 117066* 537 116529 116552 — 23 
Nt if 148100 372 147728 147701 + 27 
er. Vi y) 167715 5224 162491 162563 — 72 14862 
Mn V 3 183090* $603 177487 177425 + 62 
rev. 4 193057* 789 192268 192287 = 19 


* P_—F taken from Table II. 
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TABLE 1V 


Relative positions of the baricenters of the terms with highest multiplicity in the configurations d»-2 52 and 
dn-! § of the iron group. 


Spectrum n By (d™2 52) By (d"-1 s) D> a2+b2n Diff. b, 

Gant » 000 20357 =) yay —20439 + 82 

Seid 3 101 13518 —13417 —13324 =493 

A uitan f 4 2720 8921 — 6201 — 6209 + 8 7115 

Wien rl 5 3138 2297 + 841 + 906 — 65 

(Sr b 6 8090 000 + 8090 + 8021 + 69 

Mn I 7 000 17301 = 17301 ——17399 + 98 

Fe I 8 403 10527 0124p | THON ate! 

Co ¢I 9 4748 W515) = 827 SpA IS — [12 7342 

Ni I 10 5389 731 + 4658 + 4627 + 31 
Cu, I 11 12020 000 + 12020 +11969 + 51 

Sc Il 2: 11736 105 11631 11388 +243 

ieee 3 25100 3148 21952 22447: —495 

Vitel 4 = 6142 = 33506 = 11059 

Cr Il 5 S13595% 12278 45077 44565 +512 

Mn II 6 55364 000 55364 55624 —260 

Fe II 7 23318 416 22902 22843 + 59 

Covilk 8 41293 8299 32994 33088 — 94 

Ni II 9 = 13735 = 43333 = 10245 

Cw Il 10 76275 22649 53626 53578 + 48 

Zn II 11 63810 000 63810 63823 ee 


* P—F taken from Table II. 


The differences between the two lowest configurations of each spectrum show an 
excellent agreement, as the mean quadratic deviation is only 87K and the mean error 
115K. In the spectra where the lowest terms of all three configurations are known, the 
differences involving the highest configuration show a less regular behaviour, which 
indicates that this last configuration is more perturbed; and this fact is very easy to 
understand. . 

IV. DISCUSSION OF THE RESULTS 


The excellent agreement for the lowest configurations should not be overestimated and 

should be considered in some measure as casual, since the theory was oversimplified. 

In effect the linear dependence of D; and D2 on n follows from the assumption that the 

parameters appearing in the first two rows of Eqs. (15) and (16) are independent of n, 
and this is surely not the case. The empirical Eq. (17) shows that E2 varies linearly with 

n, and it is reasonable to assume that the same holds for F1, G2 and F°-E°. Then in 

order to explain the linearity of the D’s shown in Tables III and IV, we need to assume 

that As-Aa is to a good approximation a quadratic function of n, and that its quad- 

ratic term compensates by chance the other quadratic term which arises from the linear 
variation of F0-E°. According to this interpretation the values of b given in Tables III. 
and IV are the constant part of F°-E° or of F°-E°-G, plus the coefficient of the 

linear variation of the first rows of (15) and (16). 

However the variations of the parameters b when passing from the first half to the 
second half of the group are difficult to understand. According to (15) and (16), by 
should increase by G2, and bz should decrease by the same amount; instead of that, b, 
increases by about 2900K, and b2 remains almost unchanged. We may therefore say 
that in both cases b increases by about 1500K more than expected; and this difference 
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_ is even bigger if we consider that the linear dependence of E! on n should produce a 
_ decrease of 6 in the second half of the group. 
_ A confirmation of our cautious interpretation of the linear dependence of the D’s 
_ on the number of electrons is given by the fact that in the second long period, the D’s 
are represented much better by quadratic functions of n than by linear functions. The 
- Significance of a least-squares interpolation of the experimental values by quadratic 
functions is perhaps questionable, as we have three free parameters for every group of 
at most five points; but an evaluation of the significance and of the importance of the 
_ quadratic terms may be obtained by considering the second differences of the experi- 
mental values, i.e. the quantities D(n)—2 D(n—1) + D(n—2). The mean value of these 
second differences* is 30-36 in the iron group and 723100 in the Pd-group, thus 
confirming that the compensation of the quadratic terms takes place in the first long 
_ period, but not in the second. 

In the third long period very few data are available, and also the deviations from - 
_LS-coupling are very strong; it is however worthwhile to remark that the four values 
of D, for the second spectra of Lu, Hf, Ta and W give two second differences, 581 and 

563, which are almost equal; if we assume that the same second difference should be 
obtained from Yb, Lu and Hf, we may predict that the term 4f!45d 2D of YbII, which 
is still unknown, should lie about 24500K above the ground state 4f145s 2S. 

It is also interesting to consider the dependence of the parameters on the degree of 
ionization. The dependence of F2 is given by (17): we may say that it is a linear depen- 
dence with a quadratic correction, which is small indeed, but surely outside the sta- 
tistical error (without this correction, the mean error would increase from 340 to 540). 
_ The values of 5; obtained in Table III show for the spark spectra an almost linear 
dependence on the degree of ionization; but the values for the arc spectra are about 
1200K lower than what could be expected from an extrapolation from the spark 
spectra. This irregularity would be very surprising if b1 were interpreted as the coeffi- 
cient of the second row of (15), but we have already seen that b; contains also the linear 

dependence of A;— Aa on n, and we have no reason for assuming that this difference, 
or even its derivative with respect to n, is a simple function of the degree of ionization. 

The dependence of a; on the degree of ionization is still more complicated, and the 
data contained in Table III are not even sufficient for giving a clear idea of its beha- 
viour. In order to have a more complete picture of the situation it is convenient to con- 
sider instead of a; the experimental values of D, for the KI isoelectronic sequence; these 
values are equivalent to a; +b; and are known for two more spectra than reported in 
Table III. All the known values of this sequence are given in Table V together with 
their successive differences; we see from this table that the second differences are still 
very big, but the third differences become very small for increasing ionization. 


TABLE V 
Ms The difference 4s 28 —3d 2D in the K I isoelectronic sequence 
Spectrum K I Ca II Se Ul Ti IV VV Cr VI Mn VII 
25 — 2D —21535 —13687 25418 80148 147728 227201 317921 
First differences 7848 39105 54730 67580 79473 90720 
Second differences S257 15625 12850 11893 11247 
Third differences =1:5632 —2775 ==957 — 646 


* We considered only the second differences of D2 for the arc spectra and only those of Dj for the 
spark spectra. 
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This fact explains the agreements and disagreements obtained by Trees!1, who cal- 
culated the values of W(d45D)—W(d3s SF) by the “second approximation” formula of 


} 


Bacher and Goudsmit!2. Since this formula is more or less equivalent to a linear extra- | 


polation of the interaction parameters and a quadratic extrapolation of the one-electron 


parameters, the expected agreement is of the order of the third differences of Table V. | 
But if instead of extrapolating from the data of the spectra of the same atom in higher | 


degrees of ionization, we use the same formulas of Bacher and Goudsmit for extra- 
polating from the data of the spectra of the preceding atoms with the same degree of 
ionization, the expected agreement will be of the order of the agreements of Table III. 
Both expectations are confirmed by the results given by Trees in his Tables I and II. 


V. APPLICATIONS TO OTHER CONFIGURATIONS 
The methods developed in this paper may be used almost without modification for 
comparing the relative positions of terms and baricenters of groups of terms in other 
configurations and in other sequences of the periodic table. 
For example the distances between the baricenters of the terms with highest multi- 


plicity in the configurations 3d"—'4s4p and 3d” 4p of the first spectra of the iron group 


show an almost linear dependence on v with a small quadratic correction. 


But the field where these methods will have the most important application is the | 


analysis of the spectra of the rare earths. The data available in this field are in general 
too few for doing systematic comparisons; but the data on the second spectra of the 
rare earths are already sufficient for allowing reliable predictions on the relative po- 
sitions of the different configurations. The linear dependence on v of the difference 
- f"—f"'s was already pointed out by Albertson, Harrison and McNally!3; and ‘“‘a 
premature addition of f type electrons to fill or half-fill the 4fshell’ was pointed out 
by Meggers!4. 

Also apparent irregularities in the filling up of the nuclear subshells in heavy nuclei 
may perhaps be explained by considerations similar to those contained in the present 
paper. 


This paper originates from discussions with Professors A. G. Shenstone and M. 
Catalan during the spring of 1951, when the author was a member of the Institute 
for Advanced Study; he takes this opportunity for thanking again Professor J. R. Op- 
penheimer for the generous hospitality in the stimulatiug atmosphere of Princeton. 
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MAGNETIC MOMENTS OF ODD NUCLEI IN jj COUPLING 


P. TEITELBAUM 
Einstein Institute of Physics, The Hebrew University of Jerusalem 


INTRODUCTION 
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_In a paper on the jj coupling shell model, Umesawa! calculated magnetic moments 
of nuclei up to Mn‘s, for every nucleus separately, on the assumption that each particle 
outside the core possesses a magnetic moment equal to the one particle value as used 
in the Schmidt diagram, but combines all such particles, both protons and neutrons, 
into states classified by the isotopic spin 7, resultant angular momentum J, reduced 
seniority s and reduced isotopic spin? ¢. Flowers3, on the other hand, according to the 
_ Same assumption, has also obtained a formula of magnetic moments for three particles 
outside the core, in the configuration /3, in the ground state, with isotopic spin T=1/2 
~ and seniority s=1. They have shown that better agreement with the measured values 


of magnetic moments is obtained than by the Schmidt diagram. 


Energy calculation indicated that the lowest states of odd nuclei in the configuration 
.j” are expected to be those of smallest isotopic spin, resultant angular momentum J=j 


-and lowest seniority number, which arises from short range attractive forces¢.5. 


We shall treat magnetic moments on the same assumption as aforementioned, and 
making use of fractional-parentage-coefficients (to which we shall refer simply as 
f.p.c) introduced by Flowers and Edmonds: for jj coupling, the general formula of mag- 


netic moments for odd nuclei, in the lowest states, will be obtained. 


Il. THE VALUE OF THE MAGNETIC MOMENT FOR THE LOWEST STATE 


The operator of the z component of the magnetic moment in jj coupling for n equiva- 


lent particles is 


we = (1/2/) ce Er Ce ye Rb Fe } 


(1) 


where u, and yn are the Schmidt values of a proton and neutron appropriate to the given 
values of / and j, fy is the ¢ component of the isotopic spin of a particle (.e. ty= —1/, 


for a proton, t;=1/2 for a neutron). 


According to the vector model (compare the anomalous Zeeman effect), the fol- 


lowing is obtained for the effective magnetic moment y,: 


a= (J /2)) {( pete yi Ce ait RT ITE +DIG +0 X(t T) un} 


(2) 


The magnetic ees u which is the maximum value of vz i.e. its value in the sub- 


state J,=j is given by: 
Beit (I rR) 
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(3) 
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where @ is given by the equation : . . : 
p= (1/2) { 1 +RT,/TD DIG + ILE DGD Ff (4) | 


and for a conjugate nucleus (a conjugate nucleus of a given nucleus is one in which 
the number of protons is equal to the number of neutrons of the given nucleus and 
vice-versa) | 
vu = (1—8)u + ®8u, where @ is the same as that in (3), namely has the same 
conj n Pp 

value for T (31) | 
Thus, for conjugate configuration one has to change the coefficients of », and v,. Making 
use of f.p.c., and owing to the antisymmetry of the wave functions®, we obtain for @ 
the following expression: 


= (1/2) {er .niter + nii+) go et TCC) Ae ey 
SJ non n n nn 


i Pst 
Cj I, Sila kth 4) VP asst ny} (5) 


We are interested in the case s=1, t=1/2, and for this case, using the reciprocity equation 


given by Flowers and Edmonds? (1952 Eq. (9)) which is analogous to that of Racah’ 
we have 


cf” (vsaty Tid) | 71, 2 Ty = AMT, v9itiT1) - 21 +1) 
and let us put DAnT, voitaTs) = B(nT,sitiT}). 
Substituting this and the expectations value of (t, -T) (j,J) into (5) we get 
B= (1/2) { 1 Ht, n/2T(T +1)jV +1)] san BnT,s1t1T1) 241 +) [27G +) — 
—JIi(J1 +) )[T(T +1) + 34—T1(T1 +1] (6) 


From (6) we see that the problem is to calculate the coefficients B(nT,s1t1T1). 


II. CALCULATION OF THE COEFFICIENTS B(nT,s1t17}). 


For a given n we have six coefficients B(mT,s:t:T:), since T; may have only two values: 
T=1/, and s; only two values: 0 and 1. Furthermore, for s:=0, t; may have only the 
value 0, and for s;=2, t; may have only the values 0 and 1. 

But since in the configuration j"—', states corresponding to (s1,t1)=(0,0) exist only 
when !/2(n—1)—T, is even, and those corresponding to (s1,t1) = (2,0) exist only when 
'/.(n-1)—T; is odd (see Appendix), two coefficients, B(mT,s1t1T1) vanish identically, 
namely 

B(nT,00T +1/2) = 0 | 
} for: No Ns (7) 
B(nT,20T— 1/2) = 0 


B(nT,00T—1/2) =0 )} 
rp for Ni, SW; (8) 
B(nT,20T +1/2) = 0 J 
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where N, and N, are the even and odd number of N or P (N—number of neutrons, 
:P — number of protons) outside the core, i. e. N, +N,=n. Then for calculating the re- 
_ maining coefficients we need four relations. Using Eq. (23) of Racah® we get three re- 
lations, which follow from the normalization of the wave function and from the equations 
P amt T, 2 a ae 

; BOOT +1);) 4 1/>(2j— 1) Qj +2)B(nT,21T +1/2) + 1/22) 41) Qj +2)B(nT,20T +1/2)| 

= (n—2T)(T+1)/nQT +1); 
— BaT,00T— 1/2) + 1/2(2j-1)(2j +2) B(MT,21T—1/2) + 1/2(27 + ee 

= (n4+2T +2) -T/nQ2T +1); 

~ B(nT,OOT + 1/2) + 1/2Qj—DBMT,21T + 1/2)—1/2(2j7 + I)B(mT,20T + 1/2)+ | 
+ B(nT,00T — 1/2) + 1/2(2j— 1) B(nT,21T—1/2) — 1/2(27 + 1)B(nT,20 T— 1/2) = I[n.] 


(9) 


_ Another relation follows from the reciprocity equation 


Aj +2—n 


Y 4 +3—n 2 ‘ : 
(11/277) | i” (00,7:41=0)> = [n2T +1)2j +1)/(4j +3—n)2T; +1)]- 
—1 n * 

jf 00,T1J1=0) | 9 (14/2, TH)” 
which is a particular case of the analogous reciprocity equation of Racah® (Eq. 19). 


The left side of the equation may be calculated from the normalization of the wave 
- function and the value 7;¢ of the configuration j*/+7—", and then we obtain 


B(nT,0OT-1/2) = (4) +4—n-2T)/2n(2j +1) for No >N. | 
r (10) 
B(nT,0OT +1/2) = (47 +6—n +2T)/2n(2j +1). for N.>N, | 


_ The coefficients B(nT,s1t1T1) can be derived from (9) and (10), and substituting them 
into (6) we obtain for the @ of (3) which corresponds to a nucleus containing an 
even number of neutrons. 


B = N,/(27+2)2T+2) for N,>N- | 
' (11) 
Bo (7 ISN.) Ci--2). CT 42) for Na=N; | 
According to (3) (31), we obtain for the magnetic moments the formula 
v= Bu, +(1-B) (12) 


7 where uv, and yu, are the Schmidt values of the even and odd particle, and 8 is given by (11). 


Ill. DISCUSSION 


From the formula of magnetic moments derived in section 2, we can see that in the case 
of like particles, namely a configuration of protons only or neutrons only, the magnetic 
moments have the Schmidt values, although generally they should deviate and fall 
- between the Schmidt lines. The deviation for conjugate nuclei should be of the same 
value but of opposite direction. Measured magnetic moments indicate that the law 
of opposite directions exists although the deviations are not equal. Furthermore, all 
measured magnetic moments of odd nuclei except H3, He’, C3, N' fall between the 
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Schmidt lines. For some cases a better agreement with the measured moments is obtai- 

ned by using our formula than by the Schmidt diagram, but even our formula does 

not fit satisfactorily. i 
APPENDIX 

The wave functions 4(j’[4](c)JJ2TT2) are characterised by the Young tableaux 

[4] (c) which correspond to the irreducible representations of the unitary group U(2j + 1) 


“ay | 


and the symplectic group S,(2j +1) respectively. There is a one to one correspondence — 


between [2] and the isotopic spin, (c) and the number pair (s,f), the length of the two 


columns of [4] is given by !/2m+7, that of (c) by 1/2st.© We shall denote by P (a,b) | 


and P,(a,b) the irreducible representations of U(Qj +1) and S,(2j +1) respectively, where — 


a and b measure the length of the columns of a scheme, a =b. cD 
Under limitation of U(2j +1) to its symplectic subgroup S,(2j +1), P(a,b) is generally 
reducible, and the reduction law is given by Littlewood’ (p. 295), in particular 


pe (aiZio\ 
P(G0) SS) vy he Pola 225-0) (1) 
=) 
and 
~ [el 2a eh ((4-D/2]} wD 
Pak) aio Plat 2x, Ot Se PAG ae) (2) 
x—0 x==0) 


where [f] denotes the greatest integer not greater than /; it follows from (1) that P,(a,o) 
‘may be written as 


Po(a,0) = P(a,0) — P (a~2,0) (3) 
On the other hand, from Littlewood’ (p. 94), we get 
: P(a,0) x P (1,1) = P (a +1,1) (4) 
and 
~ ~ bw 
P(a,0) x P(b,0) = % P(a+b—x,x) (5) 
x=0 


therefore P(a,b) can be written as 

P(a,b) = P(a,0) x P(b,0) — P(a +1,0) x P(b—1,0) (6) 
From the reality of the characters of S,(2j +1) it follows that: 
(i) Po{0,0) appears in the reduction of the Kronecker product Po(k,0) x Po(d,0) 


only when k=1/. 
(ii) Po(1,1) appears in the reduction of Po(k,0) x Po(I,0) the number of times 
Po(k,0) appears in the reduction of P2(1,0) x Po(1,1). 

According to (2), (3) and (4) we have 


Py(1,0)Po(11) = LP(,0)— PU 2,0)] xP) 
= PU +1,1)—P(-1,1) 
= Pofl,0) + Pol +1,1) 
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Therefore Py (1,1) appears in Polk, 0) x Po(l, 0) only when k = />0. From (6), (1), (i), 

(ii), we obtain that Pp (0,0) appears in the reduction of P(a, b), ([b/2]— [(6— 1)/2}) 

- times, _and Pi, 1), ([(b+1)/2]—[b/2]) times. Then since Py (0,0) corresponds to (s,t) = 
- (0,0), Po (1,1) corresponds to (s,t) = (2,0) and b is 1/2 m—T, therefore (s,t)=(0,0) appears 
only when 1/, m—T is even, and (s,t) = (2,0) only when 1/.m—T is odd. 


The author wishes to thank Professor G. Racah for his continued help throughout the 


_work, for the proof in the appendix pointed out to me by him, and for his kind help 
in the preparation of this paper. 
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PRODUCTION OF ANTIPROTONS IN P-P COLLISIONS 


Di Fox* 
Department of Physics, University of California, Berkeley, California 


If one assumes that the proton wave function obeys Dirac’s equation, one should expect 

that anti-protons exist. This possibility has become more interesting in recent years, 
- with the planning and construction of accelerating machines in the Bev range. If a 
proton pair is to be produced by the collision of two protons, then, in the centre of 
mass system, each of the initial particles must have a total energy of at least 2M, where 
M is the rest mass of the proton. By transforming to the rest frame of one of the particles, 
it is easily shown that at threshold the incident proton has a total energy of 7M, or a 
kinetic energy of 6M=S.6 Bev. It is expected that such energies will be attained in the 
near future. 


In this paper; the cross-section for pair production by the above process is calcu- ; 


lated, using the Feynman method! and assuming pseudoscalar mesons with pseudovector 
coupling. The calculations were carried out only in the neighbourhood of threshold, 


since much higher energies will probably not be experimentally attainable in the near | 


future. The matrix elements are expanded in a power series in the components of the 
3-momenta of the final particles in the centre-of-mass system, and only the zero and 
first degree terms are considered. 

_ Some information about the angular distribution and the energy dependence may 
be obtained without performing the algebraic calculations. For example, it is shown 
that the total cross section near threshold varies as the 9/2 power of the total kinetic 
energy; this conclusion holds for any of the usual weak coupling theories. In contrast, 


a 7/2 power dependence is obtained by Fermi? in his statistical theory of high energy 


processes. 
FEYNMAN DIAGRAMS 
A typical Feynman diagram for the process under consideration is shown in Figure 12 


where the solid lines represent protons and the dashed lines mesons. Particles 1 and 2 


are the initial protons, 4, 5, and 6 are the final protons, and 3 is the antiproton. The 


direction of the arrow associated with 3 is consistent with Feynman’s description of 


an antiparticle as one whose phase increases in the 
negative time direction2. It is seen that Figure 1 
represents a fourth order process. 

= 4 Figure | may be defined toplogically as consisting 


i ue, 8. 3 


i , increase not defined, and of two connecting meson 


4 (2 lines. With this definition, it is seen that Figure 1 


Figure 1 Figure 2 is topologically equivalent to a diagram for the. 


* 


Now at the Israel Institute of Technology, Haifa. 
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anano of three proton lines, each having a defined sense 
of phase increase, but with the direction of time 
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_ mutual scattering of three protons, as well as to the schematic diagram of Figure 2. 
_ Furthermore, there is no fourth order diagram containing three proton lines which 
_ 1s topologically different from Figure 2. 

_ There are 36 fourth order diagrams for the process, obtained from Figure 1 by the 
_ Six permutations of particles 1, 2, and 3 times the six permutations of 4, 5 and 6. Only 
such changes must be made in the diagram after each permutation as are necessary to 
_ maintain the correct time direction of phase increase for each particle, with the anti- 
proton always labelled as particle 3. From a consideration of Figure 2, one can show 
that these are the only possible fourth order diagrams. 


NOTATION 
_ 4-momentum of the ith particle (i=1, 2,... 6) 


S 


a Bia Re: 


= Dirac matrix (4 = 1, 2, 3, 4) 
Sita To. %g Ty 
=P. ee me ee PrP 
i fps i 4 thegi iter 3 
u; = Dirac state of ith particle, in the momentum representation. 
E =energy of either initial proton in the centre of mass system. 
M = proton mass. 
= sabe mass. 
= E—2M, so that 2¢ is the sum of the kinetic energies of the four emitted particles: 
= mesic charge of a LANG 
atural units (4/2 x = c = 1) are used. 


Paik pi ise 


MATRIX ELEMENTS 


The matrix elements for the transition are obtained from the diagrams by application 
of the rules given by Feynman!. For pseudoscalar mesons with pseudovector coupling, 
the matrix element term corresponding to Figure | is: 


(« syle — Pus] fue ro(Ps — Ps)us][us7s(Ps — Ps)(Pi +P» — Ps + M)ve(Ba — Pru] 


Ti 


NOM Sg OAR ata ea aul, UT a Years oye RU Hai (1) 
(Pi tP2—Ps)—M (PsP) v (PsP) ] 

Each matrix element consists of the antisymmetric sum of 36 terms, one for each 
Feynman diagram. There is one matrix element for each of the 64 spin states that the 
six particles can have. 

The transition probability is given by the well-known formula 


W = 25 AD Day Ds Ps)'/4|M | (2) 
a log 


where ¢ is the density of final states, M, is the matrix element corresponding to a given 
assignment of spins to the six particles, and the sum is taken over all spin states. The 
factor of 1/4 arises from the fact that for the initial protons an average, rather than a 
sum, is taken over the spin states. 

_ The process of summing and averaging over spin states is usually carried out by using 
the spur method3. In simpler problems, this method involves less labour than does the 
direct calculation of the matrix element for each assignment of spins. However, the 


as A Sata 


<i Sa 
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large number of diagrams in the present problem makes even the spur method complex. 
On the other hand, it turns out that if each matrix element is calculated directly, certain 
arguments may be applied which greatly simplify the threshold calculation. 

Furthermore, one may use these arguments, without performing the calculations, to 
obtain some information about the angular and energy dependence of the process. 
The antisymmetry of the matrix element with respect to interchange of two final protons 
reduces, in the case of two particles with the same spin, to antisymmetry with respect. 
to interchange of the corresponding momenta. Since at least two of the three final 
protons must have the same spin, no matrix element will contain terms which are 
completely symmetric with respect to the three corresponding momenta. 

Examination of expression (1) shows that if a matrix element is expanded in powers 
of the components of 3-momenta of the four emitted particles, only positive powers 
will appear. From the preceding argument, it follows that the constant term must be 
zero in such an expansion, independent of the assignment of spins. The first degree 
terms, which may be present for some spin assignments, must be independent of the 
momentum components of the antiproton, since a term containing the antiproton mo- 
mentum would be symmetrical in the momenta of the protons. 

The leading terms of a similar expansion of the differential cross-section will there- 
fore be independent of the antiproton momentum and will be a homogeneous quadratic 
function of the momentum components of the three final protons. 

The total cross-section is obtained by integrating equation (2) over the momentum 
space of the four emitted particles and dividing by the incident flux. The density of 
states, p, contains the energy and momentum 8-functions which restrict the available 
region of momentum space to that allowed by energy and momentum conservation. 

The integration over the 12 momentum coordinates was performed by transforming 
to a system consisting of a radial coordinate, R, proportional to the square root of the 
total emitted kinetic energy, and |1 angular coordinates, so chosen as to make the limits 
of each integration independent of the remaining coordinates. The integrations over 
the angular coordinates yield numerical factors. The integration over R contains the 
energy 5-function and therefore substitutes a constant times <!/2 for R. 

It is easily shown that the available volume in momentum space (taking into account 
the restrictions imposed by the 8-functions) is proportional to R7’. The sum of squares 
of matrix elements is quadratic in the momentum components, and since each component 
is proportional to R in the transformation, the integral is proportional to R®, or <9!2. 
Since we are dealing with a fourth order process, the constant of proportionality must 
include a factor of g8. The total cross section is therefore 


«= K(g?/ ni)* (|My? 3) 


The arguments used to obtain this equation are valid for all the usual weak coupling 
theories, so that, in general, one can expect that only the value of K will differ from 
one theory to another in this approximation. 

The symmetry arguments discussed above may be extended to reduce the labor of 
calculation. For example, it may be shown that of the 64 matrix elements (each cor- 
responding to a given assignment of spins) only two need be calculated in detail. Of: 
the remaining ones, some do not contribute near threshold, because their leading terms 
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must be of higher degree; others may be obtained from the computed ones by simple 
permutations of indices in the results. Similarly, within each matrix element, not all 
the terms corresponding to the various Feynman diagrams need be calculated in detail. 


RESULTS AND DISCUSSION 


Calculations were made only for the case of pseudoscalar mesons with pseudovector 
coupling. The total cross-section near threshold is given by equation (3), with K=1.2~ 
10-25 cm?. Since the matrix element is independent of the antiproton momentum, this 
particle will be emitted spherically symmetrically. ; 
The above cross-section may be compared with that obtained by Fermi? in his sta- 
tistical theory of high energy nuclear processes: > ~7 x 10-26¢7/2, Fermi assumes that 
the matrix element is independent of ¢, so that only the volume element in momentum 
space contributes to the energy dependence. It is seen from the preceding section that 
such an assumption leads to a 7/2 power dependence on <«. Fermi’s theory is a strong 
coupling theory while the present calculations are based on a weak coupling theory; 
to a certain extent, the two results represent opposite limiting cases. . 
Taketani and Machida‘ have calculated the cross-section for the same process, using 
the pseudoscalar-pseudoscalar theory. They obtained a fourth power dependence on 
e, which disagrees with the conclusions of the preceding section. In their discussion, 
they omit some of the Feynman diagrams in order to simplify a comparison with an- 
other problem in the same paper. It is not clear, however, whether the corresponding 
contributions are also omitted from their calculations. In any case, their result is strange, 
since such an omission should still lead to a half-odd-integer power dependence on «. 
The integral power may be the result of an approximation which they make in calcu- 
lating the volume element in momentum space, but which they do not describe in detail. 
A complete discussion of the results of the present paper must await experimental 
investigation. ~ 
The author wishes to express his gratitude to Professor Robert Serber for suggesting 
the problem and for his helpful discussions. 
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ON THE SECOND HARMONIC OF THE ANNUAL VARIATION OF SOLAR 
RADIATION AND AN APPLICATION OF ITS ZEROS 


J. NEUMANN 
Meteorological Service, Israel Ministry of Transport and Communications 


I. INTRODUCTION 


In the past, most applications of the annual variation of solar radiation reaching the 
outer atmosphere have limited their attention to the first harmonic, i.e. the annual 
wave. This neglect of the semi-annual wave is somewhat unjustified as it is known 
that the annual wave vanishes at the equator (more precisely, at latitude 3°25’N) and 
that in the equatorial belt, the annual variation of solar radiation is a double wave. 
It is the purpose of the present note to examine the latitudinal variation of the semi- 
annual wave and point out a significant application of that latitudinal variation. It 
should be emphasized that the solar radiation considered is the one reaching the outer 
atmosphere. 


Milankovitch! has given the theoretical form of the harmonic coefficients of the annual 


variation of solar radiation as a function of latitude. It is shown by his results that 
the coefficients are doubly infinite series in a trigonometric function of the latitude 9. 
Thus, the coefficients are of a rather complicated structure despite a simplifying as- 
sumption involved in their derivation, viz., that the distance between the Sun and the 
Earth is constant. To obtain a more tractable expression, we shall adopt an additional 
assumption as well as terminate the (infinite) series involved after the first few terms. 
Although the coefficient so obtained is of a less general character than’ that given by 
Milankovitch, it should be quite satisfactory for most geophysical applications. 


II. THE SECOND HARMONIC 
The daily amount of solar radiation Qs; reaching the Earth in latitude » at the outer 
atmosphere is given, to a close approximation, by the following expression (ref. 2, 


p. 88): 


Qs = (27/2) sin @ sin 8 (H — tg A), (1)3| 


where / is the solar “constant”, © the angular speed of rotation of the Earth about 


its axis, 5 the solar declination and H the hour angle between sunrise and noon (= hour _ 


angle between noon and sunset). Expressed in this manner, Q; is in gcal/cm2/day. 
Excluding regions of the Earth poleward of the polar circles, H, 9, and 8 are linked by 
the equation 

cos H = —tg ¢ tg 8. (2) 


H is usually referred to as “half-day length’. 
In view of Eq. (2), (1) becomes, apart from the constant factor 2// Q, 


sin ¢ sin }(H—tg H) = sin ¢ sin 8 [arc cos (—tg ¢ tg 8)] + cos ¢ cos 8 (1-tg2 etg2s)1/2. (3) ) 
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The term containing the radicand may be rewritten: 
(cos? 9 cos? § — sin? ¢ sin? 8) 1/2 = cos ¢ [1 — (sin? 8 / cos? ¢)] 1/2. (4) 


To an approximation, sin §’ = sin «sin ¢ =asint, where a = sin 1, 1 = 23°27’ being 
the angle of inclination of the ecliptic; a = 0.398, very nearly. For — [( =/2)—1] <e< 


<[(=/2) — +] = 66°33’, (sin »/ cos ¢) <1 and under this condition, (4) may be ex- | 


panded as follows: 


cos ¢ [l—(a2/cos2¢) sin21] 1/2 = cos » [1—1/2(a2/cos 2 ¢) sin2¢—1/s (a4/coste) sin4t 
+ ©(9,t)]. (5) 
_ The residual term < (¢,t) is of the sixth order in sin ¢ and will be neglected. 
For the term arc cos (— tg ¢ tg 8) in (3), the expansion 


arc cos (— tg e tg 8) = (2/2) + tg etg 3 + (/2:1/3) (tg otg 3 +... (6) 
will be substituted with the terms of fifth order and higher omitted. For tg 3(— 18 < 


< +1) we shall write bsint,b=tg 2 3193 207": ib 0.434, very nearly. With this, 
and in view of Eq.'s (4) to (6), (3) becomes after some re-arrangement: 


sin 9 sin ’(H—tgH) =cos ¢ + (2/2) asin ¢ sint + (a/cos ¢) (6 sin2?e¢—a/2) sin2t 
+ (a/cos ¢) [(b3/6) (sin4e/cos2¢) — (a3/8) (1/cos2¢)] sin4t. (7) 


If (7) is multiplied by (1/ =) sin 2¢, and integrated with respect to ¢ between tf = 0 


and ¢ = 2 x, it is seen that all terms vanish. Hence, q2, the second Fourier coefficient 


of the sine series, vanishes. If (7) is multiplied by (1/ =) cos 2t and integrated as neces- 


_ sary, it is found that the first and second terms on the right hand side vanish. In the > 


third term, 


2x 
(1/ =) § sin? tcos2 tdt = — 1/2; (8) 
: , oO 
_ in the fourth term, similarly, 
Qn 
(1/ =) ff sin4t cos 2t dt = — 1/2. (9) 
i 


Substituting (8) and (9) into the integral of (7), it is found that p2, the second coefficient 
of the cosine series: 


p2 = —(a/2 cos ¢) [b sin? » + (63/6) (sin+e/cos2¢) — a/2 — (a3/8) (1/cos2¢)]. (10) 

This is the equation we have intended to derive. 

It follows from differentiation of (10) with respect to », that in the interval 
60°33 <9 + 66°33’, p2 reaches a maximum value at the equator. In the same 
interval, p2 will vanish for my 
—3(2b +a) +)9(2b +a)? +3ab(b2—6)(a2 +4)] (11) 

2b(b2—6) ‘ 
which yields the real zeros of p2. As a=0.398 and b = 0.434, sin?9 = 0.481, ¢ = Ade 
approximately, or the semi-annual wave vanishes along a latitude circle in the middle 
latitudes of each of the two hemispheres. Hence the wave is symmetrical about the equa- 
tor. p2>0 for — 44° <9 < +44°, vanishes at 9 = +44°, and is negative beyond. It is 
_ possible to show that p2 continues to be negative as far as the poles with its absolute 
values increasing with increasing latitude. 


sinzo0 = 


t 
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The equations sin 8 = asint and tg 8’=bsint imply that ¢ = 0 at the spring equi- 
- nox when the Sun’s declination angle vanishes in the course of passing from negative 
to positive values. Counting the time from the spring equinox, we find that the phase — 
angle A» of the semi-annual wave is 90° for the region equatorward of the middle 
latitudes (p2 +0, q2 = 0) and 270° poleward of the middle latitudes (p2 <0, q2 = 0). If 
t = 0 at mid-January, it follows that A2 is 320° equatorward, and 140° poleward of the 
middle latitudes. These conclusions are in close agreement with results of a numerical 
harmonic analysis in Table I based on data which do not involve the simplifying as- 
sumptions used in obtaining the form of p2 (Eq. (10)). It is also seen from the Table 
that the latitudes of both the equatorial maximum and that of the zeros of p2 are shitted 
slightly toward the North Pole compared with the results of the somewhat simplified 


theoretical analysis. 
TABLE I 
Harmonic constants of the semi-annual wave of solar radiation, for the northern hemisphere 
(Prepared from Angot’s data, published in Shaw?) 
Notes: 1) Time is counted from mid-January; 2) az is the amplitude and A, the phase angle of the wave 
of form ap sin (2¢-+ Ae); 3) p2 and ge are coefficients of the cosine and sine series, respectively; 4) a2, pe 
and qe are in gcal/em?: 5) x — value is less than 1 gcal/cm2. 


Latitude, °N az p2 qQ2 A2 
0 34.4 —~ 22:5 + 26.0 319 
10 35.2 — 23.3 + 26.4 319 
20 32.6 2S Sea 319 
30 26.4 a lily + 19.6 318 
40 15.7 — 10.8 + 11.4 317 
50 x x x = 
60 PoE ea itiiee) — 21.1 140 
70 89.5 + 58.4 ==) 67.5 139 
80 174.7 +114.7 13107 139 
90 209.0 +136.2 158-6. ° 139 


Ill. APppLicATION 


While the maximum value of p> at the equator is as expected, the fact of vanishing of 
this wave for the middle latitudes is somewhat surprising. These zeros of p> appear to 
be relevant to the problem of annual variation of energy transfer to the atmosphere 
from the oceans, and other extensive water bodies in the middle latitudes. 

It has been founds that in the middle latitudes, the annual variation of energy (latent 
and sensible heat) transfer from the oceans to the atmosphere is a double wave. More 
recent studies> indicate that this is also true for lakes of some depth. No theoretical 
investigation of a general nature is available in this connection and it would appear 
that such an investigation would meet a number of difficulties. However, an explanation 
of the double wave character of the annual variation may be obtained from a con- 
sideration of Fourier waves. 

The energy transfer from a water body to the atmosphere normally may be repre- | 
sented by the equation 


O70; —— Oo, (12) 
where Q, is the sum of latent and sensible heats transferred from the water to the air, 


Q; the net radiation surplus at the water surface and Q¢ the change in heat content of 
the water body. The latter change is connected with the surface-temperature wave 
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Pot the water. It is shown elsewhere® that processes of heat conduction lead to an in- 
crease in importance of the amplitude of the second harmonic wave, relative to the 


Z 


_ importance of the amplitude of the second harmonic of the surface-temperature wave. 


In the present case, the second harmonic is the semi-annual wave. Thus processes of 
_ heat conduction in the water result in an annual variation of heat content of the water 
- body, for which the semi-annual wave is prominent. 


It is reasonable to assume for a first approximation that the annual variation of Q,, 
the net radiation surplus at the water surface, is parallel to the annual variation of Qs, 
the solar radiation reaching the outer atmosphere. This assumption implies that the 
semi-annual wave of Q, is negligible for the middle latitudes. Now, detailed analysis 
shows that the annual waves of Q, and Q¢ are nearly in phase, the phase difference 
amounting to about one month, so that the difference of the two waves (Eq. (12)) is. 
small. Because the semi-annual wave of Qs, and by assumption that of Q, too, are 
negligible for the middle latitudes, the difference Q,—Q¢ is effectively controlled by 
the semi-annual wave of Q¢ which is relatively strong. It thus follows that the annual — 


- variation of Qc, the energy transfer from the water surface to the atmosphere, is a 


A BON 


double wave. 
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AN ATTEMPT TO DETECT THE ELECTROLYTIC MIGRATION OF RADIO- 
ACTIVE INTERSTITIAL SILVER IONS PRODUCED IN A SILVER CHLORIDE 
CRYSTAL BY SLOW NEUTRON IRRADIATION 


S. G. COHEN and M. SCHMORAK 
Department of Physics, The Hebrew University of Jerusalem 


INTRODUCTION 
é 


The phenomena of diffusion and ionic conduction in ionic crystals are ascribed to the 
presence of mobile lattice defects!. These may be of two types: a) Frenkel defects, when 
an ion occupies an interstitial position, leaving a vacant lattice point or “hole”, b) — 
Schottky defects, when an ion is displaced to the surface of the crystal, leaving a hole 
in the body of the crystal. In silver chloride and silver bromide crystals, it appears 
that the predominant lattice defect below 300°C is of the Frenkel type, due to the inter- 
stitial silver ions?. In the case of Frenkel defects, the number of defects in equilibrium 
at an absolute temperature 7 is proportional to e~ ”/?*7, where W is the energy required 
to move an ion from its normal position in the lattice to an interstitial position. The 
mobility of a Frenkel defect in'an applied electric field is proportional to e-U/*?, 
where U is the activation energy for diffusion, that is to say, the height of the poten- 
tial barrier which an interstitial ion must surmount in passing to a neighbouring’ 
interstitial position. The electrical conductivity arising from the migration of Frenkel 
defects in an electric field is equal to the product of the concentration of the defects 
and their mobility, and therefore should be proportional to e~U > ”/2AT. 


A measurement of the dependence of conductivity on temperature is clearly in- 
sufficient to determine the activation energies W and U separately. In order to deter- 
mine W and U, recourse has been made to rather special and indirect methods. For 
example, Koch and Wagner measured the conductivity of silver chloride and silver 
bromide crystals which contained small quantities of cadmium chloride. Each divalent 
cadmium ion displaces two monovalent silver ions, leaving a number of holes equal 
to the known number of cadmium atoms. At sufficiently low temperatures, the con- 
ductivity is determined by this constant number of holes, and U the activation energy 
for diffusion can be determined directly from the dependence of conductivity on tem- 
perature. Koch and Wagner assumed the mobility of an interstitial ion is equal to that 
of a hole. For AgCl, Koch and Wagner obtained for W and U the values of 1.1 e.v. 
and 0.25 e.v. respectively, and for AgBr, the corresponding values of 0.87 e.v. and 
0.35 e.v. Seitz? reports, however, on the basis of later experiments, a value of 0.11 e.v. 
for U in the case of AgBr. This would lead one to suspect that U for AgCl might also 
be much lower than the value of 0.25 obtained by Koch and Wagner. 
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THE POSSIBILITY OF PRODUCING RADIOACTIVE INTERSTITIAL IONS 
BY SLOW NEUTRON BOMBARDMENT 


_ Under certain circumstances one might produce radioactive interstitial ions by a pro- 
_ cess analogous to that occurring in the Szilard-Chalmers effect. In the latter effect, it 
is well known that the nuclear recoil arising from the emission of energetic y-rays 
after slow neutron capture is sufficient to break the chemical bonds binding the re- 
acting atom, thus releasing the atom which is often radioactive. Analogously, one 
might expect that when an ionic crystal, containing nuclei which capture slow neutrons, 
is irradiated with slow neutrons, a large fraction of the radioactive ions produced will 
be displaced by the nuclear recoil to interstitial positions. Under certain conditions 
one might then be able to observe the mobility of these radioactive ions in an applied 
electric field, by radioactive tracer techniques. Thus if the crystal is placed between 
two electrodes, ‘an application of a sufficiently large D.C. field should lead to a con- 
centration of radioactive ions near the electrode of opposite polarity to that of the inter- 
stitial ions. An experiment designed to detect such a change in concentration in the 
case of AgCl crystals is described below. 

Necessary conditions for the detection of the migration of radioactive interstitial 
ions are: 

1) The concentration of holes must be sufficiently low, in order to minimize the 
probability of recombination of a radioactive interstitial ion with a hole. 

2) The migration time in the field must not be too long compared with the radio- 


active decay time; otherwise the decay of the ions in passage will reduce the probabi-- 


lity of detection. 

3) There should be no direct exchange between interstitial ions and normally si- 
_ tuated neighbours. There seems to be no evidence that this process occurs and, a priori, 
the probability may be expected to be exceedingly small. 


DESCRIPTION OF EXPERIMENTS 


The experiments were performed on single crystals of silver chloride. The two stable 
isotopes of silver, Ag!°? and Ag1®, both have favourable nuclear properties. Both iso- 
topes capture thermal neutrons with a high cross-section (44 10-24 cm? and 97x 10-24 
cm? respectively) leading to Ag!, a radioactive isotope with a half life of 2.3 minutes, 
and to Agi10 with a half life of 24 seconds. The maximum energies of the @-particles 
are 2.85 mev and 2.8 mev respectively. Since only a weak neutron source was avail- 
able (80 millicuries polonium-beryllium), high cross-sections for neutron capture were 
essential. 

Silver chloride crystals (supplied by the Harshaw Chemical Company, U.S.A.) of 
superficial dimensions 12 x 13 mm and thickness 3.2 mm were used. The crystal was placed 
between platinum electrodes, between which a D.C. voltage of about 4000 volts could 
be applied. The crystal and electrodes were enclosed in a thin-walled aluminium box 
which was placed in the centre of a large block of paraffin wax (30 x30 30cm3). The 
polonium-beryllium neutron source could be placed near the box, yielding a thermal 
neutron flux of about 100/cm2 sec at'the surface of the crystal (as measured with thin 
silver and indium detectors). The space between the aluminium box and the paraffin 
moderator could be packed with solid CO» in order to reduce the temperature of the 
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crystal to —80°C. Most of the measurements were carried out at this temperature. At 
room temperature the equilibrium concentration of holes is about 10%—10® per cc? 
and the probability of recombination would be too large. Moreover, at room tem- 
peratures application of a large field leads to the production of threads of colloidal 


silver inside the crystal, which is rapidly spoilt. At very low temperatures, on the other — 


hand, the migration time would be too long compared to the radioactive decay time. 
As a compromise between these extremes it was decided to work at dry ice tempera- 
tures. 

Neutron irradiations of about ten minutes duration were carried out (sufficient to 


yield approximately the saturation intensity of radioactive silver), at first without an — 


applied field. After irradiation the crystal was quickly withdrawn and placed, under 
conditions of standard geometry, immediately under the thin window (1.5 mg/cm?) 
of an end-on Geiger counter. The Geiger counter was screened with lead and the back- 
ground counting rate was 15 counts per minute. After irradiation the crystal showed 
an activity of about 50 counts above background during the first minute of counting. 
Owing to the high degree of self-absorption of the 8-particles in the AgCl crystal, the 
observed activity arises from the £-particles coming from radioactive silver nuclei 
present in a layer of the crystal about 0.4 mm thick. The conditions are thus very 
favourable for detecting a migration of silver ions through distances greater than 
about 0.4 mm, on the application of a D.C. electric field. Similar irradiations were then 
carried out with the cooled crystal together with the applied field. The activity of the 
crystal was then measured as before, arranging that the surface of the crystal nearest 
the window of the Geiger counter was the surface in contact with the platinum cathode 
during the time of irradiation. Under these conditions, a migration of the interstitial 
silver ions in the field over a distance greater than 0.4 mm towards the cathode, would 
show up in a large increase in the observed activity. If all the radioactive silver ions in 
the crystal migrated to a region close to the cathode, it was estimated that an initial 
activity of about 1,400 cts/min would be obtained after irradiation with an applied 
field*. It was estimated that a migration of the interstitial ions through a distance 
greater than 0.1 mm would yield a statistically significant increase in the activity. 

In fact, no statistically significant increase in the counting rate was observed in a 
number of trials. A number of different crystals were used and care was taken as far 
as possible to prevent thermal shocks which might set up strains and dislocations in 
the crystals. A series of experiments were also carried out with crystals which were 
slowly annealed, during a period of 24 hours, from 400°C to the operating tempe- 
rature; but again, no increase of activity was observed after irradiation with an applied 
field. : 

DISCUSSION 
It is of course not possible to give an unambiguous interpretation to the negative re- 


sults obtained. It is possible that the crystals used were not sufficiently perfect and that 
the interstitial radioactive ions were trapped at faults or dislocations in the crystals. 


However, assuming the postulated mechanism for the production of interstitial ions 


* This calculation was carried out taking into account that the concentration of radioactive silver 


produced by thermal neutron capture near the surfaces of the crystal is somewhat greater than the con- 
centration in the body of the crystal owing to the change in neutron flux throughout the crystal produced 
by neutron absorption. 3 
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_ by nuclear recoil, and that the conditions (1) and (3) mentioned above are satisfied, it is 
possible to calculate a lower limit for the mobility of the silver interstitial ions. The 
_ negative result then shows that 


vEt <0.01 cm 


\ 


where y is the mobility of the Ag ions, E is the electrostatic field in the crystal and ¢ 
is the migration time of the interstitial ions in the applied field. Under the conditions 
of the experiments, ¢ is effectively the half-life of Ag!98 (see condition (2) above) — 
138 sec, and £ is about 1000 volts/cm (taking into account the dielectric constant of 
AgCl). 
One thus obtains that, at —80°C, the mobility v is less than 710-8 cm2 sec~! volt-1. 
If we write v=voe~U/KT and take vo=0.12*, we obtain a lower limit for U, the acti- 
vation energy for diffusion: U >0.23 e.v. 
This result is consistent with the value of 0.25 obtained by Koch and Wagner. As 
“mentioned in the introduction, however, there were reasons to expect that the value for 
U might be nearer to the value 0.11 e.v. obtained for AgBr. For U equal to 0.11 e.v. 
one would expect a large positive effect. It would therefore be interesting to repeat the 
above experiments with silver bromide crystals. In the case of silver bromide the mea- 
surements would be complicated, however, by the bromine activity which would be 
_ produced, since bromine has a high capture cross-section for slow neutrons. If strong 
thermal neutron sources are available, it would be of interest to search for the postu- 
lated effect in other ionic crystals. 


REFERENCES 


Mort, N. F. and Gurney, R. W., Electronic Processes in Ionic Crystals. 
Seitz, F., 1951, Rev. Mod. Phys., 23, 328. 

Kocu, E. and WacnerR, C., 1937, Zeits. f. Phys. Chem., B38, 295. 
See ref. (1), p. 47. 


RONS 


“ee % me rage as * ih ie gt , Wha : £ 
ears GL. ve MipRaNaeet bade ere, 
‘ 
Vy a { 4 


316 BULLETIN OF THE RESEARCH COUNCIL OF ISRAEL 


| 


THE M X-RAY FROM RADIUM D:-AND THE M X-RAY FLUORESCENCE 
YIELD OF BISMUTH 5 


A. A. JAFFE 
Department of Physics, The Hebrew University of Jerusalem 


INTRODUCTION | 
M x-ray fluorescence yields (i. e. the ratio between the number of x-rays emitted to the | 
number of initial vacancies in the shell) have so far been determined only in the case 
of uranium, for which the total yield of the M shell has been measured by Lay,!.2 using 
fluorescent excitation. Lay compared the intensity of the M x-rays from a thick specimen 
of uranium with that of the exciting beam by a photographic method. Similar measure- 


“ments would be difficult to make for elements of lower atomic number than uranium 


because of the low intensity of the emitted x-rays relative to that required to excite them. 
Alternative methods for the investigation of M yields are, however, provided in certain 
cases by the use of radioactive sources. These have already been employed in the deter- 
mination of L yields. 3 

In the experiments to be described it has been found possible to measure the inten- 
sity of M x-rays from a thin source of radium D, by means of a proportional counter. 
Bismuth x-rays are emitted as a result of internal conversion of y-rays following the 
RaD- RaE transition, and the intensity of the M x-rays was compared with that of 
the L x-rays from the same source. As will be seen, since the L fluorescence yield and the 
relative amounts of conversion in the shells involved are known, an estimate of the M 
fluorescence yield of bismuth can thus be made. 


EXPERIMENTAL METHOD 
A source of RaD (strength about 20 microcuries) in equilibrium with its products was 
used, and in order to obtain good efficiency of detection of the readily absorbed M x-rays, 
it was placed within the glass envelope of the proportional counter (Figure 1). The 
brass cathode, 3 cmin diameter, has a hole 1 cmin diameter to admit the radiations under 


dap pin Pi aD examination. A similar hole, opposite 
yy ce oe a glass bubble window, is available for 
i the purpose of making energy cali- 


1 CM DIA HOLE 


n 


brations using external sources. The 
RaD source is mounted on a poly- 
styrene backing attached to a ground 


A 


vrs EE joint, and is 5.0 cm from the counter 
cathode. Ra£ 6-particles are prevented 
Hesreatse me See from entering the sensitive region of 
, Bharti setts the counter by a strong permanent 
magnet. 
Figure 1 


The counter was filled with methane- 
Received January 5, 1954. argon mixtures (~20%% methane) and 
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_ although the calculated pressure for optimum efficiency of detection of the M X-rays is 


et. Ba 


about 20 cm of mercury, this is not critical and higher pressures were generally employed, 


leading to better counter stability and reducing wall and “‘escape”’ effects. It was, how- > 


_ ever, necessary to cover the source with a thin layer of polythene (5 mg/cm2) in order 


to prevent the polonium «-particles from reaching the counter.After suitable amplification, 


_ the pulse size distribution was determined by means of a single channel pulse analyser. 


RESULTS 


The results shown in Figure 2 are from measurements made with the counter filled with 
34 cm pressure argon and 8 cm methane. In Figure 2a the pulse size distribution cor- 
responding to energies up to 4 kev (calibrated with 5.9 kev Mn x-rays from an external 


_ source of Fe55) is given, and shows the peak attributed to the bismuth M x-rays. The 
_ maximum of this peak occurs at about 2.5 kev, and since the theoretical semi-half width 
_ of a line at this energy is 0.3 kev, the individual M x-ray lines are not resolved. In view 


of the fact that the width of the peak obtained is nearly the same as the theoretical 
width of a monochromatic line, however, it appears that most of the M x-ray quanta 
emitted have energies within about 0.2 kev of the maximum. 


Counts/channel 


Counts/channel , 


200 


100 


Figure 2 


Figure 2b shows the spectrum of L x-rays obtained with the same source and counter 
filling, but at lower amplifications. These L x-rays have been previously observed and 
discussed by several investigators.5.9.7.8 

In estimating the relative intensities of the radiations, the continuous background 
(caused by the stopping of 6-particles from the source) has been deducted. For the 


L x-rays, corrections have been made to compensate for the ‘‘escape peaks” resulting 


from events in which argon K x-rays escape from the counter gas. The magnitude of 


- this correction was determined in a subsidiary experiment, using a source of Fe55 with 


the same counter filling, and was found to be 16%. The estimated average RaD source 


thickness was ~10 microgm/cm2 (0.2 mg of Pb/mc) and the mass absorption coefficient 


for self-absorption of the M x-rays, although not accurately known, must be less than 
2000 cm2/g, so that self-absorption should not exceed about | % and has been neglected. 
The observed rates of counting of quanta of the various energies are given in Table I, 


together with the calculated factors for a) absorption in the polythene filter, b) absorp- 
tion in the gas between the source and the counter cathode, c) gas efficiency of the 


_ counter. 
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TABLE I 


Type of radiation M x-rays Le no 
Mean energy (kev) 2» 10.8 13.0 


Fraction of quanta 

transmitted by 

polythene 0.532 0.991 0.995 
Fraction transmitted 

by gas between 


source and counter 0.320 0.814 0.895 
Counter gas 

efficiency — 0.498 0.117 0.068 
Number of quanta 

counted per minute 740 2390 1390 


Number of quanta emitted 
within solid angle 
of counting per 
minute 8.7 « 108 25.2 x 103 23.0 x 108 


CALCULATION OF THE M/ FLUORESCENCE YIELD 


The conversion electron spectrum of RaD has been investigated by Cranberg® and by 
Butt and Brodie”; more recently both the emission and conversion spectra have been 
reexamined by Wu et al!!. The energy of the excited state of RaF, following 6 decay 
of RaD, is 46.7 kev, and internal conversion of resulting y-rays can occur in the L and 
subsequent shells only; K conversion being energetically impossible. Conversion lines 
corresponding to a 46.7 kev y-ray occur in the majority of disintegrations (~70%) and 
the relative amounts of ionisation thus produced in the Ly, Ly, Ly, and M shells is 
100:9:2:29 respectively!2. The total L fluorescence yield for RaE has been found by 
Kinsey; to be 0.47. 


The observed M x-rays result from ionisation produced by: 

a) ‘Coster-Kronig transitions between the L subshells (in bismuth, Ly> Ly Myy.y 
are the only transitions of this type involving the M shell which are energetically pos- 
sible), 

b) Auger transitions such as L> MM, L> MN etc., 

c) radiative L— M transitions, 

d) M conversion of y-rays. 

Assuming initial ionisations of 100, 9, and 2 vacancies in the Ly, Ly, Ly, subshells 
respectively, corresponding to the emission of 52 L x-rays (total L ionisation x L fluores- 
cence yield) it is possible to estimate the amount of M ionisation resulting from the above 
processes. 

1) Kinsey has estimated that in bismuth 70% of L; vacancies are filled by Coster- 
Kronig transitions of the type Ly> Ly, M, and experimental confirmation of this figure 
has been obtained by Salguiero and Valadares*. 70 Myy.y vacancies result, therefore, 
from such transitions and the original L ionisation is redistributed to 30, 9, 72 vacancies 
in Ly, Ly and Ly, respectively. 


2) After allowing for the emission of 3L,, rays’, the 52 L quanta resulting from — 


the assumed initial L ionisation may be divided into two main groups, Lu;,, and 


L8,,>,3,4, Numbering about 26 and 23 quanta respectively, in accordance with the re-_ 


lative intensities found (see Table I). The first group derive from Lyy— My, tran- 
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sitions, and lead to 26 Myy, y vacancies. Of the Lg quanta, all derive from transitions to 
the M shell except Lg, (Li > Ny). If, however, the ratio of intensities of 82: is taken 
as 1:5, as for x-rays excited by electronic bombardment since both rays are from trans- 
itions to the same level (Li), a further 18 M ionisations are found to result from the 
Lg transitions. A total of 44 M vacancies are contributed, therefore, by L> M radiative 
transitions. 

3) The 59 (111—S2) L ionisations as yet unaccounted for give rise to radiationless 
Auger transitions. Although no exact theoretical or experimental information is avail- 
able of the relative rates of the energetically possible L Auger transitions, those in- 
volving the M shell predominate. The most probable transition is L> MM (giving 
double M ionisation) and L~ MN transitions will also be important. It is unlikely, 
however, that transitions involving only the N or subsequent shells amount to more 
than a small fraction of the total L Auger rate. If the L> MM transition is twice as 
frequent as L~ MN, 98 M ionisations would result. Adopting this figure with a possible 
error of 20 covers the extreme cases, either that the rates of L> MM and L> MN 
transitions are equal, or that of L> MM>L~— MN, and at the same time up to 9% 
L~ NN transitions would be allowed for. 

The reorganisation of 111 L vacancies, by the above processes, leads therefore to 
a total of 212 M ionisations, and to this figure must be added a further 29, the corres- 
ponding number of M converted y-rays, so that in all 241 M vacancies are created for 
every 52 L x-rays observed. From the results shown in Table I, and allowing for the 
small contribution of Ly as above, 8.9 M x-rays are emitted. The value 0.037 is thus 
obtained for the total M fluorescence yield of RaF. 


CONCLUSION 


Although the uncertainty in the number of M ionisations produced by Auger 
transitions has been assumed to be 20%, only part of the total M ionisation is pro- 
duced in this way, so that an error of only 8% is thus introduced into the final result. 
Taking into account this and other possible sources of error, the estimated M yield 
of RaE may be stated as 0.0370.007. 

When comparing this value for bismuth with the value 0.06 obtained by Lay for 
uranium, it should be remembered that, in addition to an expected increase of fluores- 
cence yield with atomic number (as with K and L yields), the modes of excitation are 
different in the two cases, and that in Ra&, a large fraction of M x-rays are emitted 
from atoms which are multiply ionised in the ™ shell. 

The author is indebted to Dr. E. H. S. Burhop for comments on ZL Auger transition 
rates (private communication) and.to Dr. S. G. Cohen for helpful discussion. 
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_ A PROBABILITY APPROACH TO TIES IN RANK CORRELATION 


H. V. MunsAm 


The Eliezer Kaplan School of Economics and Social Sciences, The Hebrew University 
of Jerusalem 


When rank correlation methods were first proposed by Spearman! and Kendall2, tied . 


ranks were considered merely disturbing, but unavoidable, incidents. In more recent 
work:.4, the techniques developed for dealing with tied ranks by Kendall> and others 
were recommended on their own merits for the study of contingency. They have proved 
to be well suited for measuring the strength of association between two qualitative 
characteristics of a population, whenever the different values assumed by the charac- 


teristics fall into a natural order; if there is no such order among these values, rank — 


correlation methods can obviously not be applied, and if these values are of a quanti- 
tative nature, ordinary correlation methods would be preferable. 

Various methods of handling tied ranks have been proposed with respect to both 
Spearman’s and Kendall’s rank correlation coefficients. With respect to Kendall‘s 
coefficient +, with which a/one we are concerned in the present study, at least four 
techniques have been developed; but all of them attribute the same score to a given 
pair of rankings, and they differ only in the value of a denominator by which the score 
should be divided in order to be turned into a correlation coefficient. Such a division, 
though not strictly necessary for the measurement of correlation, yields a coefficient 
which is more useful than the score itself for comparing the strength of correlation 
between pairs of rankings with different numbers of members or different types of ties. 
The relative merits of the four proposed coefficients, with respect to the problem un- 
der consideration, will be compared below. 

_ The appearance of ties in a ranking may be due to two different circumstances: 

(a) some of the members are identical with respect to the characteristic according 
to which they should be ranked; 

(b) all members could theoretically be ranked according to the characteristic in 
question, but owing to lack of information, insufficient means of observation or similar 
sources of error, the rank order of the “‘tied’’» members cannot be distinguished. 

It might be questioned whether under the former circumstances (a) the use of rank 
correlation methods is logically justifiable, because according to the very definition of 
ranking® this is the arrangement of “*. . . a number of individuals according to a quality 
which they all possess to a varying degree...” and not to the same degree. In the 
present study, the latter point of view (b) only will be considered, i.e. it will always be 
assumed that the members of the ranking have theoretical, untied ranks, which shall 
be called their “true”? ranks, and that the ties are due to the failure of the observer to 
distinguish between some of these true ranks. Thus the appearance of a tie in a ranking 
is considered as a sort of error. The purpose of the present study is, then, to ascertain 
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whether this type of error, namely the random appearance of ties, introduces a bias 
into the coefficient of rank correlation. 

This question can be approached from two different angles: 

(a) Assume a pair of untied rankings to be given; what is the effect of tying cerane 
of its members with respect to one or both of the rankings on the rank correlation co- 
efficient? This approach corresponds. to the problem of direct probability in sampling 
theory: what is the distribution of a statistic in different samples drawn from a given 
population? 

(b) Assume a pair of rankings containing ties to be given; which pairs of untied 
rankings are able to produce the given pair of rankings? This approach corresponds 
to Bayes problem or inverse, or fiducial, probability in sampling theory: which values 
of certain parameters are likely to obtain in the population from which a given sample 
was drawn? 

It is interesting to note that only the latter approach has been considered explicitly by 
Kendall®. Kendall showed that the scores which would be obtained from the various 
untied rankings which may generate a given pair of rankings containing ties are distri- 
buted symmetrically with respect to the score computed from the given pair of rankings. | 
On the basis of this fact Kendall concludes that the rank correlation (his coefficient 
ta) for the pair of ranks containing ties can be considered “‘... as an average coefficient 
such as would be obtained if the tied ranks were replaced by integral (untied) ranks 
in all possible ways, + (the rank correlation coefficient for untied rankings) be calcu- 
lated for each and the arithmetic mean taken of the resulting values. ..”. This justi- 
fication for estimating, on the basis of a given pair of rankings containing ties, the rank 
correlation coefficient which would be observed in the underlying pair of untied rankings, 
if it was available, introduces tacitly the assumptions that any of the untied rankings 
which may generate the given rankings containing ties is a priori equally probable and 
that the probability of any pair of untied rankings with score S to generate a pair of 
rankings containing ties with a score S’, is a symmetrical function of the difference 
S — S’. It will appear from the following considerations that the latter assumption 
may not always be acceptable. | 

The former problem, the one which corresponds to direct probability approach in 
sampling, has been very briefly mentioned by Sillitto7. But in connection with the pur- 
pose of his study he was interested merely in (1) the case where ties occur in one of the 
two rankings only, a case which is not general enough for the application of rank 
correlation methods to the study of contingency; (11) ties of order 2 or 3, i.e. pairs (or 
““duplets”’) and triplets; (111) the “‘basic’’ distribution of scores, i.e. the distribution of 
scores obtained by assigning the ties in a certain specified way to the rankings. 

It therefore appears worth while to follow out the approach to tied ranks which 
corresponds to the direct probability aspect of sampling, i.e. to study the distribution 
of scores (or rank correlation coefficients) which would be observed if all possible ties 
including duplets, triplets, quadruplets, etc., be introduced in all different possible 
ways into a given pair of untied rankings. This distribution will be called, by analogy 
with the accepted term of “sampling distribution’”’, the “tying distribution” of the score 
or the rank correlation coefficient. In the following, results of such a study will be pre- 
sented with respect to an example only. This method has been chosen because it seems 
useless to express the tying distribution, in the general case, in symbolic form, since 
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pach an expression becomes most unwieldy, as will be seen from the expression given 
below for the number of elements. On the other hand, this experimental prey 
yields satisfactory results for informative purposes. 

The number of different ways in which pairs of rankings containing ties can be ob- 
tained from a given pair of untied rankings can be expressed as follows. Sillitto7 showed 
that the number of ways of attributing a given set of ties, comprising p2 duplets, p; 
triplets, ps quadruplets, ..., and p, r-tuplets among n members of a ranking is given 
by (pi1+p2+p3+pst+... +pr)!/pi!p2!ps!ps!..pr! where p, is the number of 
members of the ranking whose ranks are untied, and, evidently, pi +2p2 +3p3 +4p4 + 
+... +rpr=n. The number of ways of forming ties among the members of one 
ranking is therefore 

(m2) (w3} [nln] 5 
>.> PEL i) & (BAP AB Ou ED pip ip!..p ! 


n =) =) =") il 2 aS 
Py P, Ben Xy n n 


all sums extending over those values of pj only which do not contradict the condition 
Pi + 2p2 + 3p3 +.... + (n-1) p* | =2n, and [n/j] being the integral part of n/j. 
The highest order of a tie is assumed to be n-1, i.e. the case of all members of a ranking 
being tied is excluded. 

If n is, say, five — and this is the case to be studied in detail—the number of diffe- 
rent rankings containing ties is 


2 1 1 
Tea) y Xp +p2+p3+pas) !/pi!p2!p3!pa! 


0 
1) Ps Ue 


=(5+0+40+40)!/5!0!0!0! + 
2 Gi 21. + 0°40) 1/3! 1! 010! + 


+(2 +041 4+0)!/2!0!1!0! + 
+( +2 +0 +0)!/1!2!0!0! + 
+(0 +1 +1 40)!/O!1!1!0! + 
+1 +04+041)!/1!0!0!1!=15 


The number of different pairs of rankings containing ties which can thus be generated 
by a given pair of rankings of n members is obviously 7%,. This number increases very 
quickly with n and, for n as small as 8, it approaches already 25,000. 

The example to be presented here has been obtained by assuming the n=5 members 
(A, B, C, D, E) of a pair of rankings to be ranked in accordance with their order in one 
of the rankings (X); this assumption does not impair the generality of the example, 
because the members can always be arranged in this order. The other rank ( Y) has been 
attributed to the members at random, i.e. by using a table of random numbers. The 
following pair of rankings has thus been obtained: 


A B GC D ja 
xX 1 2 3 4 5 
Y 5 2 3 ] 4. 


The score of this pair of rankings, i. e. the “‘true’’ score of our example, is S= —2. The 
number of different pairs of rankings containing ties which this pair can generate is, 
as shown above, T? = 225. 
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The distribution of the scores of these 225 pairs of rankings, which is the tying dis- 
tribution of this particular case, is shown in Table I. This distribution exhibits the 


following properties: 
TABLE I 


The ‘“‘tying distribution” of scores for an example 


Score Total 6 5 4 Sy eee ee 0 1 2 3 


Frequency 225 2 5 26 35 46 47 35 16 9 4 


1) The distribution is asymmetric or skew. 

2) The modal score which is, in this case, -1, does not correspond with the true 
score, i.e. the score of the untied rankings which is —2. In this connection it should 
be mentioned that the set of ties represented symbolically by pi=n; pj=0 for j>1, with 
respect to both rankings, i.e. the untied ranking, has been included in the tying distri- 
bution for reasons of computational convenience. But if it be excluded from the distri- 
bution, the frequency of the modal score (—1) exceeds that of the true score (—2) 
even more. If, on the other hand, scores of pairs in which the ranks of all members are 
tied with respect to either or both rankings, the number of zero scores is increased by 
31 and this score becomes the modal score. 

3) The average, or expected, score is —1.59, thus differing also from the true score. 
This is the most important conclusion to be drawn from this experiment: the score 
of a pair of rankings containing ties cannot be considered as an unbiased estimate of 
the score of the pair of true, i. e. untied rankings, if the ties are supposed to have ap- 
peared as the consequence of a random process. 

4) The highest score obtained is +3. It thus appears that if ties are introduced in 
a suitable way, fundamentally (i.e. in the absence of ties) negatively correlated charac- 
teristics may be made to appear positively correlated. It is obvious that in practical 
applications, ties are not introduced artificially into a ranked array for the purpose 
of estimating the correlation; but, on the other hand, they are normally not the resuli 
of a random process. The danger of introducing a personal bias (in addition to the bias 
of estimation mentioned under (3)) must therefore always be reckoned with, when the 
association of attributes is studied by rank correlation methods. 

5) The lowest score obtained is —6. This score differs from the true score of —2 
by four units only, while the highest score of +3 differs from the true score by five 
units. This is only an additional aspect of the skewness of the tying distribution. 

6) It appears as if the introduction of ties has the tendency of lowering the ab- 
solute value of the score, in addition to spreading the scores over a considerable range. 
It is probably the combined effect of both these tendencies which reflects itself in the 
lack of symmetry of the distribution and-most of its other characteristics. 

As mentioned previously, it is more suitable to measure the correlation by dividing 
the score by a convenient denominator, than by the score itself. Kendall’s rank cor- 
relation coefficient for untied rankings (or the true correlation coefficient) is obtained 
by dividing the score by n(m—1)/2. In the present case n(n—1)/2 = 5(5—1)/2 = 10, and 
the true coefficient of correlation is — 0.2. This is the true correlation coefficient 
with which rank correlation coefficients for rankings containing ties computed by the 
four different methods mentioned above shall be compared. 


ze 
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a. Kendall’s® coefficient ta is the score divided by (x—1)n/2. The distribution of 
this coefficient does not differ from that of the score, and all remarks made with re- 


spect to the score apply to this coefficient as well. 


b. Kendall’s® coefficient ts is the score multiplied by 


if 


_ where the sum in r is to be extended over the values of the products p(r—1)r with re- 


spect to all ties of one of the rankings, and the sum in s over the corresponding products 


_ of the other ranking. The distribution of t» (see Table II) differs considerably from 


that of the score. It remains skew but to a lesser extent; on the other hand, it is con- 


_ siderably rugged. The arithmetic mean (—0.21) is very near the true value of the cor- 


relation coefficient. The mode is not easy to estimate because of. the ruggedness of the 
distribution; but the median (—0.222) is very near the arithmetic mean. The most 
frequent value of fj is zero, and none of the coefficients between rankings of which at 


least one contains a tie assumes exactly the value —0.2. Furthermore, the range of ft 


is even larger than that of ta: it extends from —1 to +0.612. 
c. Stuart’s+ coefficient of correlation te is obtained from the score by multiplying 


nu—1 
it by 2m/n(m—1) where m= zx P is the number of distinct ranks with respect to that 


of the two rankings for which this number is smaller. The distribution of fc (see Table 


II) resembles that of t, but it is even more rugged and appears, in fact, definitely bi- 
modal, with one mode between —0.3 and —0.4 and the other near 0. Thus, there is a 
hollow just in the region of the true coefficient of correlation, a situation which is not 
favorable for efficient estimating. But both the arithmetic mean (—.0198) and the 


median (—0.213) are very near the true coefficient of correlation and the range is 


/ 


narrower than that of fo. 


TABLE UL 


The tying distribution of to and te for an example 


Value of the coefficient Frequency of ei an: of 
th c 

Total 225 225 
-1.00 — -0.901 1 —_ 
-0.9 — -0.801 1 _ 
-0.8 — -0.701 8 2 
-0.7 — -0.601 15 17 
-0.6 — -0.501 11 5 
-0.5 — -0.401 20 23 
-0.4 — -0.301 24 41 
-0.3 — -0.201 35 25 
-0.2 — -0.101 46 18 
-0.1 — -0.001 — 30 
0.0 — 0.099 35 35 
0.1 — 0.199 15 16 
0.2 — 0.299 3 1 
0.3 — 0.399 6 8 
0.4— 0.499 1 4 
0.5 — 0.599 : 3 wae 
0.6 — 0.699 1 iat 
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d. A rank correlation coefficient proposed by Sillitto7 is, in its original form, re- : 
stricted to the case where ties occur only in one of the rankings. But it has been gene- — 
ralized’ for the general case. This coefficient is obtained by dividing the score by the — 
maximum possible score for the given number of members and the given combination — 
of ties in both rankings considered together. Although the denominator of this co- 
efficient is not easily expressed in symbolic form, it is very simply calculated in prac-_ 
tice: the score of a pair of rankings containing ties is, by definition, the difference 
between the number of members which are ranked, in the two rankings, in the same 
order and the number of those ranked in inverse order, tied rankings being disregarded; 
the maximum possible score is therefore simply the sum of these two numbers, and 
this is the denominator of Sillitto’s coefficient as amended by Gabriel, which shall 
be designated here by fa. 

The distribution of ta is very irregular (Table III). The most frequent value is —1, 
a second maximum appears at the value 0, and a third in the region of —1/3. The 
distribution is spread over the whole range of possible values of a correlation coefficient 
from —1 to +1. The arithmetic mean is —0.297 and the median —0.250. 


TABLE III 
The tying distribution of ta for an example 
Value of td Total —1-  —S/7 2/3 3/5 4/7 1/2 3/7 —1/3 —1/4 
Frequency 225 41 3 2 8 1 15 10 27 12 
Value of ta 1/5, —1/7 1/9 0 1/7 1/5 1/3 1/2 1 
Frequency 18 20 4 35 4 7 5 6 7 


It might be questioned, whether it is possible to draw any general conclusions from 
the results of the study of one single example; certain results apply obviously to the 
particular example only; but others may be of general validity. With respect to the 
present problem, even conclusions of the latter type are of interest: it is, e.g., important 
to state the fact, that bias of a certain type and size may be introduced by ties into a 
rank correlation, even if the exact circumstances under which this bias will appear or 
disappear and the factors which influence its size or direction remain unknown. Among 
the effects which are probably peculiar to the present example, the most important ones 
are those which result from the smallness of the number of members (5) of the ranking 
under consideration. Whenever this number is small there is a relatively high number 
of rankings containing ties of high order (say, r=n-l, n-2) as compared with the 
number of rankings containing ties of all other orders, and this proportion decreases 
with increasing n. Pairs of rankings of which at least one contains a tie of high order 
yield’ low scores (0, 1, —1, etc.) because the number of members whose ranks can be com- 
pared is small. At the same time the rank correlation coefficient ta, under these circum- 
stances, often assumes the values 1 and —1. Thus, the ruggedness of the distribution of — 
ta and the relatively high frequency of low, and particularly zero, scores and the corres- 
ponding values of the rank correlation coefficients t and t., are, at least partly, 
due to the smallness of the number of members of the ranking used as an example, here. — 

It is, furthermore, possible that the tying distribution of scores, generated by rankings 
with a sufficiently high number of members shows a lower degree of skewness and per- 
haps even of bias, i.e. the arithmetic mean of the scores of the pairs of rankings — 
containing ties differs less from the true score, than in the present example. 


t 
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On the other hand it can already be definitely concluded from the present study that, 
_ under certain circumstances, the tying distribution of scores may be considerably skewed 
and, in estimating the score or the rank correlation coefficient of a pair of untied rank- 


ings on the basis of a pair of rankings containing ties, a biased estimate may be ob- 
tained. 
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SOME CYLINDRICAL GRAVITATIONAL WAVES 


N. ROSEN 
Department of Physics, Technion, Israel Institute of Technology, Haifa 


I. FIELD EQUATIONS Sey 
The question of gravitational waves in the general theory of relativity is one which is 


ee 
ve 


tech 


still in need of clarification. Because of the non-linearity of the gravitational field © 


equations, it is difficult in general to obtain solutions corresponding to gravitational 
waves, and their interpretation is sometimes unclear. ‘Some time ago the general case 
of cylindrical waves was investigated!. The present note deals with some special cases 
of cylindrical gravitational waves. 

It was shown by Weyl? and by Levi-Civita} that in the case of a static axial- ‘Syrametie 
gravitational field, the solution of the field equations of the general relativity theory 
for empty space could be reduced to the solution of the Laplace equation for the New- 
tonian gravitational potential. If we introduce cylindrical polar coordinates 6, 9, z, and 
the time ¢, and take as the expression for the line element 


! zt eA | 4 
ds’ A Pay cae e nie dé Aiea ee mit Ga a dz), (1) 
which can be done through a suitable identification of the coordinates, without any 
further restriction on the geometry of the space, then the field equations reduce to the 


_ following: 


vee + UP ov Hy = 0 | (2) 
ee ° 2Z 


mote Deh deg ye Go ayi2 edie). (3) 
‘ a PZ fe) ) 4 
Here a subscript indicates partial differentiation. 

If one chooses a suitable solution of Eq. (2) for 4, one can then solve Eqs. (3) for y, 
since these equations are compatible on the basis of (2). 

The above procedure can be readily modified so that it can be used for discussing 
cylindrical waves. What we do is essentially to interchange the roles of z and f. Thus, 
we take for the line element, in place of (1), 


| ae eae te ies ae ee deka 24 2 (4) 
To satisfy the field equations we now take : 
bis (hfe, = b= 0 (5) 
ee ete 
Dn dude = (v2 + 92), 
iA o¥ % AG + 7) (6) 


These equations are essentially the same as those arrived at in reference 1. 


Received January 12, 1954. 


- BULLETIN OF THE RESEARCH COUNCIL OF ISRAEL 329 


II. PERIODIC WAVES 


Let us consider periodic solutions of the wave equation (5) representing monochro- 
matic waves, i.e., having a sinusoidal dependence on ¢. The solutions of this type are 
of the form 


b = AJo(o 9) cos (wf +4) + BNo(o 9) cos (wt+8), — (7) 


where Jy and No are Bessel functions of the first and second kind respectively, of order 


zero, and the frequency » and the other constants A, B, « and 8 are arbitrary. 
As a particular case, let us take a standing wave described by the solution 


vy = AJo( ¢) cos oat. (8) 


Substituting into (6), we get (letting a prime denote a derivative with respect to the 


argument) 
¥, = —A2a? eJo(o e)J’o(@ ¢)sin 2of, \ (9) 
y = A2w? 0 {[J’o(@ ¢)]2 cos2at + [Jo( p)}sin2er}. J 
e 


Integrating, we get (to within an arbitrary additive constant) 
y = (1/2)A2 eJo(@ e)J’o(@ 9) cos 2wt + (1/2)A22 92 [JF 9)]? —Jo(@ e)J’o(@. 2) } (10) 


so that both 4 and y are periodic functions of ¢. 

A solution of this form, free from singularities, would be suitable for describing a 
situation in which standing waves are set up by reflection at the surface of a large sphere 
with centre at the origin. If, in (8) and (10), we replaced Jo( 9) by No( °), we would 
obtain a solution with a singularity at the origin. This might be interpreted as descri- 
bing a standing cylindrical gravitational wave with matter present along the Z-axis. 


Since, for large values of ., the asymptotic expansions of the Bessel functions are 
given by : 


Jo(@ 9) (2/ ze ¢)'? cos [w e(/4)], No(o o)=(2/ 7 9)! sin [o eC 7/4], (11) 
we get an outgoing wave if we take ; 
= AJ)( ¢) cos wt + ANo(o ¢) sin of, (12) 
for the asymptotic expansion then has the form 
b> A(2/ ze ¢)1/2 cos [wo e—of-( =/4)]. (13) 
Substituting the expression (12) into (6) and carrying out the integration, one obtains 


y = (1/2)A2@ ¢ {Jo(@ e)J’o(@ 0) + Nolo e)N%(o ¢) + © e[(JoCo 2))? + (WoC @))? + 
+ (No(© ¢))2 + (No( ¢))?2] + [Jol e)J’o( 9) — No(o e)N’o( )] cos 2et + 
+ [elo Nolo 0) + Nolo eJ'o(o @)] sin 2ot)—(2/ =)Arof (14) 


It will be seen that in the present case the solution for y contains an aperiodic term in ¢. 
That this would happen for a running wave was pointed out in reference 1. The conti- 
nuous transfer of gravitational energy by such a wave brings about a permanent change 
in the metric. However, a wave of this kind would have to be excluded on physical 
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/ 


“Liseh 
eae 


grounds: since the wave carries away energy from the matter on the Z-axis, there must _ 


be a change in the motion of the latter in the course of time in consequence of which 
the solution for » cannot remain periodic in ¢. 


Ill. PULSE WAVES 


Now let us consider the case of a cylindrical wave which starts out at the axis as a dis- 
turbance of short duration and travels outward from the axis. For this purpose we 
take for » the expression 


t—p 
2 / 
» = (aan) ff (8) de/t—8y— 7", ) (15) 
j — @ 
which is a solution of the wave equations. Here f(t) is a function which represents the 
strength of the wave source on the Z-axis as a function of time and is assumed to vanish 
for ¢t less than some finite negative value. 


Let us take, as the first ‘example, the case in which ig 
f(t) = Ad(t) (16) 


where A is a constant and 3(f) is the Dirac delta-function (actually, the limit of a se- 
quence of functions) defined as satisfying the conditions 


oo 


3(x)=0, for x ~0; f a(x)dx = 1. (17) 
In this case one has ‘ 
y= 0, t< e: b = Af[2 x(t2— 92)1/2], t> . (18) 
It follows readily from (6) that 
rey at ears y = A? 92/[8 x2(t2— 92)2], t> .. (19) 


The source of the wave is in the form of a sharp pulse. In both ¥ and y there are singu- 
larities at the moment when the wave front passes a given point, followed by a “‘tail” 
which persists for a long time. A solution of this type would have to be rejected as 
unphysical because of the singularities. 


Instead of the Dirac delta-function, let us now take for the source function 
f() = 0, t<0, 


Bim Ost n, (20) 
On tas 


I 


I 


where B is a constant. Carrying out the integration of (15), one finds that 
Ure Ove Pons 


B t+(t2 — e2)1/2 
2G In ee are (21) 
a e 


B t4+(t2— 92)t/2 
Wr yne oe ere 
2x  t-T+[(t-T)2— e2}1/2 
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ze Integrating Eq. (6), one obtains ’ 


f= Oe Sat 0h 


B2 9 ; 
As In : e<t< e4T, (22) 
4 x2 (2 — 92 


B2 x2 4+ 12-Tt— 92 . 
aS In > ce e +T, | 
2 x2 x1/2 


where 
x = (#2 6) (HT) 92]. (23) 


In this case it is seen that there are still singularities present, although they are weaker 
than in the previous example. The singularities arise from the discontinuities in the 
source function f, which lead to singularities in the derivatives 4 and ¥ ¢ (although 
- notin ¢ itself); it follows that there will be still stronger singularities in the derivatives 
-.of y which bring about a singularity in y. 

These singularities can be removed by taking the source function f to be continuous. 
If we consider the behaviour in the neighbourhood of t=0, we can take, for example, 


OSD SE arath l (24) 
2S CS 0S J 
where C is a constant. One finds in this case 
Uy ea ee <auer 
= (C/2 x) {tln[(t +(t2— 62)1!/2)/ e]H(t2— 92)1/2}, > 9, (25) 
and 
x ra, 0, t< P, (26) 
C2 t+(t2—2)1/2 t +(t2— 92)!/? 
is [ Cae) 10% In2 (12 ¢2)1/2 In | 
m2 e e 
Lie he. 


We see that both / and y are now well behaved att = ¢. 
In order to understand the behaviour of the solution for large values of t, we assume 


_ that the source function f(t) is such that 
HAG, Os FO Tey =O ct: (27) 


If we take t— eT, then the integral (15) can be approximated by‘ 
: 
Le (I/2n (2— 92)!) f f(@ad, (28) 
0 


or, if we let 


re ee: Vota er, Chae 


\ 


\ \ ‘ 2 
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aT 
A= f f@ds, (29) 
a 
we get for ¥ 
bm A/2 n(12—p2)t!2 (30) 
as in (18), and therefore for % | 
yA? 92/8 12(12—p2)2, | (31) 


to within an additive constant. We see that the “‘tail’’ of the wave is free from singu- 
larities. 

One can conclude from the above that it is possible (by the use of a continuous source 
function of finite duration) to obtain solutions for 4 and y which are well behaved, so 
that they are physically acceptable. However it must be stressed that there still remains 
open the question of the generation of such waves. What we have referred to as the 


source function is a mathematical device for enabling us to get solutions of the field 


equation with a particular kind of behaviour near the Z-axis. From the physical point 
of view one would have to replace the Z-axis by a tube of small but finite cross-section 
in which there is a given distribution of matter described by the components of the 
stress-energy-momentum density tensor. The source function would be expressed in 
terms of integrals involving these components. However, these components are subject 
to certain conditions which represent the equations of motion of the material medium, 


and the waves emitted would have to be of a form compatible with these conditions. 


This question requires further investigation. 
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ON THE SEMI-CONTINUITY OF THE TRANSFINITE DIAMETER 


MICHAEL FEKETE 
Department of Mathematics, The Hebrew University of Jerusalem 


The transfinite diameter +(s) of an infinite compact set S of points in the complex 
z-plane is a set-function whose properties have been much investigated since its first 
introduction3, some three decades ago, by the author. The present note is a new contri- 
_ bution to the study of variation of + (s) when S is subject to a continous variation. 

_ The fact that the transfinite diameter of the ¢-neighbourhood S( e) of an arbitrary set S 
tends to « (s) as e | 0 is a simple consequence of the original definitions+. The counterpart 
of this semi-continuity (from above), a phenomenon which is more difficult to re- 
cognize, is the objective we now pursue. Some special categories of compact sets. 5S, 
_ described in detail in the sequel (cf. Theorem I and I), will be considered with the aim 


of showing the possibility of their approximation (from within) by lemniscates L such 


that the ratio + (s)/ + (ZL) is as near to | as we like. 


1. LEMMA. Let D be a bounded simply connected domain in the z =x + iy-plane 
and C its boundary. Let »>0 be given arbitrarily. Then there is a lemniscate 


L:|p@)| =e (1) 
p(z)=z +pz POP EO 1k PSO 
in D of radius t which is an analytic Jordan-contour and such that the e-neighbourhood 
Le) of L wholly contains C. 
In other words: The boundary C of a simply connected bounded domain D can be 
approximated, as closely as we please, by lemniscates L of simple connectivity, con- 
tained in D. 


2. Proof. Denote by D* the aggregate of all those points of D whose distance from C 
is >e>0. D® is not empty provided that 0 <<<«* = «*(D), the upper bound of the 
radii of all circumferences whose interior entirely belongs to D and it yields an open 
pointset whose every boundary point lies at a distance « from C. 

Denote by B® the boundary of D*. I assert: B°(¢) contains C provided 0 <«<e«9(e)< 
<c«*. In order to verify this assertion, take into consideration the following facts: 


1°. By the Heine-Borel theorem, there is a finite set, say (Pi, ..., Pn} of (distinct) 
points of C such that Pi(¢/3) +...+Pn (¢/3) covers C; 

2°. Py(¢/3) contains, for 1 <v <a, a point Q, of D; 

3°. Whenever 1 < v <2, there is a point U, on C whose distance from Q, 
equals the distance 8, of Qy from C; 

4°. The segment Q,U, contains a point V, at a distance <9 =<9(¢) = 1/2 Min dy 
both from U, and C; SOE Si 
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5°. V, lies on the boundary B® of D%° (indeed, V, is a limit point of points in | 


D at a distance >< from C); 

6°. 0<8&< e/3 for lx vgn; 

7°.. Each point 1, of C, contained in P, (¢/3), lies at a distance < ¢ from Vy; (in 
fact, WyVi< INQ» + QW» S2/3 6 + Ve. 

Thus C is contained in B*%(¢). 

3. Now we notice that D* necessarily contains B°® whenever 0 <<«<e«9; hence C is 
contained in B“(¢) as well, provided 0 << <ep. 

In fact, if PeC and P*¢B-* is a nearest point on B*° to P then PB*< ¢; but the recti- 
linear segment PP* contains a point eB* since P and P* lie respectively at a distance 0 
and «)>« from C. Hence PeB (¢) as asserted. 

4. If B® is reduced to a single continuum then the existence of a lemniscate (1) with 
the properties required in the Lemma can be established as follows: We apply the 
Hilbert!-Fekete2 theorem about the possibility to approximate to B* by a (simply con- 
nected) lemniscate L with all its foci on B* so that it is contained in D and contains B* 
in its interior; thus it separates B* from C. Hence C is contained in L( ¢). Indeed, if 7 
is an arbitrarily given point of C, there is a point //* on B* at a distance < e from JJ; 
as the point of intersection of the segment J/ /1* with L lies at a distance < pe from 
ET: SET CE). 

5. If B* is not reduced to a single continuum then it can be wholly enclosed (again 
by the Hilbert-Fekete proposition) by a lemniscate L* €D (consisiting of a finite 
number of analytical Jordan contours mutually exterior to each other) separating the 
closed set B*+D* from C. The branches of L* containing B*+D* in their interiors 
can be connected pairwise, outside D* and inside D, by Jordan arcs so that the con- 
tinuum K composed from these branches of L* and the Jordan arcs just mentioned lie 
entirely in D and outside D*. Now the Hilbert-Fekete theorem ensures the possibility 
to approximate to K by a (simply connected) lemniscate L with all its foci on K so that 
it is contained in D and contains K in its interior thus separating B* from C. This L 
possesses all the required properties. Thus the proof of our Lemma is completed. 


6. In possession of this result we proceed to establish the fact that the transfinite dia- 
meters +(L) of the lemniscates (1) approximate that of the boundary C of the domain 
D of the Lemma as closely as we please. More precisely we want to verify the following 


THEOREM I: Let D be a bounded simply connected domain in the z-plane and C its 


boundary. Let 1 >0 be given arbitrarily. Then there is a (simply connected) lemniscate (1) 


interior to D such that ; 
i 1< (C)/ AL)< 1+. (2) 


7. Proof. Let us consider, together with a lemniscate (1) satisfying the requirements. 


detailed in our Lemma, also the smallest confocal lemniscate 
APRA) = We yee eee (3) 
containing C thus passing through a point M€C. Then 


Ze Sipe); (4) 


(the m-th root being suitably determined) is, on and outside L, a regular single valued 
and univalent function of z, mapping (conformally) the exterior of L into | z*| >r on 


i 


a 


a 


Se i oe De i ae eee? See eae. © Tae eee meres Oe 
; ei i a fet 
le ies es hayes etek x 
ee . 8 Ff 10 a 
are ae } 4 4 t : 
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the z*-plane. Moreover | z*| =o, the image of (3) on that plane under the same trans- 
_ formation, encloses the image C* of C by (4) and passes through a point M* which 


_ corresponds to M by (4) on the z*-plane. By our supposition concerning L, M lies ata 


_ distance 8< ¢ from L, thus there is a segment MN of length 8 joining M with a point 
_ N€L outside L. To MN corresponds, by (4), a Jordan are A in the z*-plane joining M* 
_ with a point N* of | z*| =r, the image of L on the z*-plane by (4). 


8. This arc may have points of intersection with | z*| = o different from M*. We call 
P* the first point of A at which A meets | z*| = o whenit starts at N*; thus the subarc 


_A* of A joining N* with P* lies entirely in the ring r<| z*| < 0. Now since z*= V p(z) 


maps the domain in the z-plane whose boundary consists of L and NM onto a domain 
in the z*-plane bounded by | z*| =r and A, we have, by a Theorem of Fekete}, 


o(L+MN) = +(|z*| =r+A) 
whence, in view of A* CA and by the monotonicity law+ of the transfinite diameter, 


o(L+MN)=x|z*| =r+A*). 


9. Combine this with the known fact that of all continua interior to | z*| = o and 
containing | z*| <r and, at least, one point of | z*| =o, the continuum consisting 
of | z*| =r and of the segment joining z* = r with z*= o has the smallest transfinite 


diameter which equals 


(o +r)2/4o. 
We obtain 
(| z*| =r +A*) 2(o +r)?/46; 
thus also wi 
*(L +MN) =(c +r)2/4c. 
On the other hand, by using the /aw of subadditivity of the transfinite diameter, leading 
in the case under consideration to: 
1 2 J 1 
aTEER = eee ; + ae NEL gees Sera 
log[d.(L+MN)/~(L+MN)]  logld(L+MN)/~(L)] — log[d(L+MN)/(MN)| 
j (dx(x) means the span of x) 
we get, in view of d>(L) < 4+(L), d2(L + MN) <4=(L + MN), 


AL) =r, (MN) = 1/4MN = 3/4 < 2/4, 


the inequality 


MY i aie 2/10 ny 
AL + MN): (Dc er” = 1 +008). 


Hence we have 


(s/r)<1 +2 0(8) + 2 Vol8) +0(8) 
Thus ae 
1(C)/ ~(L) < =(A)/ (LE) < 1 + 2 0(8) + IV 008) er 

as we asserted. 


10, Theorem I is a special case of the following general proposition: 


Ee ee 
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THEOREM II. Let A 3 a multiply connected domain in the z-plane and T its boun- 
dary. Suppose that the complement of 4+ consists of a finite set of disjoint simply 
connected domains, say Dg, 1<K <k with respective boundaries Cx. Then given «>0 
arbitrarily, there is a lemniscate L decomposed into k branches, say LS,1< x <k, LX 
lying interior to Dg and such that 


1< xAr)/~AL)<1+«. 


11. The proof is based on the possibility (by Theorem I) of finding & (simply connected) 
lemniscates, say Lx, 1< K<k, interior to Dx, such that 


1<+(Cxy)/t*(Le) <1 + x <1 4+ 2/4(1 +2), 1K <k 


whence the statement readily follows by an application of the Hilbert-Fekete theorem > 
and some elementary facts on conformal mapping quoted and used in § 9. Indeed, 
let px (z) = z™K + . . . be the polynomial which occurs in the equation 

| px(z)| = re of the lemniscate Lx, 1<«K <k, just mentioned. Let, further, 
p(z) =z" +... bea polynomial such that the lemniscate L, defined by | p(z) | =r” 

decomposes into k branches Lx, 1<«K <k, lying interior to Dx and surrounding Lx. 
(The existence of such p(z) and r is ensured by the Hilbert-Fekete proposition). Then, 

by the principle of maximum, 
Max | p(z) |!" < Max | p(z) |!". Max | p (z) |!/""« |Max | p (z) |/"K < roe |r. 

zeL Ze.G, K PaaS be K ). Gieme’ .S 


zeC 
K K K K 


Here ¢ = Max|p (z)|!’"x is the radius (=transfinite diameter) of the smallest 


K zeCc K 
K 7 


lemniscate Ax, confocal with Lx and surrounding Cx; hence +(Cx) = (e¢+r)2/4 ex. 
The last inequality, combined with =(Cx) <(1+¢x)7(Lxe) = (1+ex) rg yields, in 
view of ex < 2/41 +e), exirg G14+2e% + 2Wexte2x << 1l+e Thus +(r) < 
<Max | p(z) |/"™< rl +e) = +(L)(1 +5), as required. 


zeFr 
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SOME IMPLICATIONS OF..A.SMALLER NUCLEAR RADIUS 


W. Low 
Department of Physics, The Hebrew University of Jerusalem 


INTRODUCTION 


The shell model of the nucleus!.?:3 has been successful in interpreting the observed re- 
gularities in nuclear moments and the discontinuities in binding energies. It has not 
been so successful in quantitative calculations of quadrupole moments and in the inter- 
pretation of the fission process. Townes, Foley and Low‘ have pointed out that ob- 
served quadrupole moments are much larger than can be accounted for by the single 
particle model of the nucleus. These large quadrupole moments seem to indicate a 
collective deformation of the nucleus. 

A combination of the single particle model and the liquid drop model of the nucleus:.§ 
has been explored by Bohr and Mottelson”®?:!° and Hill and Wheeler!!. Such a ‘‘col- 
lective model’’, a shell structure capable of collective motion, seems to incorporate 
both single particle features and collective behaviour. It can account for regularities 
of nuclear moments, first excited states of even-even nuclei!?, gamma*ray transition 
probabilities,’ and isotope shift anomalies’. 

Quantitative calculations of quadrupole moments, however, of even so simple a 
system as one nucleon outside a closed shell, yield values much larger than those ob- 
served. Similar quantitative discrepancies are found in gamma transition probabilities, 
distortion factor of the nucleus, energies of the first excited states of even-even nuclei, 
and isotope shift anomalies. 

In all these calculations the nuclear radius enters as a parameter. In some cases these 
calculations are very sensitive to small changes in the value of the nuclear radius. It 
will be shown that if a reduced radius of R=1.2x101341/3 cm is assumed, instead of 
the customary value of R=1.5x 10134 1/3 cm, the agreement between theory and ex- 
periment is considerably improved. 

So small a radius has been found recently by Fitch and Rainwater14.15 in a study of 
X-rays from mesonic atoms. High energy electron scattering experiments by Hofstadter, 
Fechter, and McIntyre! and the interpretation of the results by Schiff17 seem to con- 
firm a considerably smaller radius than 1.51013 cm. They find, in addition, that the 
charge distribution is not uniform and that the best interpretation of their results indi- 
cates a peaked charge distribution in the centre, which slowly tapers off towards the 
edge of the nucleus. 

In section I it will be shown that such a reduced radius gives improved values of 
quadrupole moments, M-4 transition probabilities, ratio of distortion factor as deduced 
from quadrupole moments to that deduced from first excited states of even-even nuclei, 
and isotope shift anomalies. In section II the implications of a non-uniform charge 
distribution are explored. For a detailed account of the collective model the reader is 


Received February 7, 1953. 


338 ) BULLETIN OF THE RESEARCH COUNCIL OF ISRAEL oe : | 


referred to the papers by Bohr and Mottelson1!° and Hill and Wheeler, on which 
these calculations are based. 


I. CALCULATIONS ON THE BASIS OF A RADIUS OF 1.2 1073 A!/3 CM 


A. Quadrupole moments 


In the collective model the assumption of a uniform charge distribution and a sharp 
nuclear boundary are retained. According to this model the nucleus is able to perform 
oscillations and rotations in a manner similar to molecules. The excitation of the lowest 
vibrational energy E of such a spherical drop has been calculated classically by Ray- 
leigh!8 and is given in the quantum analogue by 


E = hw/2 x = (C/B)i/2 (1) 

where © C = Cyypface — Ccoulomb 
= 4R2S — 3/10 x(Z2e2/R) (2) 
Bohr! assumes that the dynamic surface tension S is equal to that in the static semi- 


empirical mass formula of Bohr and Wheeler+ and is given by 4R2S ~15A2/3 Mev. 
‘Bis a measure of the mass taking part in the vibration and is given for a uniform sphere 


by B=3/8 = (AMR?) : (3) 


where M is thenucleon mass and A the atomic number. 

The nucleons outside the shell are coupled to the surface, and this particle-surface 
interaction is a cause of the deformation of the surface. Following Bohr we use the 
dimensionless parameter 


x = (5/16)1/2(k [j(hwC/2 n)- 12 (4) 


as a measure of the strength of the coupling. The constant k is proportional to the inter- 
action energy. A more detailed discussion of k is given in the appendix. Implicit in this 
formulation is that 7 remains a good quantum number. 

In the collective model the quadrupole moment consists of two contributions, that 
of the particles outside the shell Q,, and that due to the deformation of the surface Qs 


Q1=Qsp + Os (5) 
Q; is afunction of the coupling parameter x. We shall limit the discussion to one single 


particle outside a closed shell or a single hole in a shell. The QM (quadrupole mo- 
ment) then is given by 


Qs = QoPg (x) (6) 

where Qo is the intrinsic quadrupole moment and is given by 
Qo = 3/5 = (ZR?) <8cosy > (7) 
= —3/4n% [QE-1)/2 +1) \(k/C)ZR2 (8) 


® andy are distortion coordinates of the surface relative to the nuclear axes. Po (x) is a 
projection factor and a function of the coupling. 

As seen from equation (8) the intrinsic quadrupole ‘moment is proportional to the 
square of the nuclear radius. A smaller radius will therefore give an appreciably smaller 


Vou 
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a : oe 
x 
TABLE I 
i 
Comparison of experimental quadrupole moments with collective and single particle esttimates Nabe 
he 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 pam qi 
a 
t c a wi 
Nucleus I OQ oe QO QO QO x’ x ‘) Q’ OW Q(st) O ‘ ie 
i) Sp L o sp L cL L obs arin a 
R=1.44 + 10-134 1/3¢m R=1.2 + 10- 1341/3cm 
ek a 
3 3/2 +0.07 0.71 +0.023 +0.06 +0.05 0.71 0.98  +0.016 +0.05 +0.04 +0.03 +0.06 
17 
4 3/20 0.20" =0'56 —0.0013 —0.16 —0.14 0.56 0.73 —.009 —0.11 —0.08 —0.05 —0.005 f 
27 ra 
A a 5/2 +0.32 0.56 +0.007 +0.30 -+0.22 0.56 0.73 + 0.045 +0.22 +017 +012 +0.16 eps 
33 
i 5 3/2. —0.31. 0:73 0 fie — 0:22 0.210 0,74 1.02 OF B= Osa 02 004m 0-08 
35 oe 
: 8 3/2, +0.31 0.73 0 +0.22 +0.21 0.74 1.02 0 +014 +012 +0.04 +0.06 ae 
o 35 ao 
7c) 3/2)= 0:32) 10:73 0,055 —0.26 | =0.22: 4 0.74 1,03 0.038) — 0:18. 0:16. =0108's'=0:0845 4 A ae 
37 Ma 
f mA 3/2 © 0:32.' 0.73 0,055 0.26.  —.0:22 0:74 1.03 —0.038 —0.176 —0.156 —0.08 —0.066 (i bos 
63 
pen 3/2) 0.61 076) 2 0:08" 10:48) 0:46") 0:80 1AOsey 0060-0536 tS 2 u =O a Smee Ola 
ot 65 
— 3/2 —0.61 0.76 —0.08 —0.48 —0.46 0.80 110°) '--0106, 20:36, 0.32.7 = O15 02 
69 ‘3 
3 3/2 +0.67 0.77 +0.08 +0.53 +0.50 0.80 1.10 , +0.06 +0.38 +034 +018 +024 9 © 
31 an 
m7 1 
Ga 3/2, +0.67. 0.77. +0.08 +053 +0.50 0.80 110 +0.06 +0.38 +034 +018 +0.15 
31 4 
73 4 i 
Ge 9/213, 0/45 ys ly —0.98 0.47 0.63 Oa 20184 O52 E053 e020 os : 
32 tei 
113 : \ Be 
In 9/2 +2.4 0.51 +021 +2.4 +1.90 0.55 0.76 +015 +1.71 41.45 41.15 +1.18 he 
49 ." 
119 ; 
In ODP -2.4 eg O51 se Qo tural 2,4 +1.89 0.55 0.76 “045: =61.66-*<--1,43 2912 =) 820 ti 
49 ; : iF 
121 es. 
Sher ns/2 1 2 = 068 Sn bes OG) 4270 0:73 1.0495 0.12) 4915, 0.05’ 07st tO 4g 
51 
123 
Sb T/2¥1—2:4 0:58 =: 2052.1 —1.90 0.63 0.86-— —0:14" 91.47) -4-1.29 1.04); 21:20 
51 ‘ 


The table compares measured quadrupole moments, Q mie: of nuclei with one nucleon outside, or a hole inside, a closed shell. 
Column 2 lists spin of the nuclei. Columns 3, 4, 5, and 6 refer to intrinsic quad. moment Q, , coupling factor x, quad. moment 
calculated in single particle model 2.5 and the coliective model quadrupole moment Q L respectively. The values are from 
Bohr & Mottelson!° , using a radius R= 1.44x107!3 cm Als, Columns 7 to 13 refer to calculations with radius R= 1.2x10°23, 
Columns 7 and 10 are the respective intrinsic quad. moment of and single particle quad. moment oh Columns 8 and 9 show 

coupling factors x’ and x’’ for which the collective model quad. moments QO’, i QO", have been calculated (columns 11, 12) 


Column 13 gives the quad. moment for strong coupling and column 14 the observed quad moments, 


\ i ‘ 
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quadrupole moment. Table I shows the results of the calculations based on the equa- 
tions given in the appendix (B). 
Columns 3, 4, 5, and 6 refer respectively to Qo as given by (8), x the coupling parameter 


based on k=40 Mev (see appendix), Qsp the single particle contribution to QM, and 
Q, the total Q.M., all calculated on the basis of a radius of 1.45 10°13A41/3 cm. Co-. 
lumns 11, 12, 13, 14 refer respectively to QO’, using coupling x’, OQ”; using x’’=1.3x’ 


(see appendix), Q, (st) based on the strong coupling approximation, ail calculated on 
the basis of a radius of 1.2x 1073 cm and Qoss giving the observed quadrupole mo- 


ments. The ratio of quadrupole moments of two isotopes is a much more reliable ex- 


perimental result than the individual quadrupole moments. 

The general conclusions which can be drawn are as follows: a) The single particle 
estimates Qs» and Q’S are too small, even for a single particle outside a closed shell. 
b) In general, the collective model estimate gives values which are too big. A smaller 
radius gives very much improved values. This is due in part to the reduced intrinsic 
moment Qp(1.2/1.45)2 and in part because of the increase in coupling. c) An inter- 
mediate to strong coupling seems to give the best overall results. Still better agreement 
would be obtained with a radius of 1.0 to 1.1 x 10°1341/3 cm. 


B. Gamma transitions 


The lifetime of nuclear isomers is a function of the multipolarity of the transition. 
The transition probabilities tz, 7, the inverse of the lifetime, are a very sensitive 
' function of the nuclear radius!9, since 

TE ~(R)* 

uae ~( Ry 
where L is the multipolarity in the electric or magnetic transition. In transitions which 
involve a high spin change, a small change in R will greatly influence the calculated 
lifetime. A large number of long-lifed isomers are of the type M4 (magnetic transitions 
with spin change of 4 and change of parity). The experimental data have been summa- 
rized by Goldhaber and Sunyar2°. Table If shows the ratio F of the observed trans- 


ition probability to that calculated on the basis of the single particle model using the 


larger radius (F) and the smaller radius (F’) respectively. 

It is seen that while F is of the order of 0.07, a smaller radius improves the value 
considerably. The average F”,,,, and the mean deviation from the average are given in 
Table III. The very close agreement between theory and experiment in these transitions 
indicates the striking success of the role of the single particle model. According to the 
collective model these features are retained. The somewhat low F’ factors can be ex- 
plained by a weak coupling of particle to surface. 


A similar improvement, by a factor of 4, with the smaller radius is also found in E 3_ 


transitions. The experimental results, however, show a much larger scatter but are all 
lower than the theoretical transition probability estimates. 


C. Excited states of even-even nuclei ' 


Ford!2 has shown that the level order of excited states of even-even nuclei can be 


explained by the collective model. The physical reasoning underlying these calculations. 
is that the rotational energy (Eror=[h/2 x J] [J +1)] where J is 38,7 B) depends pri- 
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marily on the nuclear distortion parameter 6. This distortion is, in turn, influenced 
by the orbits of the single particle outside the shell. 

Quantitatively Ford has shown that, in the strong coupling approximation, the com- 
puted nuclear distortions 8, are too large and the level spacing too small. The calcu- 
lations depend rather strongly on the moment of inertia J of such a distorted nucleus. 


TABLE II 
M-4 transitions in odd—A _ nuclei 
Nucleus F F’ Nucleus F F’ Nucleus F F’ 
cae h d i o-———_ Sf 
g/2 1/2 11/2 3/2 13/2 5/2 
69 117 195 
Zn .060 HE) Sn .120 45 Pt , 049 19 
30 ‘ 50 78 
85 119 197 
Kr 101 38 Sn .234 .90 Pt .053 .20 
36 50 78 
87 121 197 
Sr .089 34 Te .082 31 Hg .048 18 
38 52 80 
87 123 : 199 
Y j .055 ioe Te .086 a: Hg .054 .20 
39 52 80 
89 125 207 
BY, .098 .37 Te .094 36 Hg .084 32 
39 pie 80 
91 127 
Y .037 14 Te -080 31 
39 | 52 
89 129 
Zr .092 .35 Te 156 59 
40 52 
91 131 
Nb gf) 2.8 Te 236 90 
41 52 
95 1297 
Nb 061 23 Xe .056 i2 I 
41 54 
97 131 
Nb .024 .09 Xe .086 33 
41 54 
95 133 
aie .046 ails Xe .105 39 
43 54 
97 135 
ike: .046 ae Xe 116 44 
43 54 
99 133 
Tc .057 22 Ba .054 wal 
43 56 
113 135 
In .038 144 Ba Aes! 46 
49 56 
115 137 
In .044 165 Ba 085 32 
49 56 


The factor F gives the ratio of observed transition probability to that calculated on the single particle model using R=1.45 xX 
10-13 cm. F’ is this ratio using a value R=1.2 x 10-13 cm. The experimental values are taken from Goldhaber and Sun- 


yar20 (also Bohr and Mottelson10). 


TABLE III 
/ AF’ 
aver aver 
Ee 28 0.07 
g 9/2 P 1/2 
Be Al 0.15 
11 2misl 2 
i A 0.04 


13/2)" 5/2 
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A more general correlation has been found by Ford between the energies of the first. 
excited states of even-even nuclei, interpreted as rotational states, and the neighbouring 
quadrupole moments of odd A nuclei. A quantitative comparison of , (the distortion 
as calculated from the excited energy levels) and ®g (calculated from observed quad- 
rupole moments Q,,, = 3/(5 =)/2ZR2[U(2I-1)/ +1)(21 +3)]%o differs by a factor of 
~ about 1.7 for large distortions and by a factor of about 3 for small distortions. A radius of 
1.2x 10-13, however, would reduce this discrepancy, since ®g~1/R? and would be 
increased by a factor of 1.4. A similar decrease would be obtained in $,. 


D. Isotope shift anomalies 


There are two main effects which give rise to atomic isotope shifts, namely the finite 
mass and the extended charge distribution of the nucleus. For heavy elements the 
nuclear mass shifts are negligible. Racah?! and Rosenthal and Breit22 have investi- 
gated the effect of an extended nucleus on the isotope shift. For a uniform charge dis- 
tribution they find that the perturbed energy AE is 


AE = 3 DR? °/[2 o(2e+1)(2°+3)] (9) 
= (1-Z202)1/2 


D = 8 =Ze%(2Z/ay)??-2 (e + /[F(20+))2[¥2(0)] 


_where a, is the Bohr radius, « the fine structure constant and ¥(0) the non-relativistic 
wavefunction at R=0. The isotope shift, i.e. the difference in AE (SAE) between two 
isotopes of the same element, is given by 


SAE = [3DR2°/(2¢-+1)(2o +3)\(3R/R) (10) 


It is this difference which is measured experimentally. Crawford and Schawlow23 have 
analyzed the experimental data on the basis of a radius of 1.5 10-13 cm. They find that 
a) the observed shifts are, on the average, smaller by a factor of 0.5 than the shifts 
predicted on the basis of the volume effect (Eq. 10), b) the shifts seem to show 
shell structure regularities. Wilets, Hill and Ford!3 have shown that these regularities 
can be explained as due to nuclear distortions. The effect of nuclear distortion is small 
on the perturbed energy but appreciable on the differential shift 3AEZ. Assuming defor- 
mations calculated from observed quadrupole moments or from excited states of even- 
even nuclei, these workers fit the calculated variation of 3AE with WN to the experimental 
curve. But even if the nuclear distortion effect is taken into account, it is still found 
that the predicted isotope shift is too large by a factor of about two. Wilets et al. explain 
this as due to the compressibility and polarizability of the surface of the nucleus, as- 
suming a proton density larger at the surface than in the interior. 

Quite obviously a change in the nuclear radius of about 20° would decrease the 
calculated value obtained by Eq. (10) by a factor of 1.5 and would bring the theoreti- 
cal estimates and experimental results in close agreement*. The remaining 10—15% 
difference is probably due to the polarization of the nucleus. Breit24 has estimated this 
effect to be of the order of 10—20%. 


- Bitter and Feshbach in a recent note2? come to a similar conclusion. They do not, however, take 
into account deformation effects, or polarization of the nucleus. 
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E. Semi-empirical mass formula 


Nuclear masses can be approximately calculated by the semi-empirical mass formula 
developed by Weizsacker24 and Bohr and Wheeler’. In its most recent version25 it is 
given by 


M(A,Z) = 1.00898 A — 0.00085 Z — 0.01507 A + 0.014 42/3 + 0.083 (A/2—Z)2/A + 


+ 0.000627 Z2/A1/3 + 8(A,Z) (11), 


where 3(AZ) = 0.036 4-3/4 (— for A even, Z even; + for A odd, Z either), the 4th 


term refers to the surface tension effect and the 6th term to the coulomb effect using’ 


the classical energy of a uniformly charged sphere of radius R, i.e. 


U= 3Z2¢2/5R (12) . 
The coefficient 0.000627 is evaluated on the basis of a radius of 1.45 10-13cm. This © 


semi-empirical formula does not take into account changes in binding energy with shell 


structure, which would modify the third term somewhat. The semi-empirical formula — 


gives a smooth version of the variation of mass with A and Z, but it gives somewhat 
low values for light masses and high values for heavy atoms. If we recalculate the cou- 
lomb energy on the basis of a radius 1.2 10-13 cm., the 6th term has to be modified 
to 0.00077 Z2/A1/3. We find that, if the 4th term is correspondingly modified to 
0.013 A2/3, fairly accurate values of masses can be calculated. A slightly better formula 
takes the 4th term as 0.0135 A2/3 [1-(4/2—Z)/A].* 


It is to be noted that the radius entering into these calculations is the proton distri- 
bution radius rather than the nuclear radius. The results in the preceding paragraphs — 


show that an electromagnetic radius smaller than the customary 1.5x 10-13 cm. gives 
much better agreement between theory and experiment. This cannot be taken as a con- 
firmation of the value of 1.2 10-13 cm. for such a radius. It lends some weight, how- 
ever, to the interpretation of the experiments by Fitch and Rainwater that the nuclear 
radius is smaller than previously assumed. A radius of 1 x 10-13 cm. would give still better 
agreement. 
II. NON-UNIFORM CHARGE DISTRIBUTION 

Experiments of high energy scattering by Hofstadter et al.1° have indicated that the 
charge distribution in the nucleus is not uniform. Their results can be interpreted by 
means of a distribution which is peaked at the centre and falls off slowly towards the 
edge. Either an exponential or a gaussian charge distribution can be fitted to the results. 
The root mean square radius of the best fit is, on the average, smaller by about 25% 
than that calculated on a basis of 1.5 10- 1341/3 cm. 


A non-uniform charge distribution changes the simple picture of the collective model | 


considerably. Since the charge distribution has not yet been measured satisfactorily, a 
detailed calculation of such a collective model is premature. Some qualitative obser- 
vations can be made, however. 

Schiff17 has pointed out that any experiment which measures the average value of 
the difference between the actual potential and that of an equal point charge measures, 
in reality, the root mean square radius of such a charge distribution. This can be illus- 
trated in the calculations of the isotope shift. For any given charge distribution o the 


* Green and Engler?’ find that the coulomb energy term is best given by 0.00075 Z?/A1!3 
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equivalent radius Req of a uniform charge distribution which would give the same 
isotope shift is given by 


es R4dR ae 3/5(Ze/4 t)Requ (13) 
0 


Therefore, if the charge distribution is known the equivalent radius can be found, and 
the isotope shift can be calculated by replacing R in equation (10) by Regu. Conversely, 
if the theory of the isotope shift is to be trusted, the equivalent radius can be calculated 
from the measured isotope shift and can: be compared with other experimental results 
which measure the effective radius or give an indication of the charge distribution. 

This can be done, for example, for lead and gold, for which data from high energy 
scattering are available. Hofstadter et al.1°.17 find their results can be fitted to an ex- 
ponential, modified exponential (o=oo[1 +R/a]e-*/), or Gaussian charge distribution 
with r.m.s. radii of 5.5—10.0, 4.7—6.8, and 3.6—4.5x 10-13 cm. respectively. The best 
fit is at 7.95, 5.5, and 4.3 respectively. The r.m.s. radius for a uniform charge distri- 
bution using 1.5x10-13A41/3 is 6.8 x 10-13 for lead. 

The effective radius as calculated from isotope shift is 5.3-=2x10-13 cm. These re- 
sults should be compared as well with the effective radius obtained from » mesonic 
X-ray measurememts for lead, which give a radius of 6.9x10-13. It is seen that these 
results seem to agree fairly well for exponential distributions but not quite so well for 
the Gaussian distribution. 

A potential similar to that of an oscillator potential, but with rounded corners, 
probably would not greatly change the level order as given by a simple oscillator po- 
tential. Such a potential, however, would give considerably better results in calculations 
of first excited states of even-even nuclei and quadrupole moments. The effective mass 
taking part in the collective motion which can be distorted would, in such a distri- 
bution, be smaller and a function of the shape of the potential. The energy difference 
of the excited states would be larger and, therefore, fit the experimental results much 
better without assuming unreasonable nuclear deformations. The quadrupole moments 
would be smaller not only because of the smaller effective radius but also due to the 
smaller resulting deformation. This would be only slightly offset by the increase in cou- 
lomb energy. 


APPENDIX 
(A) 
A detailed formulation of the collective model of the nucleus will be found in a paper 
by Bohr and Mottelson!°. Here only the necessary equations used in the calculations are 
brought down in a condensed form. 
The nuclear Hamiltonian can be written as 


Yaka Legs ap As ate Hint (14) 


where H> is the particle Hamiltonian with particle coordinates r,> with respect to the 
nuclear axes, Hs; is the surface Hamiltonian with distortion coordinates 8,y, relative 
to the nuclear axes, and Hin: is the interaction energy. The nuclear axes are defined 
with respect to the space axes by means of Euler angles. 


| 
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The surface Hamiltonian consists of 


As fm Tg ae ee ar Vs (15) 
The vibrational kinetic energy is 
Le He Teese 1 1 osin3 y °) (16) 
8 72B™ \ 64-98. 98 -«A2 Sindy - lay oY 
The rotational energy is 
Trot = h2(Lk—jx)/8 7 2jx (17), 


_ where Jx and jx are the components of the total angular momentum and of the particle 
along the nuclear axes respectively. 


The moment of inertia jx = 4B82sin2[y-(2 =/3)x] x = 1,2,3 | (18) 
The surface potential energy is given by 
Voo-= (/2) E62 (19) 


The constants C and B represent the restoring force (surface tension minus coulomb 
force) and the effective mass taking part in the collective motion given by equations (2) 
and (3) respectively. 

The interaction matrix elements of importance in these calculations, averaged during 
the rapid motion of the particle, are given by6 


Hine = <mj | Hin | mj> = knlS/4%)'2(8c0s j)[3m23 — JG+DVAIG +0) (20) 
kn = VoR3 | Rni (R) | 2 
where V9 is the depth of the potential well and R,vis the normalized radial wave function. 
For the ground state, the matrix element is given by 
(5/4 =)12km (Bcosj) (27-1) / 4G +0). 
for levels near the bottom of the well and for x»=(2MV)!1/22 <R/h>1. Feenberg and 
Hammack26 show that this expression can be approximated by 27 = [xo/(1 + x0)]? 


where 2Tn=h2wni/4 ~MR2 is the kinetic energy for an infinite depth and wathe nth | 


zero of the Bessel function of order 1 +1/2. 

Assuming Vo=28 Mev and R=1.5x10-13 cm, they find that Hin=40 Mev and 
T14[(x0/C. +x0)]2 about 25 Mev. A radius of R=1.2x 10-13 cm would give for a potential 
well of about 40 Mev, T14[x0/(1 +xo)]? about 35 Mev and Hin: about 54 Mev. 

It is convenient to define an interaction parameter (Eq. 4) 


x = (5/16)1/2k(hwC/2 x) 12/7 (4) 
x and 8 are related by 
6 = [(5/4 =)12 k/C](2j-1)/4G +1] = bet? Q7-1)/27 + D][aw/2 =C] (21) 
x and x’ refer, in the calculations of the quadrupole moments, to a coupling constant 
of k 40 Mev and x” to an interaction constant of 54 Mev (i.e. x’ ~1.3x’), both assumed 
to be independent of 7 and /. 
(B) 
The quadrupole moment according to the collective model is given by two parts, as 
in equation 5 


Or = Ov + Qs (5) 
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If we limit ourselves to one particle outside a closed shell, the calculations are fairly 
simple 


Osp = <m=j | 12(3c0s?0—1) | m=j >—[2-D/Zi +) Ir? (26) 


r2 is for usual potential wells of the order of 3/5R2. For a single neutron outside the 
closed shell, the QM is smaller by a factor of Z/A. 


The surface quadrupole moment is given by 

O, = QoPo() (6) 
where the intrinsic quadrupole moment Qp is defined as in (7) and (8). 
For strong coupling the factor Pg is given as 


Po = E/U+)) (2ADCT+3)] (27) 
In the weak coupling approximation one finds by pertarvenen theory 
for] =j>1 
Po(x) = 1 3[274+)/T+1) 21 +3)] [x2/(x4 +4/9)1/2] (28) 


By means of formulas (5), (6), (7), 8), (27), and (28) the various quadrupole moments 


are calculated. 


(C) 
The total energy for excited states of even-even nuclei is 
E= E, 7 Ent 7 Eos ae Eve (29) 


E, is not very much influenced by a rotational transition, and £, and £;,, are nearly | 


the same for the ground and first excited state. The rotational energy to a first appro- 
ximation is given by 


Brot = [h2/8 x2J] UT +1)] 
The moment of inertia 7 is given by 
J = SBRz, 
For J = 2 this reduces to 
Erot = h2/4 x2BBp2 
or 
| G2 | = (h/2 =) (Epo: BY? (0) 


The quadrupole moment is, however, given by Sane (7), (8), (27), and (28) and 
therefore 


[Bol = (5 =) /3ZR2)(7 +) (2T +3)/12I-1)] Qos wae GY 


It is by means of equations (30) and (31) that 6, and 8g are compared, and it is found 
that for R = 1.5x 10-13 cm the ratio of 6¢/89 is approximately 2. 


SOLCO STON ERR PENS 
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ON THE _RADIATION INDUCED ACCELERATION OF ELEMENTARY 
ELECTRIC PARTICLES 


F. OLLENDORFF 
Institute of Electronics, Israel Institute of Technology, Haifa 


J. INTRODUCTION 


Elementary electric particle accelerators developed until now to a high degree of per- 
fection, are based upon the ponderomotive effect of electromagnetic waves, whose 
electric field components are parallel to the velocity vector of the particle. In order to 
transmit energy in the same sense at all times, it is necessary that coherence of the re- 
sulting Coulomb force and the particle be maintained during the whole process of 
acceleration. This imposes the condition of equality at any time between the phase 
velocity of the driving wave and the particle velocity. This basic working condition, 
designated as synchronism, can be satisfied either dynamically -by variations of the 
electromagnetic field with time, or kinematically by suitably changing the length of 
the accelerating chambers through which the particle passes successively. In several 
_accelerators both methods are used in varying combinations to achieve a synchronous 
guiding mechanism. 

The above mentioned accelerators use the Coulomb force, which is waranel to the 
electric field vector of the driving wave. But it is well known from physical principles 
that in a radiation field another force acts on the particle at the same time, which is 
perpendicular to the Coulomb force and parallel to the wave normal. This force is 
the Lorentz force caused by the oscillations of the accelerated particle in the driving 
wave and manifests itself as radiation pressure. 

No technical use has been made up to the present of this radiation pressure for 
particle acceleration. This may be due to the fact that the absolute value of the Lorentz 
force, which originates from a second order effect, is always small compared with the 
Coulomb force acting on the particle at the same time. Notwithstanding its small mag- 
nitude, the use of the radiation pressure of the propagated electromagnetic wave for 
particle acceleration has an important advantage over the use of the Coulomb force: 
without any external synchronizing means it always acts parallel to and in the same 
sense as the Poynting vector. The question therefore arises, whether the Lorentz force 
cannot be increased to the order of magnitude of the Coulomb force. This investigation 
will show that this is possible, if the particle, accelerated by the radiation pressure, is 
subjected to the additional guiding force of a magnetic field parallel to the wave normal. 
Since combined electromagnetic fields of this kind may occur in the vicinity of sun- 
spots and similar stellar phenomena, the following analysis might be applicable to 
the genetics of cosmic rays. The same concepts can be applied to the development of 
a “radiation cyclotron” which used in conjunction with existing particle accelerators 
might enlarge their scope. 


Received January 25, 1954. 
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II. RADIATION PRESSURE ON STATIONARY CHARGE CARRIERS 


‘The investigations will begin with the calculation of the force of the electromagnetic 
field of a plane, monochromatic wave of circular frequency «, acting on a point-like 
ion with an invariant charge e and the restmass mp. 

Using the unprimed reference system of cartesian coordinates x, y, z and of time t 
it is assumed that ge ““primary NUR is propagated along the x-axis. The primary 


. electrical field stress E (amplitude Ea) is parallel to the y-axis and the primary mag- 


netic field strength H (amplitude Eee is parallel to the z-axis. By suitable choice of 
the origin of time the wave is represented by the expressions 


me Bs sin o[t—(x/c)] (4 
ge H _ sin © [-(/o)] (2) 


—> 


(c ee ‘the velocity of propagation of light in vacuum). E and H are connected by 
the relation 


H = E/vu/A (3) 
where A and II are the so called dielectric constant and permeability of empty space. 
The radiation vector 


ee 


le eT (4). 
is parallel to the x axis and its time average is 
Bi U)QE A (5) 


Introduce temporarily non-electromagnetic forces, which bind the ion to the plane 
x =0, where the ions move without friction. The differential equation of the ion 
motion according to relativistic mechanics of point-mass is 


(didi)m(dy{db). = cE 2 om Ph sinet | (6) 


=) max 


Assuming further that the field intensities of the primary wave are so weak that the 
inert mass of the ion m can be replaced by its restmass mo, eq. (6) changes with sufficient 
accuracy into 


mo(d2y/dt?) = eE sin of (7) 

whose solution is the harmonic oscillation 

y=-y__ sinet; y . =(e/m)E — /a?) (8) 
Max max Max 

The corresponding velocity is 


y = dy|dt = ~(e]mo\(E __, [2208 of (9) 
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and the power P taken from the field by the ion 
P-=\y E = —(e/mo)(E2 _/)sin of cos of (10) 
y (x=0) max 


hence its time average vanishes: 
P=0. ; (11) 


This result is however incompatible with the electrodynamics of an oscillating ion’ 
because the charge carrier, vibrating according to eq. (8), represents a Hertz oscil- 
lator. This produces a secondary, electromagnetic wave, polarized parallel to the 
y-axis and propagated spherically from the centre of the oscillator. The time average 
of the transmitted radiation power of the wave is 


P= (8/3) (e2/4 =amerye 5 (12) 


The power in the stationary oscillating state has to be provided by the primary wave, — 
therefore 


Bio P (13) 


tad 
which contradicts eq. (11). 


The difficulty can be overcome in this way: eq. (12) is rewritten with the help of eqs. 
(3), (5) and (8) as 


P= ov ADB =/3) (ey 02/4 x Ac2)? OD 


This indicates that a force due to radiation damping, Fraa, has to be added to the 
electrical force Fe=eEG=0) of eq. (6). It is assumed here that Fiaa is defined by the 
relation 


Fo ev di?) = «(dy /dt?) (15) 


where » is a real, positive constant whose value is yet to be determined. 
In order to prove the correctness of this assumption the instantaneous power ex- 


tracted from the primary wave is computed: 
| 


ak Be as ran (ay /dt?) (16) 
Its time average is 

Seat +n +7 
= (4/25) f(y dv [d2)\d(ot) = -@/2 >) ov (dv |dt) | — f @ fatya(on) 07) 


The integral-free term vanishes due to the periodicity of y, hence 
ve 18) 
(x2) f (dv [dtrd(ot) = (%/2)(w2y. e 


If the value of x is taken as 
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%= Vv A/m(8 =/3)(e/4 = A)2(1/c4) - (19) 
the expression (18) represents exactly the radiation power of eq. (14). 


The energy relations of the controlled ion are thus correct, if the differential eq. (7) 
is replaced by ’ 


mo(d2y/dt?) = oe LF Weiake: cE sinet +x(d3y/dt3) (20) 


Its quasi-stationary solution is 
1 eg (elm\E -/o)f1/vI +(ox/mo)?] sin(et +); tan ¥ = ox/mo (21) 


Defining now from eq. (12) the radius a of the cross section of the controlled ion by 


na2 = P ie |S = (8 =/3)(e2/4 x Amoc2)2 = Via (e/m)2x (22) 
_and replacing the circular frequency » of the primary wave by its wavelength %, where 

ee) ic (c/) (23) 
it follows that 

tan ¥ = (x/2)/8/3 (a/» (24) 


If e is the charge of an electron and mp its rest mass, then a is of the order of magnitude 
of 10-13 cm, which corresponds to the radius of Born’s model of the electron. In the 
range of the spectrum of electromagnetic waves, whose wavelengths are those of y-rays, 
or larger 


tan’ <1 (25) 


In addition to the Coulomb force Fei=eE(x—0), which is always in the plane x=0, 
the Lorentz force F,;, acting on the moving particle, has to be considered. This force is 
proportional to the vector product of the particle velocity v and the magnetic induction 


B=U1H and is parallel to the radiation vector S. With the notation Fmagn for the 
remaining component of the Lorentz force in the x direction and with eq. (3) 

F =ev B = evil =(e/c)v E (26) 
magn vy (x=o0) y (x=0) vy (x=o) 


The time average of this force is obtained from eq. (1), (21), (22) 


— —> 9 fated SEL eS — 
F nen 7 M2AerlmME  food[sine/v1 +(ox/m)?] = (S/e) { xa?/[1 +(ox/mo)]} 27) 
and the radiation pressure on the controlled charge carrier can be defined by 


p ~ (S/e){ 1/[ +(ox/mo)?] } (28) 
This equation reduces in the case of relation (25) to 


Po = Time p= Sle . (29) 


(wX/mo)—> 9 
The order of magnitude of the force Fy,a¢n can be gauged, if its action is replaced 
by that of a virtual, time independent, longitudinal electrical intensity Eyong on the 
charge e at rest: 


Sei 
ie 
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=F fe = (na2feyS]o) {/L +Coxlm pee eae 


long magn 


The value of Ejong for ions carrying one electron charge is in the case of relation(25) 


E ENT At Ons volt/cm (31) 
ong a 


if S is measured in watt/cm?. In technical applications the magnitude of Ejong is very 
-small in comparison with the usual intensities of electrical accelerating fields; e.g. in 


radar apparatus, whose very strong radiation fields in cylindrical wave guides can reach 


values of 100-105 watt/cm2 


Bh = 0.14 mV/cm (32) 


On the other hand voltages of large Greece can result due to Ejong along astrono- 
mical paths. Expressing eq. (31) in units of light-years (31. 1 x 10° -3 -1010=0.933 - 1018 cm) 


EO = 1.315 MV/light-year (33) 
ong 


Thus ions emitted from giant stars can obtain very large energies from the cosmic. 
_ radiation field. 


IJ. RADIATION PRESSURE ON MOVING CHARGE CARRIERS 


If the charge carrier becomes free to leave the plane x=0, it will start to move due 
to the radiation pressure in the direction of the radiation vector. The influence of this 
motion on the forces acting on the ion will now be investigated. 

For this purpose a new system of reference is introduced and the electromagnetic 
field is observed relative to the system of “‘primed”’ coordinates x’, y’, z’ and time @, 
which remain constantly bound to the moving charge carrier. The old and the new 
system coincide at the time t=t’=0 and their respective coordinate axes of same de- 
signation remain always parallel. If at time f yx is the velocity of the controlled ion’ 
relative to the “unprimed” system, then world events registered in the unprimed system 
are represented in the primed system with the help of a Lorentz transformation of the 
velocity yx. As in the primed system the controlled charge carrier is at rest, the New- 
tonian force F’magn acting on the particle is obtained from eq. (27) by replacing the 
radiation vector S by S’ and the circular frequency by o’. | 

According to the rules of Lorentz transformation it follows from eq. (1), (2), (3) and with | 


p= |e (34) 
B = (vii4) HW = [vI-B/A+8)) E sinot’—@/o] (35) 
Due to the condition of phase iiss | 
o[t—(x/0)] = o[t-(/0)] | (36). 
hence | 
o = [vA +8)] © (7) 


Formally eq. (35) leads to the transformation of the Poynting vector 


= [1/1 +8)]S G8) 
| 


} ea foe vig MEE SP esrb SU NU PRED lahat LM) A ee Resa Ip POTS TL 1 ym 
/ p sol * wih ‘ “ ~ oN, 


Lave ~ 1 


& ca } & 
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The physical meaning of this Falah can be obtained fe the transition from the wave 
Tepresentation of electrodynamics to the photon representation. The energy of a photon 
vi in the unprimed system is with the help of Planck’s quantum of action 


= (h/2 ao : . (39) 


a this decreases in the primed system to 


W’ = (h/2 =)o’ = W/G—B/0 +8) (40) 


The photons, which move with the velocity of light through space, have a concentra ai 
‘n in the unprimed system defined by 


n= SJew . (41) 


_ The concentration n’ of the photon current relative to the primed system is obtained 
by the following consideration: the photon should be temporarily replaced by in-— 
dividual, virtual particles, which relative to the primed system move parallel to the 
positive x’-axis with equal velocities 


tax’ /dt’ = w’ <c | (42) | 


An observer travelling with these quasi-photons, which are at rest relative to him, would 
measure their eigen-concentration no. Their concentration n’ in the primed system is 
due to the Lorentz contraction of a measuring rod rigidly connected with the quasi- 
photons ~ 


n’ = no/V1—(w’?2/c2) (43) 


The velocity w of the quasi-photons parallel to the x-axis of the unprimed system is © 
obtained with the help of Einstein’s velocity addition theorem 


ww = (w’ +y )/[ +('v /c2)] 


(44) 

The quasi-photon concentration relative to the unprimed system is then 
n = nol yw] e2) (45) 
Returning now from the quasi-photons to light quanta by going to the limit w’— ec, . t 
the following rule for the transformation of the photon concentration is obtained: i 
(nn) = tim vIG=OP UC" 7[e?)] = (46) 
lim vi +Ov/e)I/ +0v'70)] VI Ov/)1/01- Ow’) = 

slim VIC Fwl FOTO) v=, TOME + Ory Te) = v= OTB) | 
‘With the help of eq. (23) and (37) this relation can be rewritten 
n A= n’2’ = const . (47) 


If the “‘length” of an individual photon is defined as the reciprocal of the photon 
‘concentration, the number of wavelengths contained in this “length” is invariant. 
Eq, (47) then physically represents a quantum of light. 


f oleae 
\ 
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According to eq. (41) 


n’ = S’ |cW’ (48) 
hence with reference to eq. (46) and (40) 


S’=cWn' = cWn (1-8) +8) = Se 8)/(l +8) (49) 
which confirms the relation (38). The transformation of eq. (27) into the primed refer- 
ence system leads to 


F’ - (S'/c) xa2/[1 +(’/m)2] = (50) 


magn 
= (S/e)[(1- 6)/( + 8)] xa2/{ 1 +(ox/mo)?[(1- 8)/. + 8)] } 
According to the fundamental laws of relativistic mechanics the Newtonian force com- 
ponent parallel to the x axis in the primed system equals that in the unprimed system 


and also the same magnitude of the cross sectional radius a is observed perpendicularly 
to the direction of motion in both systems. Hence 


pa Fi | xa—(S/e(1—-B)/[(1 +8) +(ox/n0)(1- 8)] (51) 


defines the radiation pressure on the moving charge carrier, which with the condition 
(25) reduces to 


po= lim p ~ (Slo 8)/(1+ 8) Cat 


IV. MOTION OF A CHARGE CARRIER IN A HOMOGENEOUS RADIATION FIELD 
= With the assumption of a homogeneous field of radiation of the primary intensity 
S, whose frequency lies in the range of relation (25), the differential equation for lon- 
gitudinal motion of the charge carrier parallel to the wave is 


(d[dt){rmoc8/v (1- 82)] = (Sie) -a2[(1- 8)/(1 +8)] (53) 
The equation should be integrated with the initial conditions 
Rea Or. B= (he axidty=0 tome 0 (54) 
For this purpose use is made of the substitution @=tanh u and of the definition 
i ha moc2/S ra? (55) 
T being the time constant of the acceleration process. Using ‘‘non-dimensional time 
units”? +=1/T the integration of eq. (53) results in 

arctanhB 


o= fe?" cosh udu=(1/2)((1/3) { (1 +6)/( a1 }4f (+ BO)? 1) (56) 


0 


A second integration gives the ‘‘non-dimensional length” 4=x/cT 
arctanh® 


co fate ee sinh udu = (1/2) ((1/3){ (+ 8/C Niemi wea 1). 
(57) 


1} 
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_Egs. (56) and (57) are the parametric representation of the longitudinal motion of the 
charge carriers, which are accelerated by radiation. The nature of this motion is 
shown by Figure 2. 


Figure 1 Figure 2 


The radiation field Acceleration of a charge carrier by a homogeneous 
field of radiation 


V. RADIATION INDUCED ACCELERATION IN A HOMOGENEOUS, MAGNETIC FIELD 
A homogeneous, time independent magnetic field is superposed on the primary electro- 
magnetic wave. The induction vector of this field B is parallel to the primary radiation 
vector S. The cartesian components of the electrical field in the primed system are then 


Ee Oe CE. 


x a 


V0-B)/0 +8) [E sin »(t’-x'/o)];, E = 0 (58) 
and those of the magnetic induction 


Bo =B; B =0; B = v(-sfits) [(E |e) sin o'(t’—x’'/o)] (59) 


x 


For brevity the treatment will be restricted to electrons (e=—qo). The components of the 
Lorentz force acting on such a particle are: 


F’ =—-(q," [c) (V0—8)/0 +8) E sin o(t’—x'/e)]; F’ =q.v B; 
magn, x y max magn, y Zz 
F’ =— gv B (60) 
magn, z Ory. 
and the equations of motion of the controlled electron are 
(d/dt’)(m’dx’ /dt) = —4,(dy'/dt 1 /ovU—8)/(0. +8) E Sin o’t’ + x(d3x’/dt’3) (61) 
(d/dt’)(m’dy’/dt’) = —q [v(1—8)/(1 + 8) EO sin o't’—(dz' dt’) B] + «(d3y’/dt’3) (62) 
(d/dt’)(m‘dz'/dt’) = —| (dy dt) B + x(d3z’/dt’3) (63) 


By definition the equations are valid only as long as x’ is not noticeably different from 
zero. This is the case for a short time interval. Considering then the )’ and z’ compo- 


nents of the motion, it can be assumed that the resulting velocity v’ = Vvy’2 + yz’? 
is so small relative to c that it is permissible to replace m’ in the primed system by its 
restmass mo. For simpler notation the variables 
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pat Cae 
4+ 


‘ = (q,/m,)B; R= (E __ [9 Byv—8)/0 +8) = (m,|q,\E IBIZA ES) (64). 


will be used and the coordinates y’, z’, ¢’ will be replaced by 7=y’/R, t=z’/R, t= Wol" 


resp. Eqs. (62), (63) reduce then to 
(d?n/d +?) - (dt/dz) - (eox/mo)(d>u/d 3) = (i/2)(e 
(d2o/d =?) + (da/d =) - (eox/mo)(d3%/d 3) = 0 


Solution is obtained with 


i(@’/@9) T ~— _i(@"/ 0) = 
=e ) 


—j(@// @9) 7 i(@’/ 9) 7 — i(@’] 9) F 


+C e ea ode! + De 


i(@’/ @g) T 


Four linear equations are obtained for the constants C_, C_, D,, D_, 
LBs ae, / 0)? Bes i (@9%/M0)( 0” /oo)]+D “I (e! | 9) = = 4 i/2 


+ C Rei eo) Pe Se /oo)2[1 + i(eox/210)(«0’/@)] = 0 


from which 


C = & (/2)[1 Fi (e0%/mo)(o’/ 00)]/ | 1(e’/o0)2[L # i (e0%/mo)(e’/ 20) }? } 


D = ~(1)2(,Jo )IIf 1-Co']g 0 F(ayelm, No’ FoF | 


Using the expression 


N = { 1—(o’/0)2[1—-(o9x]1m0)(0'/00)2] }2 + [2(00%]109)( 0/0) 


' the constants are 


£ @2N){ 1-(o'o, 2 [1 +(0, x] )(0’]@, 2} i (0, 4] o'/o,) 
Mh +(o'/o,)°[1+(o/m)(o'/0,)21) } 
cial eS 1(0’/o, P[1—(e,x/m,)(o’/©,)?] +2i(e,x/m,)(o’/o, } 


Replacing these expressions into eq. (67) 
ht ag /0)2[1 +(0%/100)?( 0’ /o0)?] [sin(o’/o0) I1/N) + (o0%/m0)(0’/ 0) ° 
{14(a'/o0)? [1 +(@0%/7110)?(@’/ 02] } [cos(o’/ 0) =(1/N) 
= (~09/ 0’) { 1-(o’] 00)?[1—(o0%/1110)?(’/ @0)?] } [cos(o’/ 0) =] /N).— 
= 2( 09%/Mo)(o’/ )?[sin(o’/ eo) =]/N) 
From eq. (75) follows 
(dy’|dt’) = R(dn]d =) = ~(0'/o02\(qolm)E_ VABYI + 8)(1-(o’/ 00) 


[1 +(e0x/7100)*(o’/ @0)?](Cos’t 1 /N) +(e0%/mo)(’] 0) { 1 +(0’/00)2[1 +(oox/mo)]2 - 


‘(o’/00)?]} (sin o’1)(1/N) 
hence the time average of the Lorentz force component parallel to the wave is 
= (0//0%\(qor/m\(E2_ [2e)[1—B)/(1. +2) 0+]1m)( 0/0). 
{ 1 +(07/00)?[1 + (@0%/110)2(’/0)?] } (IN) 


magn, x 


(65) 
(66) 


(67) 


(68) 
(69) 


(70) 


(71) 


(72) 


(73) 
(74) 


(75) 


(76) 


(77) 


(78) 
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If the longitudinal magnetic field vanishes (wo 0), the relation reduces to 


| =) J al 4 => , No ue 
Picks ae Fon ee (q2/m, *) Cras /2c)(A—8)/C +8)]x/[L +(0’x/m,)?] (79) a 
which due to the relation (22) is identical with the expression (50) for F'ma ee Under ie 


_ otherwise equal conditions the radiation pressure on the electron is increased by the 
action of the longitudinal magnetic field in the ratio 


BS ae 
BRT lagging) sana 


Pa dad tas 2 > (eo) [L + (0%)? [1 +(0’/20)2L1 (0/0)? 1] ND (80) a 
Excluding again the case of rays with very short wavelengths, ’»/m can be neglected a 
compared with unity and eq. (80) becomes with sufficient accuracy ' ian 
—. —() Piast, cn 
F |F = ( /o)?[1 +(e / «9)?] it [1—(@’/ 9)?]? + [2(@’x/mo)(’/ @o)2]? } (81) ; a 


Magni, x magn,x 


This relation reduces in the case of resonance (’— 9) to 


(TAM 


as = ape 


sy 
— 


: = — (0) 3 
lim tee. a5 magn &) We (1/2)(110/ 0%) (82) i 
As an example the case B=8 -10-§ Vs/cm2; o9=2 =fo=1.41 -101rad/sec; fo=225 MHz: 
to =13.3.cm will be calculated. With eq. (21) and (24) 9/mo=0.89 - 10-13 and the radia- 
tion pressure at resonance is 


4 
Ss 


+4, se Sey Rae 


he! 


1/2 - 1025/0.892 = 6.4 - 1025 fe 
times larger than in the case when only the wave is acting. If a 
 ® >a \ (83) a 
is chosen, during the acceleration process ’ approaches the resonance frequency «0 is ce 
according to eq. (37) and becomes equal to it, when the longitudinal velocity =. This . 
corresponds to the conditions ‘ eer 
9 = ov (1—8o)/C 4 Bo); By = (@2—wp2)/( 2 + w92) (84) Me 
The total translational energy of the electron is then ie 
; Shilo ce 

ee == moc2|/ 1—Bo2 = moC?[(/ 9) +(«9/)]/2 (85) Phi iM 
and its kinetic energy is nie 
(86) Q 


a = W moc? = (mc?2/2)(V ©/ 9 — Vv @0/)? 


By suitable choice of o/«) >1, T can be made arbitrarily large. in 

Usually very long paths are needed to accelerate a charged elementary particle from 
rest into the resonance oscillations, only by the mechanism of radiation pressure. This’ 
however is not important, if the acceleration of elementary particles in the locally 
strongly magnetized ionosphere of radiating stars is considered in the light of the 
previously developed theory. It has to be realized only that here the particles are not 
accelerated by a monochromatic light wave, but by the pressure of a more or less 
continuous spectrum of incoherent electromagnetic oscillations. Hence the described 
theory has to be enlarged in this case by a statistical treatment. The application of the 
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above developed ideas under terrestrial conditions to a particle accelerator requires a 
“‘preaccelerator” of a different kind, which would be'used to reduce the exceedingly 
long acceleration path. It is not intended to discuss this basic possibility in detail here. 

Thanks are due to my colleagues, Mr. A. Raziel for preparation of the figures, Mr. 
N. Klein and Mr. H. J. Shefer for their kind help in translating this paper. 
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ANGULAR MOMENTUM IN NON-SPHERICAL FIELDS 


A. DE SHALIT 
The Weizmann Institute of Science, Rehovot 


INTRODUCTION 
Experimental evidences on nuclear quadrupole moments and some other nuclear pro- 
perties suggest that relatively big deviations from spherical symmetry are associated 
with the equilibrium state of some nuclei!,2. There is also good evidence for some 
regularities in these deformations}, and it is most probable that some quantities 
related to nuclear asphericity constitute important parameters in the description 
of nuclear states and should be properly taken into account. 

It is customary to approach nuclear problems by the method of self-consistent field. 
One then visualizes each nucleon as moving in a smooth field equivalent, in a certain 
sense and to a certain extent, to the actual field experienced by the nucleon. 

The shape of the self-consistent field is closely connected with the shape of the distri- 
bution function of nuclear matter, and it is therefore of interest to study the motion of 
' particles in fields which are not spherically symmetric. Such problems arise, of course, 
_ very often when treating the motion of particles in external fields; in the present case, 
however, the deformations of the field are not imposed from the outside but are connec- 
ted with the presence of the particle in the field. The field should therefore be treated as 
a part of the system and its dynamics should be included in all dynamical considerations. 


THE NON-SPHERICAL FIELD 
The system under consideration will consist of a field plus a particle; its Hamiltonian is 


H=H,+H,+V(r) (1) 


_ In this expression H, is the Hamiltonian of the free particle, Hy — that of the free 
field, and V(r) is the interaction of the particle with the field. 
It is convenient to develop V(r) in a series of spherical harmonics: 


V(r) = 2b (7) Y,, G9) + Ot (7) ¥% (G9) (2) 


ny 


where we have chosen this form to exhibit the fact that V(r) is a real function of 
its argument. Since, by hypothesis, our system is isolated, a rotation of the coordinates 
in space should leave V(r) invariant. This implies a certain transformation-character for 
the b’s, namely: b,, should transform like Y7,, and b}, — like Y,,. In other words : 
a rotation R in the 3-dimensional coordinate space induces a transformation B(R) in 
the b-space, and the 2n+1 quantities b}, form the components of an irreducible 
tensor of order n in this space. 

One can define an operator i (v= —1, 0, +1) operating in the b-space which 
would correspond to the angular bcivinesituia associated with the degrees of freedom 5. 
es J‘ should satisfy the following commutation relations: 

[Ji J] =4, ihc (3) 
Received May 5, 1954 


be th cesta. 
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where qu, is an antisymmetric matrix with ph \. 
DDE rahe 5 Repata!  s I (3) 


(The tensor components of a general angular momentum vector are constructed from 


its ordinary x, vy and z components according to the following definitions: 


J, =(L-T v2, Jg= 5, J, =U, +15) iv 2). 
In addidion, since the b*’s are tensor operators with respect to J‘, this vector will also 
satisfy the following commutation relations: 
fy eee z 
Me Py I 8 Pay (4) 
, Zi n Ue 
LJ a y ] mae es 5) b, v= CY) 


where the g’s are given by4 


ee ee alee rel) (nby/2}? re (5) 
we Le [(ty4+1) (n)/2] * eal | 


As bny(r) is a function of the magnitude of + only it commutes with the particle 
angular momentum operator J’. Noting that the spherical harmonics are tensor ope- 


rators with respect to J’ (and therefore satisfy with J’ commutation relations similar 
to (4) with J” replacing J/ and Y’s replacing b*’s) we find: 


Ly, if Jy eth a Fy, x, [—b eee pa ee yl b, v eee v a0 (6) 


where the last step can be deduced from (5). Wecould anticipate this result since Lybny Yny 
is the scalar product of the two operators each of which is a tensor with respect to 
Jf+ I". | 

Evidently J’ alone does not commute with the interaction (2); the particle’s angular 
momentum, is not a good quantum number in a non-spherical field since due to the 
reaction on the field angular momentum is shared with the field. Equation (6) says that 
one should add J’ to J” in order to get a quantity which does commute with V(r). J/ 
can therefore be justly called the field angular momentum. 


THE CONSTRUCTION OF J‘ FROM THE FIELD VARIABLES 

A knowledge of H; usually enables us to construct the appropriate angular momentum 
vector for the field. However, since the set of b’s determines the field in our case we can 
try to take them as the generalized coordinates of the field and construct the field angu- 
lar momentum from them. H, will, of course, also be a function of the 4’s, and as it 
should be invariant to rotations of space it will automatically commute with Jr. 

It is knowns that if ies 1 and T? are both reduced tensor operators of degrees k; and 
k2 respectively, then T3, defined by: 

k 
‘Meee DM kame k kok ss) [, hi ; 


%, TS eae 


is also a reduced tensor operator of degree k3 (the expression in brackets is the usual 
Clebsch-Gordan coefficient). 


Gy he CEN Dat : J 
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Since J‘ has to be a tensor of the first degree — a vector — we can construct its most 


: _ general expression from the b’s by the same rule. Noting that b,, and (—1)%b,_y are- 


5 _ tensors of degree n we get as an expression for the field angular momentum: 


yr 


ane PAs 
= 2, J, A jaaihe a A a) I 2) [« a ", n ih” + Ge 1) er 45) D; —)¥. 48253 
, HS PRL n Dn nap 
aie es a0 is 
1 nny’ 1) Dans LR “any C 155 ie vous, (7) 


where the «’s and the »’s have still to be determined by making use of the relations (3) 
and (4) which are postulated for J’. 


We shall require the reality conditions for the field angular momentum: 
ep ¥ 
ie 5 nt ORAL (8) 


but we shall not impose any reality condition on the b’s since we do not have to assume 
that they represent any measurable quantity. 

In making use of equation (4) we note that it can determine J/ only up to an additive 
quantity which commutes with the b’s and b*’s but is otherwise arbitrary. This freedom 
is limited, however, by the relations (3) which characterize a vector as an angular mo- 
mentum vector. We shall therefore find it convenient to use the following lemma: 

If j is known to be a sum of two commuting vectors: j = ji + j2, and if in addition 

both j and j; satisfy (3) (i.e. both are angular cen), then either j2=O or jz also 
satisfies (3). The proof is obvious. 

Proceeding with the considerations which will enable us to specialize the values of 

« and iin (7), we note that since each operator b,,, refers to a different degree of free- 
dom in the field, the only commutators which may differ from zero are [b,,, Bish 


Taking this into account, and in view of the vanishing of the Clebsch-Gordan coeffi- — 


cient in (7) whenever v; + v2—vA0 we see that: 

the first term in (7) (proportional to «) contributes nothing to ee b* |; 

the second term (proportional to «’) contributes something proportional to by (w+ v3 

and only the hae and fourth terms contribute something proportional to b, uty 

Since by (4) [J, iv by] is proportional to b, uy the values of « and «’ should be 
so chosen as to make the corresponding commutator with both b and b* equal to zero. 
From this follows that that part of J’ which is due to terms proportional to « and 2’ 
cannot be an angular momentum, and by the previous lemma should be identically zero 
if the remaining terms do possess the property (3). 

We shall therefore neglect the « terms altogether and shall rewrite (7) in the following 
form: 


f 1D ety, [aren yah 
2 oa , Z Z ; 
ies x ‘ [<-1) ‘nny (Af, vps vs | Mf, i om) ai Ci ) (1,7, % ? 8 he) I uw)? x i" wb Pins an 
omen gan es et, ie 
Bee ID eer ss un, | nny lu) Lee. v0 On ¥] = 2 (1) (7,2, ¥, %9| 1y%1¥)x 


ivy. 


Boe C1) 78 hb Tee) [6,. B, [8 9 
nn, 2 :, 


> 
nin, nV ny nv? NY 
21 1 2 Oi) 


(9) 
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For u=540 we thus get the following expression for “fh : 
tee no— V5 16 
of ie X(-1) Yn nila “1% |n 7,1) es vy b ( ) 


Inserting this expression in equation (4) we have: 


* 


[Fire Poet, b 2S Ace alae ead nly) bv Lb b 4 (11) 


U,V nu-by ny 1 nV, 


Since the b’s operate on different degrees of freedom of the field, an equation of the form 
Lr bry = O implies %,, =0. We can therefore deduce from equation (11) that 
Yny np = Yn, Snyn» and since the g’s are c numbers the same should ‘be true of the 
commutator [b,,, 5),]. The last conclusion enables us to adopt (10) as the general 
expression for the field angular momentum (also for » = 0) if we can show that it satis- 
fies (3). 


Since the commutator of the b’s is a c-number, say $, we can define new b’s by 
b, = by |(8n) and thus arrive at the relation [bn ei) = ]. Since we are going to 
determine the y’s of eq. (10), we can absorb the 8’s in the y’s and without any loss of 
generality assume that the b’s in (10) are our new b's. 


It remains to be shown that the field angular momentum as defined in (10) satisfies 
(3). Once this has been shown the omission of the different terms we have neglected 
in (7) will be justified. Straightforward calculation yields: 


[yi Ji, \=21,8, b {(-1)* ny, 4) anl—v)(nn», v,| nny’) 


nny 
1 "Yo 


(1) (any, | nnly)(nny,y,| nnl—v’)} (12) 


The expression in curly brackets can be evaluated by taking matrix elements of the 
identity [ju,jpJ= uw’ jp 4’ where j, are the components of an ordinary angular 
momentum vector. One finds that: 
dy’, (-1)" (nn viva] mnl—v)(nny, » | nny’) —(-1)" (nny ol mnly)(ny ,v,| nnl—u’) = 
+4,,(-1) ~ "2 [3/n(n+1)(2n+1)]* (nny —»,| nalytv’) (13) 
Substituting (13) in (12) we obtain: 
[Fo Fe 4,421, [3a DAn+ 1) Al)" y, (any v| nut wb" By 


This expression reduces to the desired expression (3) if we choose 


v, = [n(n t+ D2n+1)/3]? 


We thus finally arrive at the following expression for the angular momentum of the — 


field: 


J =ZC1" [n+ DQn+ 1/3} (any y’| nna)”, b, (14) 
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_ For the z-component Jf (14) reduces to 


agi ee) (15) 


oO yvarnayury 


The eigenvalues of Paes are known to be the positive integers, and due to (15) 
we can interpret N,y = b,y b,y as the number of quanta of field oscillations at the 
position r which are associated with an angular momentum 7 and a z-component v. 

The expression (14) was obtained by A. Bohr® by actual calculation of the angular 
momentum of an oscillating incompressible liquid drop. 

A remark should be added on the apparent generality of eq. (14). Clearly our basic 
assumption is the identification of the coefficients b with the generalized coordinates 
of the free field. To justify this choice one has to know the Hamiltonian of the free 
field in some coordinates and verify that the 6’s are obtained by a canonical transfor- 
mation. Our result is indepenedent of the Hamiltonian only in as far as it meets with 

this requirement. 

Tam indebted to Prof. G. Racah for some illuminating comments on this work. 
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. MULTIPLE POINTS OF PATHS OF BROWNIAN MOTION IN THE PLANE * 


A. DvORETZKY 
The Hebrew University of Jerusalem and Columbia University, New York 
Bi P. Erpos 
. University of Notre Dame, Notre Dame 


S. KAKUTANI 
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Let (2, ¢, Pr) be a probability space, i.e., Q= {o} is a set of elements ©, €= {EF} is a 
~ Borel field of subsets of © called ‘‘events”, and Pr is a countably additive measure 
a - defined on € and satisfying Pr(Q)=1. Pr(E) is called the “‘probability” of the event E. 
A (mathematical) one-dimensional Brownian motion\.5 is a real-valued function 
‘xX(t,) of the two variables ¢ and ©, defined for all non-negative real numbers 1, 
0 <t<«, and for all » € Q, which has the following properties: 


(Bi) x(0; ©) =0; 


(B2) for any real numbers s, t with O<s<r<o, the “increment” x(t, #) — x(s, @) 
is €-measurable in » and has a normal distribution with mean O and variance f—s, i.e.,** 


a E = {| x(t,e) — x(s,0) <a }€E (1) 
*, We fi X,S,t,% 
f ~ and ree . 
; ead tet SCA SE Sets _u2 2(t—s) 
PAE. )=(1v2= (9) f e du (2) 

ts iO 
\.. for every real number «. 

(53) for-any real’ numbers. si,:.4G=1, . 2, °m) with 0<57 =H Sso<ts—, 1s, 


<tm< 0, the increments x(t;, )—x(si, ©), i= 1,...,m are independent in the sense of 
probability theory, i 


Pr E ) = Pr (E ) (3) 


i=1— X, sp,tj, G7 XSisti, U7 


HW for any teal: oj °4—) 1,74 sam: 


A 2-dimensional or plane Brownian motion is an ordered pair of two mutually in- 
dependent one-dimensional Brownian motions, i.e., a pair of one-dimensional Brown- 
ian motions x(¢, ©) and y(t, ) with the property that 


Prié = PY 
as Lo ee Erie Syl 7 to ah fie ) (4) 


for any real numbers s, t, «, 5’, t’, «’, withO<s <t, O<s’ <t’. 


* 
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(w | ...| denotes the set of »» having the properties following the vertical bar; and similarly {z | ...) etc. — 


ae ge Re ane CR ny aN a lures Tae Tue Rae Genie 0 Agee ee 
s : ae 1 f Te be \ AV BUT Ade hits : ‘ bs 
saves a : : oa . i ty 
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__ If we consider z(t, o) = [x(t, ©), y(t, @)] as a point in a Euclidean plane then, for ’ ‘a 
. each fixed , z(¢, «) may be considered as a function of f, defined for 0<t < «, and Pe: 


_ assuming as values points (or vectors) in the plane. 
It is easy to see that this definition of a plane Brownian motion is independent of 
: the choice of the rectangular coordinate system; i.e., the motion is isotropic, it is in- 
_ variant vis-a-vis rotations of the coordinate system. 
It is further assumed! that the Borel field ¢ is already extended in such a manner 
that the subset C of © consisting of all © for which Xe ©) iS a continuous function of 
t for O<t<o is ¢-measurable and satisfies P(C) = 
; For any point z in the plane, for any € 2 and any es Ronee a, b with 0 <a<b<a, 
et us put 


Lap(z’; «) = {z’ + z(t, «) | a<t<b}, (5) 
Lz’; ©) = {2'+2(t, o) | a<t<o}, (0) ances 
Lz’, «) = Lo(z’30) = {2 +2(t, 0) | 0<t<0} Ghree 


where the + sign in the above formula (as well as + and — in similar context in the 
sequel) refers to vector addition in the plane. Furthermore, when z’=0, i.e., coincides 
with the origin, we use the abbreviations 


Lao(©) = Las(0; ©), Lao) = La; 0), Lo) = LO; ©). (8). 


— Lap(z’; ) is called the (a, b) path of the plane Brownian motion starting from z’, and 
L(z’; «) is called the path of the plane Brownian motion starting from z’. 
For almost all ©, Las(z’; ) is a continuous image of the finite closed interval 
{t | a<t<b} and is hence a compact subset of the plane. 
A point Zo in the plane is called a k-multiple point or a multiple point of multiplicity k, 
(kK = 2, 3,.:.. .) of Las(z’; ©) [resp. of LZ’; «)] if there-exist k-real numbers: t1,:.., tz 
with a<ti <... <%<b [resp. ati <.°. <th <0] for which Zo = 2’ +2(t;; ), i=l,..., k. 
It is clear that zo is a A-multiple point of Lao(z’; «) [resp. La(z’; o)] if and only if zo — 2’ 
‘is a k-tuple point of La o(«) [resp. La(o)]. k 
 P. Lévy4 proved that almost all paths L(#) have double (= 2-multiple) points. In a. 
previous paper2, we proved that if one considers Brownian motion in higher dimensio- — 
nal space then Lévy’s result remains valid in 3-space, but that in a space of higher di- 
mension than 3 almost all paths are free from double points. The main purpose of the 
present note is to prove that almost all paths of Brownian motion in the plane have vale 
points of arbitrary high (finite) multiplicity. Our methods are, in part, similar to those 
previously used?, but we have to rely much more heavily on considerations of a com- 
binatorial nature. We state explicitly our main result: 


THEOREM 1. Let M be the set of all » for which L() contains k-multiple points for i 
every k = 2, 3,..., then Pr(M) = 1. si 
Since the proof is rather involved, we shall lead to the theorem through a sequence ¢ 
of Lemmas. 
For any point z in the plane we denote by | z| the distance of z from the origin. 
We denote by p( ¢, 8) the probability that Lo,\(z’; ©) have a point in common with 
the circle | z | < ¢ when z’ is a point at distance § from the origin (because of the iso- 
tropy of the Brownian motion this probability is the same for all z’ with | z’ | = 8). In 
other words: we put for every 8@=0 and e>0 


ye ee 
ae eS 


St eS a oi mea me ae 
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= i 2(t; 9) 
P (0,8) = Pr ( nie | (8,0) +2(t50) | <e) (9) 4) 

When 8 = | we abbreviate the notation and put 
P(e) =p (e, 1). (10) — 


LEMMA 1. p (ce, 8) is @ monotone: non-decreasing function of e and a monotone non- 
increasing function of 8. 


Proof. The assertion about ¢ is obvious. To prove rigorously the other assertion, we 
use the homogeneity property of the Brownian motion (cf. e.g.5). According to this 
property, a space-scale change of | : % is exactly compensated by a time-scale change 
of 1 : 22; thus for every 4>0 we have 


P (¢,8) = Pr wae a (48, 0) + z (4,0) | < 20) 
whence it follows for 4=1 that 
P(e, 8) 2p (re, A8) 2 p(e, 48). 
LEMMA 2. Let 0 < e<@<R, then 
Pr (| (8, 0) + z (t, &) | <e before | (8, 0) + z (t,') | =R) = log (R/8)/log (R/e). . 1) 


Thus (11) gives an explicit expression for the probability that L((6,0),), which? 
passes with probability 1 through both circles 


| (8,0) + 2 (t,o) |< eand | (8,0) + z (t,o) |] <R, 
encounters the first circle before it does the second. 


Proof. For a point ¢ in the plane let u(t) = Pr( |.¢+2(t,«) | <e before | ¢+2(t,)| = R), 
then3 u(t) is a harmonic function of ¢ in the ring e< | ¢| <R and its boundary 
values are u(t) = O for | ¢ | = Rand u(t) =1 for | ¢| = e. Consequently 


log(R/ | ¢ 
<5 SESE at 


LEMMA 3. For every 0< e <I we have* 
P (e) <ci/log(1/e). (12) 
Proof. By Lemmas | and 2 we have 
P (e)<Pr (| 0,0) +z (t,o) | <e before | (1,0)4 z (t,0) | =2)+ 
+ PrCsup}7(1j0)- 2 (fe) |-\2-2): Pr Cie (2,0) + z(t,o) | < e) 


O<Sr<!1 


= log 2/log (2/ e) + 8p ( e, 2)<log 2/[log 2 + log (1/ e)] + 3p ( ¢) 


with 
8 = Pr (sup |.1,0) +z (¢,e)| 22) < 1. 
O<sr<l 
Hence Ck 
1 log 2 I log 2 
Plo)< 1-8 log 2+log(1/ ¢), Sa log(1/ ¢) 
en (12); 
* Cy, C2,..., C17 are finite positive constants, 
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LEMMA 4. For every 0 < 9 <8 <1 we have 
: P(e, 8) < [e1 + log (1/8)]/log (1/ ¢). (13) 
Proof. As in the proof of Lemma 3 we have 
P(e, 8)<Pr(| (8,0) + z(%, ©) | <e before | (8,0) + z(t, ©) | 21) + Pr( sup | (8, 0)+ 
Ost <1 
+2 (t,o) | 21)- Pr ( inf |, 0) +2, 6) | < e) <log (1/8)/log (1/) + p(e), 
OSs! 
and (13) follows from (12). 
LEMMA 5. For 0< e<1/2 we have 


Pp (e) >ca/log (1/¢). (14) 
Proof. Let N>1 be an integer and put 
Ge LQ TON als sy Ns (15) 


Let Ei = {0 | | (1, 0) +2(ti,@) | < ¢} be the event that the Brownian motion starting 


at distance | from the origin be within distance pe from the origin at the time ¢;. Let 
pi denote the probability that E; occur and p; denote the probability that both E; and 
#; occur (i, 7 = 1, ..., N). From (2), (4) and (15) we have 


Bas Ceca 
Pan We ee datas 


u2—+ 2 S06 z 


Hip iki “(p+1)2 2 
or 
Pi>Cs ¢?. (16) 
imilar] h for 1<i<j<N 
Similarly, we have for LS] =(v2 +92)/260 =) 
p, <P, Pr 2t,0)—at,0)| <2) =p: (12-1) f fe dudy 
u2-|-v2S4 p2 

and 

Dy <calN/(J—A)] 0p: (17) 


Now, the events £; all imply that Zo,i((1, 0);«) has points within distance » from 
the origin, an event whose probability was defined by (9) and (10) as p (¢). Hence, 
by (17), 


Pio NP hie pe oP. 
rat ees 
iT Ss 1 3 
ms oa a NG, 52N aA. 
= =p >" p)> Ep, (- aan EA yz Cee Nee) iam 


whence 


N 
P(e) > (les 02 N log N) XP, (18) 
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Let c’ = 1/(1+8cs) and put 
N = [e’] #2 log (1/ ©)] : (19) 
(the square brackets denoting the integral part). 
Then we have, for 0< ¢ <Il/e, 

e2NlogN <[c‘/log(1/ ¢)] -2log(1/ ¢) <1/2cs. (20) 


Let now e>0 be such that oo <1/e and satisfy furthermore the condition 2 9? <c’. 
Then for every 0< p< go the integer N calculated by (19) is greater than 2, we may 
thus apply (18) and (20) to obtain 


F N 
P(e)> "2 dP, (0 < e< ¢»). 
i=l 


Thus, by (16) and (19), 
P(e) >(c,/2) ef e’/ e2log(1/ ¢)] >co/log(1/ ») 


for 0< e<. eo. Since p( e)>p( eo) >0 for p> eo, (14) is valid for 0< e<1/2 and the 
Lemma is established. 


LEMMA 6. For every 0< e<I1 we have 
Pr in | Z (t, ©) | <x e) < c7/log (1/ ¢). (21) 


/2S0ts 


Proof. From (2), (4), (13) and the isotropy of the Brownian movement we have 


(o6) 
BOL eo) lnc 6) Pr) 20 ia a) oes f P CEB) Ee ZR Be) Tae) 


(oe) 


*  y2—y2 ci+log(1/8) —B 
| x » . 
cia @ aay € du dy 4 if float lia) 2Be ds 


u2+y2 <1/4 
(oe) 2 
; 8 
< + [2/log(1/ 0] { [er Hog(l/s)I6e" de 
0 
| = 22 +ca/log(1/ 8) 
since the last integral is convergent. This proves (21) for 0< e <1. 


LEMMA 7. For every 0< e<1/2 we have 
Pr( inf : |z (2,0) | < ) > es/log (1/ ¢). | (22 


1/2S1S 
Proof. By Lemma | and the homogeneity property we have 
Pr( int, 126°) < 0) & Pr 2020) <I v2)-Pr (inf | (Uv 2,0) + 


2 << 
+ z(t.) | < @) = cwp(v2 °¢). 


In view of (14), (22) follows for 0< ¢<1/(2v 2 )and hence also for 0 < ¢ <1/2. 


The next Lemma is rather complicated, but it is quite close to the theorem we wish 
to prove. 


; 


Perera e s)he 
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ositive integer and let 


Bia ick 


q : ee O 
per Vay Yo == 1, Qyo58 Haj put v Sy — 1) Vo, 0nd, “for, vs al #0 2, eta zine 
a Zy= (a/5) + (v/2n), (1/5). + (>2/2n)) a Cy 
and let s8\( ¢) denote the circle e! Zire ee, =. Pi ete Paves BUCH) De te een Hie nf o 
there exist k numbers ti, i = 1,..., k satisfying at 
“Bib Osi, eae ie a Le Ul =a 3) 05) ae 
for which : 0S ee 
x(t ,o) eS ( e) (a Be Oe 
bi i v peanren 
) be the union of the events F , v=1,...,n2.. RE: me 
fi av) a vif rah 
Then . ’ f mp bt a 
" 2 t (n) k pe 8 
4 lim inf ete Cp tem ne et dl el Co. Rec i 
gor all sufficiently large H. as ee 
Proof. Letvg. be. the Pee that Fy occur and qy ,’ be the probability that Coe nee, Be . 
= andi iy occur, (3, 4 =k, 235-5 -5 2). 7 poe 
ie i 
: We may assume H>1 so that ¢<lI/e and the estimates of the previous Lemmas. on ‘ 
Brome applicable. Since | z, | <1 we have from Lemmas 1, 5, and 7* “ibd ih ae 
.. gq =Pr(, int 120 Ree 1 < OT BPr( inf, CeCe ie ay ee 
“ah ; ies) 2 a Sei 
”, k-1 CA Nei 
: > [eoflog(1/ e)] -[1/3 -(cs/log(t/ 2). Mc 
Since, by (23), [log(1/ °)]’ =H n’ this gives os 


q oN n, meres Poy Lap Sexe E38 (27) — 


me For .4v’ ie P, be the Peome rite that Lo,i(@) pass through at least one of the ve 
circles S\( °) and S,’( 9); let P2 be an upper bound for the probability that Lo,.(z; 0) 

with z€S,( ¢) encounter Sy ¢); and let P; be an upper bound for the probability that © 

a Brownian motion starting at z’€S,( ¢) encounters S\( ¢) again for some 1/2<f< 1. 

ey obvious symmetry considerations we have for vv’ the inequality 


q _<P(P, Ea fe oe 
yy, v 


Now by Lemmas | and 4 we have 
q igen 2y e+ pl ey | 25) 2p ealize |) <2 11 tlog (1) fzn lI /-log (7 9): ‘< 


} / 
a The conditional probability of being in Sv (¢) at time 4, given that the path is at z’€Sv(¢) at 
ee time 7;.1,,1s = the probability that z’-+ x (ti—t;-, ©) is in the intersection of Syv(¢) and a circle 
4, of radius ¢ about z’ ; this intersection contains a sector of opening 27/3 and hence, because of j 
a the isotropy property, is greater than the second factor. 
a 


FE i i . 
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Also 
Po <P es | 2y2y’ } 20). 


Now, by (24), | zy—zy | 21/2n while, by (23), we have e <1/4n for all n >n0=n0(k). 
Hence for all 2 >10 we have from (13) 


P,<[e, +log(2/| z —z,| )I/log(1/ e). 
Finally, by (21), 
FA den Tee | z(t,) | <2 ¢) <c;/log(1/2 °). 


Combining these estimates, we have for n>m and vv’ 


| 2k 
a, 6,4 0 oe) Lz 2, 1)IMow(/ OF 


y,v 


or, by (23) and (24), 


2k 4 2k 
: q._,<lew/H n }log™ (1/|z—z 1). (28). 
yy hy ON) | 
From (27) and (28) we have 

(n) n2 | 

PTE ee ere BS Ugg 

y=1 Se See 

: 2k 2k 
>¢12/H —cyu/H + 1/n*- > log (/|z—z ;]). 
1 Sv<v' <n? Bees ety 
Now this last sum is smaller than twice 
n2 2k n 2k 
Wey loge al ia z—Z, | ) <n x, (2v+1) log (1/| z—z,|) 
y= = 
n 2k 
=n Yi (2v+1)log = [2n/(v—1)] 
v=2 

n 2k | 
<5n2 ¥ jlog (2n/j) : hy 
it : 


<5n3 max u log” “Qnju) 
Yeusn 


<C1sn4 


(cis depends on k, but k is fixed throughout). 


Hence 


(n). k 
Pr(F ) > C1o/H we ee 
for all n>m. Taking Hk >2ci6/c12 we obtain (26). 


Proof of Theorem 1, Let k >1 be fixed. For every w€ © let 


k 
g,(o)= inf EY | 2(¢,0) -2(¢_,)| 


5 
k j= 
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where the inf is taken over all sequences f1,..., ¢< satisfying (25). Since the path is con- 
tinuous for almost all , gi(w) is easily seen to be a random variable. As the event 
_ F® of Lemma 8 implies g(@) <2k ¢ and since »+0asn-> « we have 


Pr(gx(@) <2) >c17 >0 


_ for every <>0 (where c17 is, of course, independent of <). Hence, Pr(gs(#) = 0) =c17 
which implies, for all continuous paths, the existence of a k-multiple point of Lo,n(o). 
For every integer 7 = 1, 2,... let Gj denote the event L Gt) x, jk (@) has a k-multiple 
point. Then Pr(Gj)=Pr(G1) >0 and the events G; are independent. Therefore, with pro- 
bability 1 infinitely many of the events G; occur, and hence there is probability 1 
that L() have k-multiple points. q. e. d. 

Using the homogeneity property of the Brownian motion, we deduce immediately — 


THEOREM 2. Let a, b be any positive numbers with O<a <b < « then, with probabili- 
ty 1, the (a, b)-path La» (#) has multiple points of arbitrarily high (finite) multiplicity. 

It also follows that there exist k-multiple points for which the intervals between re- 
turns to the point are arbitrarily large. 
In view of the fact4 that, for almost all «, L() is dense in the entire plane we have 
from Theorem 2 the following 


THEOREM 33. For almost all » the set of k-multiple points of L() is dense every- 
where in the plane for all k = 2, 3,.... 
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SECOND ORDER EFFECTS IN ELASTICITY AND HYDRODYNAMICS | 


M. REINER 
Rheological Laboratory, Technion, Israel Institute of Technology, Haifa 


0. The classical mechanics of continua is built upon two ideal materials of extreme 
behaviour, namely (i) the Hookean solid, the rheological equation of which is 


p..=Ae 8 + due, (0.1) 


a Lege ae 


and in which all stress work is completely conserved. (ii) the Newtonian liquid, with the 
rheological equation 


Pi; paki. 3 cy 2af , (0.2) 
“ which all stress work is entirely dissipated. In these equations 
¢, = “(ou,/ ox, + ou /ax,)/2 (0.3) 
is the strain-tensor, and 
ff, = Cv, | ox, + avi fox, )/2 (0.4) 


the flow-tensor (also named rate of strain-tensor). 
_ For (0.3) it is stipulated that the displacement gradients are infitesimal, for (0.4) this 
is implied by the definition of velocity. The strain < is therefore “‘infinitesimal’’, while 


the flow f will generally be finite. 


Applying to the stress tensor, as expressed by either (0.1) or (0.2), the momentum 
equations, all “‘first order’ phenomena are solvable in principle. 


- 1. Second order phenomena arise in classical e/asticity as soon as one proceeds to 


the consideration of finite displacement gradients. Instead of (0.1) one can write 


Bice ES mene ehs (1.1) 


but the finite strain e cannot be defined by an expression analogous to (0.3). The usual 
definition of finite strain is based upon the expression for the strained squared linear 
element ds? which is put in relation to the unstrained element dso2. Two measures of 
strain result, one ““Lagrangean” derived from (ds?—dso2)/dso2 first postulated by Green*; 
the other “Eulerian” from (ds?—dso) / ds2, first postulated by Almansi*. However, in 
a more general manner we may consider the strain ellipsoid with half axes %(i). Any 
function of % (7) which vanishes for > (i) =1 and is reduced to (0.3) for small » (i)}-1, 
will form a suitable expression of a Lagrangean strain. By considering the reciprocal 


strain-ellipsoid with half axes /(i) = 1/(i) we get expressions for “Eulerian” strains. — 


We thus find, for instance, the four measures 


* For references compare the exhaustive survey by Truesdell!, 
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en) =A@)-1 

y (i) = 4/2 [x (i) — 1] (1.2) 
e. @) = %[l-I @l 

e (i) =1I(@) 


the first postulated by Cauchy for infinitesimal strain but here generalized for finite 
strain, the last postulated by Swainger 7°. These measures are asymmetrical. 
A symmetrical measure was proposed by Hencky2 with 
e" i) =n x) =-_bh1(i) (1.3) 
In order to appreciate the differences between these measures, let the length of a rod 
be doubled; then the different measures will give 


oe 100% ler 15094) 6) = 66%. = 37.5%, 'e° 2.5027 


40? 


while when its length is halved they are 
Bae ve = 81.5 Yee = 66, 6 = 2 150°4 = 100%, 


It is clear that if the elastic response of some material can adequately be described 
by a linear relation such as (1.1) when some such measure e is used, the application 
of any other measure will result in a non-linear relation with second and higher order 
terms. It should also be noted that the “coefficients” Fy and F; will generally be functions 
of the invariants of the tensor ej. This may also introduce non-linear relations in the 
expressions relating components of the stress- and strain-tensor. These two kinds of 
second order effects are trivial. The subject of the present paper is formed by entirely 
new second order phenomena which arise when the stress- and strain-tensors in their 
mutual relations are considered. 


2. This can best be illustrated on the example of simple shear dealt with by Love} in 
Art 37. Simple shear is given kinematically by the equations (in Love’s notation) 


x1 = x+sy, Vie), Zit nee a Qey 
Introducing for the displacement-gradient s 
s =2tana (2.2) 
Love calculates 


ky = (1 —sin «)/cos«, %2=(1 + sin «)/cos «, %=1 (2.3), 


and he proves that the directions of the principal axes of strain are the bisectors of the 


angle =/2 +. with the x-axis, and the angle through which the principal axes are turned 
is the angle x..The stress caused by the strain will have the principal components from 


(1.1) 
. p (i) = Fo + Fie (i) (2.4).* 


The components of stress with respect to the system x, ), Z, will be from Love’s 
equations, Art. 49: 


* We write the index i in brackets to indicate that p(i) and e(/) are not tensors. 
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Pox = M2? (pu + p2)— 42" (pr pa) site 4 
Pyy = 1/y- (pi + p2) + 1/9 + (p1 — p2) sin « (2.5). | 


Pz Sian 22) 
Pry = 3/2 (P1—p2) COS % — Pyz= Pzx = 9 


Introducing the expressions for the principal stresses from (2.4) into (2.5) gives 


Pxx = Fo + 1/2-Fi [(e1 + e2) — (e1 — e2) sin «] | 
Pyy = Fo +8] a AFy Wer + en) (er e2) sin «] (2.6) 
Prxy = —1]9 Fi (cieses) COS 4, = Pyz = Pzx =0 j 


Now from (2.3,3), e3=0 and therefore. Fy=pzz. We then introduce the five different 
measures of (1.2) and (1.3) and find the stress components as entered in the following 
table (expressing the goniometrical functions in terms of s of (2.2)). 


6 G H A Ss 
e (i) e=aAQ@—1. .e = 12-14 @O-1]) e =hia@ e = 1/2 -—1—?@] e =141@ 


(PxxfPzz)/F1 (1 +s?/2)/o—1 2/2 Sti ois 0 1—1/ 
pel aa 
4a ~~ a—s/2 
Opapoiri. io! 0 5s. a+s/2 —s2/2 1—(1+52/2)/ a 
Fy Reh gee Nema 
4a ~~ a—s/2 
PxylF1 s/2a s/2 1  a+s/2 s/2 5/2%, 
5a Mo, 
a a—s/2 
(Pac/!3—Pzz)/Fi 7/3 - («—I1) 57/6 0 —s/6 7 Ala (lea) 


a = (1—s2/4)"/2 


The factor Fi can be identified with the shear-modulus v, but it is connected with 
entirely new second order effects of two kinds: 


(i) in order to produce simple shear, an isotropic tension is required in the case of the 
Lagrangean measures and an isotropic compression in the case of the Eulerian mea- 
_ sures. This may be called the Kelvin effect. 


(ii) There is a tensile stress in the direction of the displacement (x) and a compressive 
stress in the direction normal to it (v). This may be called the Poynting effect. 


The first of these designations is based upon a remark by William Thomson (Lord 
Kelvin)* as follows: “‘It is possible that a shearing stress may produce in a truly iso- 
tropic solid condensation or dilatation in proportion to the square of its value’. 


3. For the explanation of the second designation we consider the torsion of a cylin- 
drical rod. Let us use both the Green and Almansi measures. Let / be the length of the 
cylinder and Q its twist, so that Q// is the twist per unit length. Let us make experi- 
mental arrangements such as were carried out by Rivlin’ so that the length is kept 
constant. : 


This is thus a case analogous to the simple shear considered in the preceding section. 
We accordingly find the strain-tensors 


\ 
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4 
4 G 0 0) 0 
e, = rQ/2l- Or OTA | (3.1) 
eae Feet 6 
‘4 On Ore 20) 
ey = 1. Q/21- Gade OE) seed eye (3.2) 
0 1 —raQ/l 
and the stress tensors 
aes: # OCA LOE O | \ 
Py—Fo 3; = F,r0/21- O° SON (3.3) 
Oe dip 'O 
Daa fi O04 70 
py—Fody = FyrQf21- | 0 O 1 (3.4) 
0 1 —rdQ/l 


We now apply the first momentum equation of equilibrium (the only one which does 
_ not vanish identically) 


dp (rr)/dr_ + [p (rr) — p(6®)]|/r = 0 (3.5), 
and find by integration, assuming that the sides r = R are stress-free, 


G G : 
p(zz) = —F 92/4 2 - (R2—1?) (3.6) 


A A 
P(zz) = —Fyr2 02/2 [2 (3.7) 


In both cases we find that a pressure acting upon the bases of the cylinder is required 
in order to keep its length constant. Conversely, it may be concluded that in the ab- 
sence of such pressures the cylinder would be extended in simple torsion. Such an 
effect was observed by Poynting®.7 in steel wires. Incidentally, Poynting observed at 
the same time also a Kelvin effect. 


Similar results can be derived by using any other measure of strain and it is remar- 
kable that these two second order effects are also present when the measure is linear, 
such as (1.2,1) and (1.2,4). 


4. Second order effects of this kind cannot arise in classical viscosity. In viscous flow the 
amount of finite deformation reached at any time is of no physical significance. As a 
matter of fact no definite meaning can be attached to such deformation because, in 
contradistinction to elasticity, while there exists an “unstrained state’, no “unde- 
formed state” can be defined. The viscous resistance at any moment f depends upon 
the gradient of the infinitesimal displacement during the time-element dt following ¢. 


Here second-order effects result from a generalization of (0.2). 
Starting from a general tensor relation 
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ss : | ) sew et tae 4.1 
P,; iP sah iol ees, a (4.1) 


Reiner’ has shown* that by applying the Cayley-Hamilton relation, this Series is 
pce to three terms, namely 


Byatt Oty let eae PMA (4.2) 
tj ian “aj 


ij 


Truesdell! has named a fluid following eq. (4.2) “‘Reiner-fluid’’. Rivlin? has specia- 


lized (4.2) for the case of incompressibility and Truesdell uses for such ideal material 


the designation Rivlin-fluid. Second order effects arise from the third term. Considering 


Jaminar flow between two parallel platens at distance D with velocity gradient s 


s = dv/dy = V/D (4.3) 
the flow tensor is, in accordance with (0.4) 
Py Osa eae bcs 
fan = 8/27 | 1 O20 (4.4) 
Bei PeXON ge Or eben 
and therefore from (4.2) ‘ 
0 | 
OPO | % | 1.20 | 
py = Fody + Fis2- | 1 0 0 | 4+-Fy 32/4 | bad 0s (4.5) 
l ooo | Lo 0.0 | 


Note that the classical methods of viscometry in which shearing stress and rate of shear 
are related cannot reveal the existence of “‘cross stresses”. Assuming the material 
open to air pressure, taken as zero, at the sides of the ‘ ‘strip’, Fo vanishes and we have 


BaD ate (934 | 
a Le hapless (4.6) 


The factor F; can be identified with the shear viscosity 4 of (0.2), but there appears in 
the factor F, a new material parameter which has been named coefficient of cross- 
viscosity. Here also two second order effects are present. They are: 

(i) in order to maintain simple shear, an isotropic tension or compression is necessary, 
in accordance with the sign of F>, 


(ii) there are “‘cross-stresses” in the direction of the flow(x) and in the direction normal 


to it (v), both having the same sign. 

‘These second order effects are very different from those encountered in finite “‘classi- 
cal” elasticity. While there they are related to a “‘classical’’ material parameter, the 
shear modulus uv, here they result from a new material parameter which is unknown 
to classical hydrodynamics. Reynolds found a volume change through shear in such 
a “fluid” as wet sand, and we may denote the first effect by ‘“‘dilatancy”, a term coined 
by him. 

Regarding the second effect, we consider the analogy to the torsion of an elastic 
cylinder, namely the case of torsional flow : 

Yo =o (4.7) 4 


* Following a suggestion by Racah. 


oy f { 
- BULLETIN OF THE RESEARCH COUNCIL OF ISRAEL ~ nn 9/9 


=o 5 
ae 
rs. 


sa 


_ between two platens at distance H, one at rest while the other rotates with the angular 
velocity. 


_ One easily finds (compare Braun and Reiner22) from the second momentum 
equation 
if o = O(1—2z/H) (4.8) 


and 
7 OPO a7 OF! 
py= Fo8j=rtnjx- | 001 | 
Oma ean (seat 


| 
| 
| 


0 0 
+ 72 Q2F,/4H2 : 1 (0) 0 | (4.9) 
| (0) 1 


Assuming that at the edge r = R the liquid has a free surface, the first momentum 
equation yields , 
Pp (rr) = Fo = — (22/82) (R2 — r2) Fo (4.10) 
from which 


Pp (2z) = — (Q2/8H2) (R2 — 3r2) F2 (4.11). 


The second order “‘cross-effects’” accordingly consist of radial pressures p (rr) and 
pressures normal to the platens p (zz). Therefore, if the upper platen has an opening 
in the centre to which a vertical tube is attached, the liquid will be forced by the pressure 
-p (rr) to flow radially towards the centre against the action of centrifugal forces; and 
arriving at the centre, it will be forced by the pressure p (zz) to rise in the tube against 
the action of gravity. The whole arrangement thus forms a sort of centripetal pump. | 


5. The position with regard to elasticity as described in Sections | to 3 above cannot 
be considered as satisfactory. As was shown, the assumption of one or other of possible | 
‘measures of strain carries with it a definite distribution of stresses which may or may 
‘not be confirmed by experiment. 


For instance, Rivlins, in the experiment mentioned above, found that the normal 
pressure p (zz) over the plane ends of the cylinder was largest at the centre, falling off 
parabolically towards the edge where it has a finite value. As follows from (3.6) and 
(3.7), this is not what results when either the Green or the Almansi-measure is used. 
Rivlin succeeded in describing the results in terms of another measure proposed by 
Mooney. This situation points, however, to the fact that the rheological equation (1.1) 

_;8 not general enough. It has been generalized by Reiner (1948) on the model of (4.2) to 
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S/S Fe +Fe-7<e 
(Oem i a AE ae Ya aj (5.1) 
This rheological equation permits of an adequate description of any experimentally 
found stress-distribution, using any measure of strain. For instance, using the Almansi- 
_measure, we have for the case described in Section 3 above 


OAD SO tod L201 0 0 | 
py Fodg+Fi(r/2)) | 0 0. 15] +Fxr297/42)), 0! 1 (7 Q/l) | 62) 
| IO 1 (rap | lO {(ro/d) 1+(r2.02/2) | 
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and integrating the momentum-equations under the assumption, as before, that the 
sides are stress-free 


p (2z) = — { Fi (92/422) (R21?) + F2(92/8/?) [R2—3r2— (9/29) (R4—r4)}} (5.3) 
Now for r=0,  p (zz) @ = —(92R2/4)2) { Fi +F2 [I— (QR2/2/2)]/2 } (5.4) 
while for r= R, p (zz) ® = F2 (92R2/4/2) (5.5) 


These two values are sufficient for determining both F; and F2. F2 turns out to be 
negative. 

One could assume any other measure of strain with similar treatment and the gene- 
ralized equation of elasticity (5.1) therefore does not prejudice experimental results. 


6. The phenomena described above have recently come to the fore in rheology in 
connection with investigations on the rheological behaviour of various two-phase 
systems which cannot be considered simply as either elastic solids or viscous liquids, 
but partake in both properties of elasticity and viscosity. True, Poynting’s observations 
on steel within the elastic limit mentioned above refer to elasticity as such, but they 
fell entirely into oblivion and they have not been repeated since then. Swift1° has ob- 
served lengthening of metal rods in plastic torsion and I suggest that this “‘cross-plas- 
ticity’’ is due to the successive “freezing in” of cross-elastic strains. Both Poynting’s | 
and Swift’s observations wait for a theoretical analysis in terms of second-order cross- 
behaviour.* At the other extreme, no case of cross-viscosity of a simple liquid is known. 
Truesdell!2 has argued from dimensional considerations that cross-viscosity should 
be present in rarefied air and Reiner!3 has analysed a “‘centripetal pump effect” in air ; 
in such terms, but his theory requires experimental verification. However, cross-phe- — 
nomena were most strikingly first demonstrated by Weissenberg at the 1946 meeting 
of the British Rheologists’ Club (compare Weissenberg'4), among them the centripetal — 
pump effect mentioned in Section 4 above, on a variety of colloidal solutions. They 
were confirmed by Reiner, Scott Blair and Hawley5 for gelatinized condensed milk » 
and by Lax-Weiner and Schoenfeld-Reiner!* for blown bitumen. For such materials | 
the present theory embodied in the two equations (4.2) and (5.1) must be carried fur- 
ther to one in which both are combined. This can be done in two different ways, con- : 
sidering whether the materials are either (i) sols or (ii) gels (compare Reiner!7). | 
(i) for sols the rate of deformation d is additive, or | 
di = fg + ey (6.1) | 
where fi and éj must be expressed from reversions of (4.2) and (5.1) as functions of 
the Stress py of the system. | 
(ii) For gels the stress py of the system is the sum of two partial stresses, each one | 
expressed by (4.2) and (5.1) respectively, in which fj is identified with ej. These pro- | 
cedures have been indicated by Oldroyd!8. | 
Observations by Braun, Frei and Reiner!9 suggest that some materials, when fresh, | 
may be of the gel type with the elastic component more pronounced and that they are i 
converted through continuous shear into sols with the viscous component preponderant. | 
However, very few quantitative observations have been published so far in this field. | 
Greensmith and Rivlin} have claimed to have proven experimentally the 


* Prager' has used an equation similar to (5.1) for plastic deformations. 
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P 
existence of a cross-viscosity effect in solutions of polyisobutylene in o-chloro- 


benzene, but Roberts?! claims to have repeated their experiments with contradicting 
results. 
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SOME THEOREMS CONCERNING ASSOCIATIVE ZORN RINGS 


J. LevITZKI 
Department of Mathematics, The Hebrew University of Jerusalem 


[. PRELIMINARIES 


Whereas algebras of finite dimensionality over a field ® have been the object of ex- 
tensive investigations for more than fifty years, one finds in the literature only scattered 
results concerning infinite algebras (i.e. algebras with infinite dimensionality). Of par- 
ticular interest among the latter are the so called algebraic algebras, i.e. algebras whose 
elements satisfy algebraic equations of the form f(x) = 0, where f(x) is a polynomial 


of some positive degree, with coefficients in the reference field ©. For some recent re- 


sults concerning this class of algebras, consult papers 1, 2,4,5,6,9,12, 13,14, Actually, 
in some of these papers algebraic algebras are dealt with in the much more general 
frame of the class of the so-called /-rings, i.e. associative rings in which every non-nil 
right ideal contains a nonzero idempotent*. An important subclass of the class of I-rings 
is the class of faithful I-rings (in short FJ-rings), i.e. rings whose homomorphic images 
are I-rings. Thus every algebraic algebra is an Fl-ring. An I-ring without nilpotent 
elements is called a plain ring. 

The object of the present note is to show that some theorems on finite algebras carry 
over to rather extended classes of infinite algebraic algebras and — more generally — 
to I-rings. We do this by leaning heavily on some theorems which were derived by the 
author in a recent paper!3. In the present section we shall restate these theorems for 


) he convenience of the reader. 


THEOREM |. /fS is a semi-simple** I-ring and ae a nilpotent element of index n, then 
the two-sided ideal (a) generated by a contains a complete system of n2 matrix units.*** 


THEOREM 2. If T is a plain ring with an identity element e, and § is the total n by n 
matrix ring over T, then any one sided inverse in S is two sided, i.e. from ab=e it follows 
that also ba=e. 


THEOREM 3. Suppose that a ring S has two isomorphic representations as a total matrix 
ring over plain rings, with degrees n and m. Then n=m. 


Remark.Theorems 1, 2, 3 correspond to Theorem 2.1, Lemma 3.2 and Theorem 3.2 
in ref. 13, respectively. 


* This terminology was introduced by the author in his paper!3 and is retained in the present note for 


the sake of convenience. Previously, Kaplansky referred to these rings as associative Zorn rings — a fact 
which came to the author’s notice when his paper!3 was already in print. It should be also mentioned 
ss this class of rings has been singled out by G. Koethe in a paper which appeared in 1930 (compare 
ref. 8, p. 8). 


** The notions semi-simplicity, primitivity, etc. are used here in the sense of Jacobson3. 
*** See definition at the end of the section. 
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’ ~Aring S is said to be of finite index i(S) if S contains nilpotent elements of index i(S) 


: but of no higher index. If the ring S is itself nilpotent and $”=0, S”~! = 0, we say that 


nis the index of nilpotence of S. 
A system of m? elements ex, i,k = 1,.. .,m satisfying the relations 


= 0 for kk’ 
CiKE Kj | (1) 


= e,;for k =k’ 


shall be referred to as a complete matrix units system. 


Il. DEGREE AND INDEX 


Total matrix rings of finite degree over a plain ring with an identity play an important. 


role in the study of I-rings with finite index and of I-rings whose primitive? images are 


_ of finite index (compare 5.6. 13. 14). It is therefore desirable to make a closer study of f 
these matrix rings. Let T be a plain ring with unit and S=T, the total matrix ring of — 


degree n over T. In the special case where T is a division ring it is known that the index 
i (T,,) of T,, is equal to the degree n of T,,. In the present section we show that this holds 
also in case T is an arbitrary plain ring with unit*. We need the following lemmas: 


Lemma |. Let dj.,i,k=1,...,m be a complete set of matrix units in S=T,. Then m<n. 


n 
Proof. Suppose that m>n. Write S= X e,, where the e, constitute a basic complete — 


ik=1 
set of matrix units of S over T. In particular, every e, is commutative with every teT. 
It follows that 0Ce11Sdi1Se1; Ce11Se11=e11Te11. There is an element ai; such that 
annee11Sdi1, OC ai1di1Se11 Ce11Tei1. Since e117e1; = T and T is plain, so is e1:Te11 and 
thus the nonzero right ideal a11d11Se11 of e:1Te11 contains a nonzero idempotent e; such 
mthat e; = ay3bi1, where 611€d;1Se11. We put 
peda Cuerainds, ees dbee and e=ab (2) 
i=1 12 Oboe hae (0 Ee Ee i=1 PAW 2 Ges La ie 
One verifies easily that e is an idempotent and since** e; is in the centre of e1:7e11 it 
follows that e is in the centre of S. As is easily seen, the two-sided ideal eS of S is a total 
matrix ring over the plain ring eT with the unit e. Hence from e=ab it follows in view 
of Theorem 2 that also ba = e. By (1) we have d,1 ,e =di+i1 O11 &1 C11 AO, Whereas 
ed, ;, = 0, which is impossible since e is in the centre of S. This contradiction shows 
that we must have n =m, q.e. d. 
Lemma 2. /f a ring S contains a complete system of n? matrix units ex, 1,k = 1,...,, 
then i(S) <n. 
= 
Proof. In fact, by (1) it follows easily that the element Y e;;, is nilpotent of index n. 
i= 
THEOREM 4. Let S=T,, be a total matrix ring of degree n over a plain ring T possessing 
_ an identity element, and i(S) the index of S. Then \(S) = n. 


n 
Proof. By assumption we may put S = 2 e, T where the e,, constitute a basic complete 
i,k=1 


* The condition that T should have an identity element is dispensable. ; 
** An idempotent in any ring without nilpotent elements other than zero belongs to the centre of the ring 
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matrix units system. By Lemma 2 we have i(S) = n. The theorem will be proved if we show 
that i(S) <n. To this end let a denote an arbitrary nilpotent element in S. By Theorem 1 
the ideal (a) generated by a in S contains a complete system of m? matrix units. Hence 
by Lemma | we have m<n, i.e. i(S)<n, which completes the proof of the theorem. 


III. NILLITY AND NILPOTENCE 
Let T be a plain ring with unit, 7, a total matrix ring of degree n over T and U a nil- 
subring of 7,,. In case T is a division algebra it has been shown by the author!! that U 
must be nilpotent and that U”=0. In the present section we shall show that this is true 
also in case T is an arbitrary plain ring. This will follow from the following theorem: 


THEOREM 5. Let S be a semi-simple* I-ring of finite index i(S)=r. Then every nil-subring 
U of S is nilpotent and U" = 0. : 
Proof. Since U is of finite index it follows (compare 12) that U is semi-nilpotent, i.e. for 
an arbitrary integer k, and in particular for k=r, any set of r elements w1,u2, . . .,Ur In 
U generates a nilpotent ring V = {w1,u2,...ur}. Hence, for some integer m we have 


yo £0, ym=0 (3) 


We choose the m—1 elements v,eU, i=1,...,m—1 so that v=viv2.. v1 0. Since 
S is a semi-simple I-ring, the right ideal vS is not nil and contains a nonzero idempotent 
e. Thus for some se S we have vs = viv2...V,,_15 =e. Consider now the m—1 elements 


Wein VC sisi SY fo Wat VO oe Vp eg SV Vout yet el sel tap fee) pd Ais sere (4) 
“m—1 


and put w= Lw,. By (3) we know that the product of any m of the v’s is = 0. 
i=1 


Hence by (4) and by the definition of w one easily verifies that w” = 0 while 
VA VIVO 6 os Vn SY VA Vos 6 Vien ey ACCU ao. Vi Oy te, the element: wes 
nilpotent of index m. By the assumption of the theorem this yields m<r. Thus in view 
of (3) we have V’ = 0, and as ujeV we obtain in particular u1.u2...u, = 0. Since the 
u’s were chosen arbitrarily in U this shows that U’ = 0, q. e. d. 

A total matrix ring 7 of degree n over a plain ring T is a semi-simple* I-ring (compare 
the first part of Lemma 3.1 in ref. 13). Hence we obtain in view of Theorem 4 as a special 
case of Theorem 5 the following result: 


Corollary. If U is a nil-subring of T,,, then U is nilpotent and U” = 0. 


Remark. In a recent paper Nagata!5 has proved that if U is a-nil-algebra of finite index 
m, over a field ® of characteristic zero, then, U is nilpotent, and the index of nilpotency 
of U depends only on m. He also constructed a simple example of a non nilpotent nil- 
algebra of finite index, over a field © with a nonzero characteristic. Since any nil-algebra 
is an I-ring, Nagata’s example shows that in our Theorem 5 the assumption that S should 
be semi-simple is indispensable. 


IV. A THEOREM ON SEMI-SIMPLE SUBRINGS OF 7, 
One readily verifies the validity of the following lemmas: 
Lemma 3. A two sided ideal of a total matrix ring of degree n over a plain ring T is also 
a total matrix ring of the same degree n over some plain subring T’ of T. 


* See footnote ** on page 1. f 
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Lemma 4. [fS is a semi-simple I-ring and e an idempotent in S, then the subring eSe is 
also a semi-simple I-ring. 
We shall need also Lemma 2.3 of ref.13 which we restate here without proof: 


Lemma 5. If a semi-simple I-ring S contains a complete system of n2 matrix units ex, 
i,k = 1,...,n such that either the ring e1;Sei1 is not plain, or the ring ei:Se1, is plain 


n 
but the element e = & ¢;; is not in the centre, then there exists a complete system of (n +1)2 
i=1 
matrix units dj,,1,k =1,.., n+1, such that di,€ e1;Se11. 
We shall use the foregoing three lemmas in the proof of the following theorem: 


THEOREM 6. Let S = T,, and S’ = T’,’ be total matrix rings of degrees n and n’ over the 
plain rings T and T’ respectively. Suppose further that S’ CS and that S has the identity 
element e in common with S’. Then n’ divides n. 


, 
n 


Proof. By assumption we have S’ = 2 e’, 7’, where the e’;, constitute a complete 
f ik=1 


basic matrix units system in S’. Every element e’;, commutes with every element of 7’, 


n’ 
and the element e = 2 e’; is the identity of S and of S’. Consider the rings 
i=1 
Six, = e’ Se’. One verifies readily that 
e” Se’ = S for any indices 7, j, r, k (5) 
Le ark ik 


By Theorem 4 we have i(S) =, hence by i(S11)<i(S) it follows that i(S11)<n. Put 

m = i(S11). Since S is a semi-simple I-ring we know by Lemma 4 that S11 is also a semi- 

simple IJ-ring. In view of Theorem 1 the ring S;; contains a complete system of m2 

matrix units d;,, i,k =1,...,.m and by Lemma 2 and Lemma 5 there are no complete 

matrix units systems of r2 matrix units in Si: if r>m. Hence it follows by Lemma 5 

that the idempotent d; = 2 d;; lies in the centre of S11. We wish to show that the idem- 
n’ i=1 n 


potent d = Le’; d, e’;, lies in the centre of S. For se.S we have s=ese= ey SC ee IBY. 


i=1 ik=1 
(5) we have e’;; se’; € €’; S11 e’1, SO that we may put e’; Se’44 = C711 Six C1, Where 5, € S14, 
n | 
and we haves= D e% 8, e’s,. Since d lies in the centre of Si; we have dsj, = 5, d, 
ik=1 

ik=1,...,n’ which easily implies that ds=sd, so that indeed d lies in the centre of S. 
Consider now the two sided ideal dS=Sd of S. This ideal contains a complete system 
of n’m matrix units f;, which are defined as follows: 


See NCAS ? Ils ox VE sok Late alk 
Cis OSs aie il jk tr 


By Lemma 5 the ring d11Sd11 (= di1S11d11) is plain. For any seS the correspondence 


diisdi1 ~ XL dj, sd,;is an isomorphism. Hence the set 7* of all the elements of the form 
i i=1 m 


nm > 
LY dj sd,;,s¢ S is a plain ring. Since evidently dS= 2X d,T* where the d;, commute 
fl ik=1 
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with every element of T*, it follows that dS is a total matrix ring of degree mn’ over 

the plain ring 7. On the other hand, since dS is a two sided ideal in T,,, it must be a 

total matrix ring of degree n (compare Lemma 3). By the invariance of the degree of 
a total matrix ring over a plain ring (compare Theorem 3) it follows therefore that 

n=mn’. i.e. n’ divides n, q. e. d. 


Remark. \n the special case where T and 7” are division rings the above theorem was 
proved in ref. 10, Satz 1, Folgerung 2. The case where T is strongly regular, i.e. a plain 
FI-ring (compare ref. 13, Theorem 5.5), we can reduce the proof to the case of division 
algebras by passage to the primitive images of S. However, this device is not available 
in the general case, and the roundabout manner of the above proof which compelled 
us to apply Theorems 1, 2, 3 and 5 seems to be unavoidable. 
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ON THE SINGULARITIES OF A CLASS OF DIRICHLET SERIES 


S. AGMON 
Department of Mathematics, The Hebrew University of Jerusalem. 


We shall consider in this paper Dirichlet series of the type 


f(s)=¥a,e»° | 
s)=Yae 
one (1) 
where 0< 2,1 © and lim inf (441 —%,) =A>0. 

It is well known that these series have many of the characteristics of the Taylor-D 


series: 


\ 


—ns 


ses ba, e 


Thus, the abscissas of convergence, absolute convergence and holomorphy of (1) co- 
incide. Also, denoting by D, the maximal density of the sequence {2,} in the sense 
of Polya: ; 
D = lim lim sup [N(r) — N (r 2)]/(r—r 8), (2) 
ie r= 0 , 


(N(r)=kp, <,y 1 and O< & <1) it is well known (Polya) that every segment of 


the axis of convergence of length greater than 2 = Dx contains at least one singular 
point of f(s). This last result indicates that something of the periodic character of the 
singularities of the Taylor-D series is retained in the case of series (1). We propose in 
this note to develop further this analogy by proving the following theorem: 


_ THEOREM: Let f(s) be an analytic function represented in the half-plane of convergence: 
Re {s} >o, >— 0 by (1), and let Dy, be the maximal density (2). Suppose that the only 
singularities of f(s) on a segment 1 of the axis of convergence of length greater than 
2x (D,+1/h) are the points o,+ix,, q=1,...,k, which are simple poles. Denote by 
S%° the set of singularities of f(s) on the axis of convergence. Then, there exists 8>0 
such that f(s) is analytic and uniform in the domain consisting of the points of the half- 
plane Re{s}>o,—8 not belonging to S{°. Also, every isolated singularity of SF is 
a simple pole of f(s). Furthermore, if 5, +i« is such a point then: 


a=111%, +M202+ ... +My XR, (3) 
where the m’s are integers. 
The theorem thus states that the singularities of f(s) in J determine in a very specific 


i way the character of all other singularities on the axis of convergence (and even in a 


half-plane containing the axis of convergence). The last property (3) shows further that 
though we do not have here periodicity of singularities we have something similar in the 
fact that «1,..., %,, constitute an integral base of the imaginary part of all other iso- 
lated singularities on the axis of convergence. 
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Before proving the theorem we mention that the number 27 (D,+ 1 /h) of thell : 
statement can be replaced by 4x D,, and that one could also establish that f(s) 
is at most of order 1 “except for singularities” in the half-plane Re {s}>o,.—8. It is 
also possible to establish similar results when the poles are not assumed to be simple. 
The more general results, however, necessitate the extension of the method used here — 
to series of the type 


F(s) = UP (se ee 
where the p,(s) are polynomials. 


Proof of the Theorem. We start by noting that there is no loss of generality in assuming © 
the imaginary axis to be the axis of convergence (i.e. s-=0). In the proof we shall use 
the method of principal indices [1 ; 2]* and we shall first recall some results connected 
with this method which are applicable in this case. From the assumptions on 
the character of singularities of f(s) it follows [2; p. 467, (c)] that »,4;—, is bounded 
and that there exists a constant C>0 and an integer N>0, such that 


1/C SSR OES E | (4) 
for all n sufficiently large. Thus, in the terminology of [1; p. 271, Def. C] the sequence 
of coefficients {a,} is quasi-regular. For 0 << x < we set 


£O=VO- EZ aer'ye™ ©) 


In<x ” 


— (A _—x)s 
= Ge « for Re {s}>0. 
= 


Hence, f(s) is analytic in any closed domain A where f(s) is analytic. Moreover, by the 
Fundamental Theorem of [1; 2], the family {f:(s) } is Pusan bounded in A and its 


limit functions g(s): 
g(s)= lim f (9), (6) 
j ted 


possess the following properties: 

(a) g(s) is analytic and uniform in the whole plane punctured by the set of singu- 
larities of f(s) on the axis of convergence (i.e. the set S?). 

(b) It possesses developments: 


co Sayer 
DAS) i x be nes for Rexss 0. Tua 
ee wos 
£6) On eet for Re {s} <0, 


n=1 


where ts, 20, ti m@on—tpn2h, (and | b,,1/<C. 


(c) If ix is an isolated point of S/° which is also a singularity of g(s), then it is a 
simple pole of g(s). 


* Numbers in brackets refer to the references cited at the end of the paper. 
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(d) (s) is non-constant and possesses singularities on the axis of convergence. (This 
results from the quasi-regularity of {a, }.) 

We shall now verify the last property (d) directly by showing that all simple poles 
ix of f(s) on the imaginary axis are also simple poles of g(s). Indeed, let ic be such a 
pole: 


f(s) = r/(s—ix) + regular function CHS 


in a certain disk | s—i«| <8. Let g(s) be the limit function given by (6). Then, we will 
show that in the same disk 


g(s) = r’/(s—i«) + regular function, 
where 
. 1; in a 
rf ime 'y. (8) 
J 
Indeed, { fC3) 3 is analytic in the disk except for a simple pole at s=i« with residue 
re’*j, Also f(s) } tends uniformly to g(s) on the circumference. Setting: 


@ (8) = f(s) rei (sia), (9) 


and choosing a subsequence {j’} of the integers so that e’*%j’ tends to a limit, we find 
that Px, As) is analytic in the disk and tends uniformly to a limit on its boundary; hence, 


it nds to an analytic function in its interior as well. Thus, we conclude (using (6) and (9)) — 


that g(s) = r’/(s—ix) + reg. function in the disk where r’ =r lim exp (i«x;’) (j’ > ~). 
However, exp (i«x;) (j~ ©) cannot possess more than one limit point (since this will 
yield another value for the residue r’ at ix) and hence (8) holds. 

Now, there exists a limit function g(s) having the same singularities as f(s) on the 
segment J of the imaginary axis. Indeed, by assumption f(s) possesses only k simple 
poles ixg in J. Let rg be the residue at ix,. Then, we have just shown that any limit 
function will have the same simple poles in J with respective residues r’,. Furthermore, 
if g(s) is the limit function of (6) then the relation between rg and r’g was shown to be: 


We shall, therefore, obtain the desired limit function if we could choose the sequence 
{x; } (x; > ~), so that, for q=1, . . ,&, lim exp (ictq,) = | (equivalently, «gx; (mod2z=) tends 
to zero). But, the possibility of choosing a sequence {x;} with the above properties 
follows readily from Dirichlet’s approximation theorem. Hence, the existence of such 
a limit function g(s) is assured. 

Let F(s)=f(s)—g(s) where the limit function g(s) was chosen so that F(s) is regular 
in J. In the half-plane Re {s}>0 F(s) will possess the Dirichlet series representation: 


s 


IPE att) § SIV 
Fi)=Daeo * —yhe  "-yAe*, (10) 


where {A } is the union sequence of both sequences sage and {v }, arranged in 
n n 
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the natural order. Now, it follows immediately from (2), if D> D. and ae denote! 


the maximal densities of {A wy Axo) } and fu} respectively, ae 


SiNCe Y)11 — %,=h. Now, by a V. Bernstein [3, p. 138] generalization of a theorem | 
of Polya it follows that every segment of the axis of holomorphy of (10) of length greater 

than 2 xD, contains at least one singularity of F (s). Since, however, F(s) is analytic | 
on the segment J of the imaginary axis whose length is greater than 2 xDa, it follows 
that the imaginary axis is not the axis of holomorphy of F(s) and that there exists _ 
8>0 such that F(s) is analytic in the half-plane Re {s}>— 8. Hence, in this half-plane _ 
we may write | 

Ff (s) = g (s) + reg. function. 


But, g (s) being a limit function it follows from the properties of such functions mentioned — 

above that f(s) is analytic and uniform in the whole plane Re {s}>— 8 punctured by — 

the set SS , and that all isolated points of Se are simple poles of f(s). This proves the | 

first part of the theorem. | 
It is left only to show that if i« is an isolated point of Si (a simple pole by the above © 

result) then: 

“= N10, + M202 +... %, 4 MOK, ; (11) 


where 711, ™2,..., m, are integers. For this purpose we need the following approxi- 
mation theorem: Let «, «),...,«, be k+1 real numbers, and suppose that « is not 
of the form (11) with integral m’s. Then, there exists 0 <7 <1/2 such that for each 
¢>0 and T>0, one can find a real number t>7T and integers n, m,..., nx, satisfying: 


ee | te Or gm dee ho nand 1, <|te—n| <1—n,. (12) 
aS J 


_ Assuming for a moment the truth of this result we shall establish (11). Indeed, as- 

sume that the singularity i« is such that « is not of the form (11). It follows readily 

that with a given sequence {< }, « | 0 one can associate a sequence {x },(x-) and 
J J d/ J 


k +1 sequences of integers 3, tn, pee n}, such that 


|xa — 2m | <e for q=l,..,k, anda2n<|xa—2m | <(l-n)Q= (129 
nd q j 0 J 
Fora 1, 208 


Choestis g(s) as a limit function of the family { fx;(8) } with {x,} nee (12’), one 


finds as before that g(s) has the same residues as f(s) at the points iz, (q=1,..., k) 
and the previous argument leads to the conclusion that f(s) — g(s) is analytic on the 
imaginary axis. However, the residue r’ of g (s) at the point i« differs from the residue 
r of f(s) at the same point, since by (8) and (12’) 


li a2, idan N 
[= aes e =re zr (since ee Beas 1). (B) | 


This leads to a contradiction and proves (11). 
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We still have to prove the above approximation theorem. But, this is an easy con- 

sequence of Kronecker’s general approximation theorem [4, p. 83]. Of Kronecker’s 
general theorem we need only the following special case: 

APPROXIMATION THEOREM. Let <>0 and T>0 be given. Then, the system of inequalities 


<e 


—e<fa—8<e (mod 1) 
ete ce (mode): for t= bon ., kK! (13) 


admits a solution t>T if the following is true: whenever n, ny ..., Ny, are integers such 
that ne+niei+... +n =0, then n® is an integer. : 
Now, if « is not a linear combination with integral coefficients of o,..., a, it is 
_always possible to choose a number 8, 0 <8 <1, for which the condition of the last 
theorem will hold so that (13) could be satisfied for arbitrary « and J. (This, of 
course, will include the previously used result (12)). Indeed, if « is not even a linear 
combination with rational coefficients of {a} (@=1,...,k) then it is obvious that 
the condition of the Approximation Theorem is satisfied for any 8, 0<8<1. Suppose 
now that « is a linear combination with rational coefficients of «,,..., «,, then 
there exist integers m>1, m,..., m,, Such that: 


ma = Ny %y aS) ee My Xf. 


If u>1 is the smallest m with the above representation it is readily seen that any other 
m such that me is a linear combination with integral coefficients of {«:} is a multiple 

of pv. Choosing 6 = 1/u (0<8<1) one sees easily that the condition of the Appro- 
ximation Theorem is satisfied so that (13) holds for a suitable ¢. As we have already 
noted, (12) follows from (13) and thus our proof is complete. 
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INDEFINITE ADMITTANCE REPRESENTATION OF LINEAR NETWORK 
ELEMENTS* 


JACOB SHEKEL 
Scientific Department, Ministry of Defence 


INTRODUCTION 


The various methods of network analysis — analysis by meshes, branches or nodes — 
are based on two postulates, known as Kirchhoff’s Laws. These postulates concern the 
currents in branches meeting at any node, and the voltages across branches forming 
the contour of any closed mesh; it is thus implied that the network is composed of 
two-terminal branches, interconnected into a configuration that is called (in topology) 
a “graph”. The two following postulates are implied about each branch: 

1. It is possible to define a current through the branch; or, the current entering at 
one terminal is equal to that leaving at the other one. 

2. The current through the branch depends only on the voltage difference between 
both terminals, and not on their absolute potentials. 

When elements that have more than two terminals, like vacuum-tubes or transistors, 
are incorporated in the network, the usual practice is to represent the element by an 
equivalent network of two-terminal branches and “‘internal’’ sources, so that the branch 
postulates and Kirchhoff’s Laws may be applied. 

A different approach is outlined in this paper. Each network element is characterised 
by the number of its terminals, n. The only currents used in the analysis are those en- 
tering the terminals, and the only voltages considered are those between terminals. No 
“internal” structure of the element is implied other than a possible partitioning of the 
set of n terminals into s subsets, with the restriction that an external source may be con- 
nected, or a voltage difference measured, only between terminals belonging to the same 
subset. It is immaterial whether this partitioning is due to the physical structure of the 
element (as in the four-terminal element composed of two coils linked by mutual in- 
ductance only) or to some special application (e.g., the subsets of input and output 
terminals in a four-pole or a multi-terminal transducer). If the terminals are partitioned 
into subsets, their numbering will be such that the terminals of a subset will have con- 
secutive numbers. 

Throughout the paper, the term “‘subset’”’ will refer to the special subset described 
above. The terminals of a typical subset will be numbered from p to q consecutively. 

Two postulates, concerning the currents into the terminals and the voltages at the 


terminals of any subset, are proposed as a basis for element representation. These 


postulates replace 1 and 2 above, which apply only to the special case n=2, s=1. The 
voltages are not completely defined, because the voltage reference terminal is left un- 


* Presented at the Founders’ Meeting of the Israeli Physical Society, Haifa, on April 12, 1954. 
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specified. It will be shown that this indefiniteness of the voltages causes no ambiguity 
in the definitions and evaluations of power and admittance. 


Current 


Let the current entering the k-th terminal from an external source be denoted by ix; 
it may be regarded as the k-th component of an n-rowed column matrix i. This matrix 
may be partitioned into s subcolumns, according to the partitioning of the terminals 
into s subsets. 

_ The first postulate concerns the elements of each subcolumn of i. 
Pl. The sum of all the currents entering the terminals of any subset is zero. 


q 
L i,=0. 
k=p (1) 
The n components of i are therefore interdependent, and have only n-s degrees of 
freedom. 


Voltage 


Let a voltage be ascribed to each terminal, with all voltages v; forming an n-rowed 
column matrix y, similarly partitioned into s subcolumns. It is not specified which ter- 
minal is to be used as a voltage reference terminal in each subset, but it is assumed that 
the currents i are determined only by voltage differences between terminals belonging 
to the same subset. This is expressed by the second postulate. 


P2. An arbitrary voltage added to the voltages of all the terminals of any subset has no 
effect on the current into any terminal. 


j ba Vee LY; brat Veep eV.) ae 
i,( V4 Vel % Y41 CPA GP Gee ») 
=i(vp--- Ve VE M Von pt V gr oY gt MY gry Va pp oe Vv) (2) 


for an arbitrary Vo. 
This indefiniteness of the voltages enables a generalised analysis, without recourse 
to specified voltage reference terminals (““ground”’) as in other methods of nodal ana- 


lysis. 


Power 


The currents and voltages, in the general case, are functions of time, and the instan- 
taneous power supplied to the element is 


P= Div =iVv (3) 
KEK 


where i’ is the transpose of i. This expression is unaffected by the indefiniteness of the 
voltages; assume that an arbitrary vo be added to all the voltages of one subset, then 
the new value of instantaneous power will be 

n n qd 
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and this equal to (3), because the added term is zero (postulate P!). 


Admittance 


The elements of the column i have less degreees of freedom than those of v, so that 
it is possible to express the relation between them by 


= Yvy (4) 


where Y is a singular operator. In linear network elements, Y is a square matrix of 
order 1, whose elements are linear operators. The Y matrix has a special structure, 
-which is a result of Pl and P2. : 


Take the expression for any current, 


fs Se eae | (5) 


k Te Lah; 


Summing all the currents into a subset of ah 


A a tate Pe 6) 


but according to Pl, this sum is zero for any v, so that 


q 
2 Le ='0. (7) 
Now suppose that an arbitrary vo is added to all the voltages of any subset, then (5) 
will give. 
p—l ut a 
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Comparing (5) and (8), by postulate P2 


and as vo is arbitrary, 


a eee | (9) 

Equations (7) and (9) describe the structure of Y: let Y be partitioned, both hori- 
zontally and vertically, according to the subsets of terminals, then each one of the re- 
sulting s? submatrices has the property that the sum of the elements in each row and 
each column is zero. 

Evidently, the determinant of Y¥ is zero, and so will be any subdeterminant as long as 
it contains all the rows or all the columns of any subset. Only if at least one row and 
one column are left out of every subset, the determinant may be different from zero. 
The nullity of the admittance matrix is at least s. 

A special case of some interest is when a subset contains only one terminal. (The 
terminal in this case is an “isolated” terminal, because no current can enter into it). 
In this case Y has a row and column of zeroes. Any m-terminal network element may 
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ie be treated as having 1 terminals (nx >m), if its admittance matrix of order m is 
augmented by adding n—m rows and columns of zeroes. 
The admittance matrix, whose structure is described by (7) and (9), that relates the - 


indefinite voltages (P2) to the redundant currents (P1), will be termed the indefinite 
_ admittance matrix of the linear network element. 


4 GEOMETRICAL INTERPRETATION 


The n-rowed column matrices vy and i may be represented in n-dimensional Euclidian 


_ space by points whose coordinates are xj= vj and xx =ix respectively. We shall first 
_ describe the case of a 3-terminal network element, whose terminals belong to a single 
subset. f 
Let x1x2x3 be an Euclidian reference frame. Any point representing current is con- — 
strained by PI to the plane 
| Me ae Xa x3 =O, (10) 
which will be called the current plane. When any terminal is specified as a voltage re- 
_ ference terminal, only two currents and voltages are needed for the analysis. Suppose — 
terminal 3 to be chosen for reference, then the definite representation is in the x1x2 
plane, and the two components of the current that are used in the analysis are repre- 
sented by the projection on this plane of the point in the current plane. 


. The line 
XX, aN (11) 


passes through the origin and is perpendicular to the current plane. Any voltage re- 
presented by a point on this line corresponds to zero current; this line will therefore 
be called the null line. 

_ Take now any point representing a given set of terminal voltages, and through it 
‘draw a straight line parallel to the null line. P2 states that all the voltages represented 
by points on this line correspond to a single current point. If terminal 3 is chosen for 
voltage reference, the definite voltage is the point where this voltage line intersects the 
‘X1X2 plane, for there x3 = 0. 

Instantaneous power, defined by (3), is the inner product of two vectors; the current 
vector from the origin to the current point, and the voltage vector from the origin to 
any point on the voltage line. But this voltage line is perpendicular to the current plane, 

so that any two voltages differ only by a vector normal to any current vector; therefore 
_the inner product is independent of the point on the line chosen for voltage represen- 
tation. 

The indefinite admittance matrix of order 3 establishes a correspondence between 
-any point on the voltage /Jine to a single point on the current plane, so it must be a 
singular matrix. 

_ This description is easily extended to a network element having n terminals in s sub- 
‘sets. In the indefinite analysis, voltages and currents are represented by points in n- 
‘dimensional space; when s terminals, one in each subset, are specified as voltage re- 
ference terminals, the definite current and voltage points are in a subspace of n—s 
dimensions, the reference subspace. 


a 
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PI constrains all the current points to a current subspace of n—s dimensions, which 
is defined by s equations of the type 


: a (), 12 
Xt pMgotaacts * yh Mcgee eae (12) 


The null space of s dimensions, defined by s systems of equations of the type 


x x (13) 


q—1 q 


x ene 
X, p+1 


is the orthogonal complement of the current subspace. An indefinite voltage is repre- 
sented by an s-dimensional space “‘parallel” to the null space, and therefore orthogonal 
to any vector in the current subspace, which accounts for the unambiguous expression 
for power. 

In the definite representation, the currents that are used in the analysis are repre- 
sented by the projection of the indefinite current point onto the reference subspace; 
the definite voltage is the intersection of the s-dimensional voltage space with the 
(n—s)-dimensional reference subspace. . 

An indefinite admittance matrix establishes a correspondence between any point in 
an s-dimensional voltage space to a single current point in the current subspace, there- 
fore its nullity is at least s. In effect, the current subspace (12) is the row space and. 
column space of any indefinite admittance matrix, i.e., the space spanned by the vectors 
that form the rows and columns of the matrix, as is evident from (7) and (9); the null 

space of any such matrix is given by (13). 


CONCLUSION 


There are two fundamental problems that underlie any method of network analysis: 
first, how each network element is to be represented, and second, how to represent the 
interconnections of the elements that form the network. In networks composed of two- 
terminal branches only, the element representation is based on the two postulates men- 
tioned in the Introduction, and the interconnection of elements in a network is sub- 
jected to Kirchhoff’s Laws. 

The representation of multi-terminal network elements has been treated in this paper. 
The interconnection of such elements into a network cannot be based on Kirchhoff’s 
laws as stated for networks of branches. The need for revision is especially obvious in 
the Mesh Law, for meshes can be defined only in a network with two-terminal elements. 
The representation of interconnections, and the postulates on which it is based, are 
outside the scope of this paper. 

The indefinite admittance representation of network elements was applied by the — 
author in a number of articles that appeared in the literature!.2.3.4. These articles treat 
some 3-terminal network elements (vacuum-tubes, transistors and gyrators), as well as 
multi-terminal transducers (elements with 2n- terminals in two subgroups of 7 terminals). — 
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THE APPLICATION OF THE DEBYE CHARGING PROCESS TO POLYIONS 


H. J. G. HAYMAN 
Department of Physical Chemistry, The Hebrew University of Jerusalem 


In a recent paper! we defined the polyionic work of a polyion as the electrical work 
required to build up the polyion from the corresponding single ions. Using the Debye 
limiting law and a Guntelberg charging process we obtained a general expression for 
the polyionic work of a rigid polyion in a salt solution of given concentration. The 
object of the present paper is to show how this same expression can be deduced using 
a Debye charging process. 

_ Consider two electrically neutral systems, the first consisting of a single rigid polyion 
carrying v charges of magnitude « present in an aqueous solution of volume V together 
with a very large number AN of single ions carrying charges + <, and the second con- 
sisting of an aqueous solution having the same volume V but containing (NV + v) single 
ions carrying charges +e. The polyionic work will be equal to the difference in the 
electrical work required to charge the two systems by a Debye charging process. When 
evaluating the electrical work, we shall not include that part corresponding to the self 
potential of the charges, since this will be the same for both systems. 


_ In the case of the first system, when the degree of charging is %, it follows from the 
Debye limiting law that the potential on the Ith charge of the polyion, due to all the 
other polyion charges and to the ionic atmosphere, will be 


Ne 4223 
AE — Axhy 2 ex 


YY e 
j41 Diy D 


where /,; is the distance between the Ith and Jth polyion charges and ~ is the usual 
Debye parameter. 

The corresponding part of the electrical work required to charge all the v charges 
of the polyion will therefore be 


1Ac2 —d)xhy ve2x% 
>) f e dr— : (1) 
1JAl% Dhy 3D 


According to the Debye-Hiickel theory, a volume element dz, having a potential 
% due to the charges on the polyion and its ionic atmosphere, will contain 
(N/2V) (1 # x ¥/kT) dz single ions having charges + < respectively, the potentials 
on these ions due to the polyion charges and the ionic atmosphere being (Y + 2«x/D) 
respectively. The corresponding part of the electrical work required to charge the N 
single ions present will therefore be 
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~— vein) ff nu2d 7 dd — Ne2x/3D. (2) 


If the distance of the volume element d« from the Ith polyion charge is denoted 


by /;, then the potential » will be given by 


i gi AE — xl, 
| Brea 
so that expression (2) takes the form oy 
1 
Ne rf DP ye Bicce pu F An +1) Ne2x 
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Now the Debye parameter ~ is defined by «2 = 4 x22c/DkT, where c is the con- | 


centration of the (monovalent) ions actually forming the ionic atmosphere. In general - 
it will be both convenient and sufficiently accurate to put c = N/V, but, owing to its 


_ large magnitude, the last term in expression (3) must be evaluated more accurately. 


Since this term corresponds to the potential due to the ionic atmosphere of a single 
ion formed by the remaining (N—1) single ions, the appropriate value for c will be 
(N-1)/V. The first set of integrals occurring in the above expression can be evaluated, 
using a volume element d= having the form of a spherical shell with I as centre, while 
the second set can be evaluated using confocal elliptic coordinates, I and J being taken 
as the foci; furthermore, V is large enough to be taken as infinite in the evaluation of 
these integrals. 

On carrying out the calculations and combining the result with (1) we see that the 
relevant part of the electrical work required to charge the first system is 


ve2y% e2 1 — Axl — YI Ne2 4 xe2(N—1) 1/2 
OE Bey. 9) Wy ch ef Pe iW ant } 
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In the limit, as NV >, this, becomes 
e2 i — xy e2 4 we2Ny\ 112 
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According to the usual Debye charging process, the corresponding part of the 
electrical work required to charge the second system will be —(N+-v) ¢2x’/3D where 
x’, the Debye parameter for the second system, is given by «’2 = 4 <<2(N + v—1)/ DkTV. 
i the limit, as N-> oo, this electrical work will i 

e2 4 xe2N 


(2N—-143»). 


6D \DkTIV “QN+3-1), 
The polyionic work will therefore be equal to 
62 1 —xl 
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a result obtained previously by means of a Giintelberg charging process. 
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ON ELECTRICAL CONDUCTIVITY IN DETONATION AND SHOCK WAVES, 
AND THE MEASUREMENT OF DETONATION AND SHOCK VELOCITIES 


M. Birk, A. EREZ, Y. MANHEIMER, G. NAHMANI 
Scientific Department, Ministry of Defence 


INTRODUCTION 


Among the physical properties which characterize explosions, such as pressure, tem- 
perature and velocities of detonation and of shock waves, velocity is the only quantity 
that can be measured with comparative ease. The measurement of velocities is therefore 
used extensively in the study of explosions both from the practical and the theoretical 
points of view. 

The methods of measuring detonation velocities may be divided into photographic 
and electronic. The photographic methods! are in turn subdivided into several groups, 
such as streak photography and high speed motion photography. In the latter rates 
of some millions frames per second are attainable. Photographic methods naturally 
show only the light visible on the outside of the explosive. This light is often produced 
by shock waves in the air outside the charge; thus care must be exercised in the inter- 
pretation of the results. 

In electronic methods the time by which the shock wave moves a certain distance is 
measured on an oscillograph or with an electronic chronograph, and the velocity is 
thereby calculated. The oscillograph has the advantage over the chronograph in its 
ability to measure several consecutive time intervals, while the latter can measure only 
» one time interval at a time. The time resolution obtainable with commercial chrono- 
graphs is of the order of 10-7 seconds. With oscillographs time resolution of 10-8 sec or 
better? is obtainable, but it is not usually necessary because of the limited accuracy with 
which the distances are measured. Electronic methods, in contrast with photographic 
methods, may be used for the measurement of velocities in cased charges or inside the 
charge. 

In electronic methods the arrival of the detonation front at particular points is sig- 
nalled to the measuring instrument by sensing probes which are fitted in or on the 
charge. The probes are destroyed by the explosion, of course, and it is therefore de- 
sirable that they should be cheap. A good probe should sense the arrival of the detonating 
front with little or no delay and be physically small so as to interfere as little as possible 
with the detonation. A single thin wire may serve as a probe; the explosion on reaching 
the wire cuts it and breaks any current it may carry. A faster probe is obtained by two 
parallel wires spaced slightly apart which start conducting when swept by the ionized 
gases3.4. Measurements of shock wave velocity in air close to the charge may also make 
use of conduction caused by ionization’ although other methods are available too, 
such as the use of corona probes which detect variations in pressure’, or the use of 
microwaves for the determination of the ionized front velocity by the Doppler effect 
of the reflected waves’. 
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Although the understanding of the mechanism of electrical conductivity in detonations 
and shock waves is of interest both theoretically and practically, for example in ve- 
locity measurements, only little is known on the subject’. This is probably the result 
of complications due to the transient nature of the phenomena and the experimental 
difficulties. 

In this paper the electrical conductivity between two electrodes, on the explosive or 
in the air close to it, is investigated with a view to obtaining data pertaining to the design 
of probes. Subsequently a system was developed for recording short time intervals. 
Some measurements of detonation and shock wave velocities are described to illustrate 
the high accuracy which can be obtained by the system. 


THEORETICAL 


In investigating the mechanism of electrical conductivity in gases ionized by explosions, 
we start with general principles and later, by checking the results, decide which factors 
are important and which assumptions are justifiable. 

The current flowing between two electrodes in an ionized medium is equal to the 
scalar product of the current density (j) and the cross sectional area (s). 


L548 (1) 


In our experiments the current varied, when measured on the charge, between 1—100 
amperes, depending on the electrodes, on the voltage and on the type of explosive. In 
air the current was smaller and greatly affected by the strength of the shock wave. 
Difficulties are encountered as soon as we come to define the conducting cross sectional 
area. Near the electrodes it may be taken approximately as of the same order of magni- 
tude as the area of the electrodes. In most of our experiments this was round 5—10 mm2 
(wire 0.6 mm dia., effective length 6—8 mm on the explosive or 10—20 mm in the air). 
Away from the electrodes the area is of course larger and may be taken at a rough guess 
as lying between 0.1—1 cm2. 

The current density vector, j, is given in its general form by 


=> NsesCs (2) 


where ns is the number of charge carriers of type s per unit volume, es their charge, 
c; their average velocity. 

Of these factors es may be taken as equal to the charge of the electron, since at the 
temperatures involved the probability of double ionization is quite small. The number 
of charge carriers, 1s, depends on the state of the gas. If a state of equilibrium is as- 
sumed, with equipartition of energy for the various particles such as ions, molecules 
and electrons, then the number of charge carriers may be calculated by Saha’s theory’. 

From Saha’s theory we get: 

—Uj|kT 


a2[(1—a2) = [(kT)$/2/p]_ (Qnm/h2) 3/2 e (3) 


where «; is the ratio of ionized particles to the total number of particles, k is the Boltz- 
mann constant, 7 is the absolute temperature, p is the pressure, m is the mass of the elec- 
tron, / is Planck’s constant and U; is the ionization energy. The values of p and T can 
be calculated from the measured velocities of detonation and of shock waves (see 
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-Taylor!® and Travers!1). When the number of charge carriers per cm} was calculated | 


by this formula for a cylindrical charge of PETN weighing 28 grams for which velo- 
cities data were available, a figure round 1016 was found for the detonation zone, 1015 
- immediately behind the shock front next to the charge, 1013 at a distance of some 8 cm 
from the charge, and 1011 at 15 cm from the charge. Assuming on the other hand that 


there is no equilibrium, as is asserted by Saenger and others!2,13.14, the number of charge — 


carriers will be larger. According to Saenger’s theory the energy from the detonation 
or from the shock wave is at first transferred to the undisturbed gas as a uniform trans- 
lational energy. Within the first ten molecular collisions a Maxwellian velocity distri- 
bution is established with an average velocity equal to the translational velocity. Those 
molecules with a kinetic energy equal to or higher than their ionization energy become 
ionized; their number is given by the expression: 


tat —3 62] 2 c4 — Se ace 
n[n=v6fa(eleje | ila Sf e” dx (4) 
a/ 3/2 (c,/¢) 


where n; is the number of ions per cm3, n is the number of molecules per cm3, c¢; is the 
average velocity corresponding to the energy of ionization and c; is the average trans- 
lational velocity. Equilibrium with other energy modes (rotation, vibration, dissoci- 
ation, electronic excitation and ionization) is gradually reached later. The time taken 
to reach full equilibrium corresponds to about 109 collisions!5 and is therefore of the 
order of 10-2 sec to 10-5 sec according to the pressure and temperature. The number 
of charge carriers in the detonation zone, calculated according to this theory, was of 
the order of 102° per cm3. In the air the number was 1017 next to the charge, 1015 at a 
distance of some 8 cm from the charge and 10!! at 15 cm from the charge. 


The most difficult quantity to estimate in formula (2) is the factor ¢;, which is the 
average velocity of the charge carriers. This velocity depends on the mass velocity of 
the gas, the field strength, the mass of the particles, and the gradients of pressure, tem- 
perature and concentration. This velocity may be separated into two components!®, 
the mean mass velocity of the gas eo and the mean velocity of the charge carriers rela- 
tive to the gas, Cs. At this stage some simplifying assumptions are made; we neglect 
the effects of the gradients of pressure, temperature and concentration. We may now 


say that the velocity C; is equal to the product of the mobility of the charge carriers Ks — 


and the field strength E. 
GC == Ks E (5) 
In our experiments the mobility of the electrons was much higher than that of the 
ions, so that the contribution of the ions to the current can be neglected, in comparison 


with that of the electrons. If in addition we neglect the effect of the mass flow, relation 
(2) for the current density is simplified and may be written as: 


j= neeKeK (6) 


where K-.is the mobility of the electrons, ne the number of electrons per cm3 and e the elec- 
tron charge. The mobility of the electrons is given by!7: 


Ke = 0.921 nelym [Ar + [k2T2 +-( 02M X2e2/1.33 m)}!?] "2 (7) 
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_ where m is the mass of the electron, a is the mean free path of the electron, e is the 

,. charge of the electron, k is Boltzmann’s constant, T is the absolute temperature, M is 

f the mass of the gas molecule and X is the field strength. When calculated by this formula, 

_ the mobility of the electron in the detonation zone is of the order of 10-1 cm/sec. In 

_ air it increases from 102 to 103 cm/sec per V/cm when the distance from the charge is 
increased from 3 to 15 cm. 

The number of charge carriers required to produce currents similar to those observed 
by us experimentally may now be estimated as follows. The conducting cross sectional 
area was estimated earlier as 0.1—1.0 cm?. The field strength is obtained by dividing 
the voltage drop on the electrodes by the distance between them (neglecting the dis- 

_ tortion of the field caused by space charge). The mobility of the electrons is calculated 
by formula (7). The resulting figures, which can be taken only as a rough estimate, are 
_ of the order of 102° electrons per cm} in the detonation zone of PETN, 1017 at a distance 
of 3 cm from the charge, 1015 at 8 cm and 10!4 at 15 cm from the charge. The figure 
obtained for the explosive agrees both with the assumption of inequilibrium and with 
_ results obtained by Saenger!8. The figures for the air agree with the above theory except 
for the last figure which is of a higher value. 
It may thus be concluded that the gas in the detonation zone and in the shock wave 
close to the charge is not in a state of thermal equilibrium. 


EXPERIMENTAL 


The experimental arrangement for measuring conductivity between two electrodes on 
an explosive charge is shown schematically in Figure 1. 


Figure 1 
Schematic arrangement for measuring 
conduction between electrodes on the 
Vbrimacord charge 


Electrodes 


i ; a a = 
R, charge. 
i = O1MQ 
(2 


Fr One electrode is connected directly to one deflection plate of the oscillograph (Dumont 
type 279, dual-beam) by a shielded cable, which is terminated with its characteristic 
impedance (42). The other electrode is connected through a large capacitor (50 micro- 
farads) to the shield of the cable, which is connected to the other deflection plate 

and grounded. The capacitor is charged to some voltage, £, through a high resistance, 
R;. When conduction starts the capacitor discharges through the electrodes and the 
termination resistance, but its voltage hardly drops during the short period of 
conduction. When stronger currents through the electrodes are desired, a low resis- 
tance, R2, (10 2) may be added to the field end of the cable. 

The detonation of the charge was initiated by primacord which also served to pro- 
vide a synchronizing signal to the oscillograph. The synchronizing signal was obtained 
from a probe which consisted of two copper wires threaded through the primacord 
at the right distance ahead of the charge, corresponding to the desired time advance. 

Single sweep oscillograms were recorded showing the current fluctuations during 
the explosion, one beam serving as a time marker with a frequency of 1 MC. A typical 


' 


402 BULLETIN OF THE RESEARCH COUNCIL OF ISRAEL 


oscillogram is shown in Figure 2. The electrodes, which were copper wires 6 cm long, 
were laid along a rod of Pentolite in the direction of the advancing detonation front. 


The current is seen to rise to some constant value in about one microsecond, to stay — 


there for about eight microseconds and to fall back to zero in another two microseconds. 
The time during which the current remains constant agrees well with the time taken 
by the detonation front to traverse the electrodes. Experiments which will be described 
later show that an increase in the area of the electrodes causes the current to increase. 
It must therefore be concluded that in the present case the conducting area, and hence 
the conducting length, remains constant while the electrodes are swept by the deto- 
nation front. The current rise-time represents the stage when this area is still increas- 
ing. The increase in area and length continues for one microsecond, which corres- 
ponds to a movement of 7 mm by the detonation front. The fact that the current does 
not continue to rise after this initial rise-time means that conduction takes place only 
in a zone about 7 mm deep. Possible explanations are that the electrodes inside the 
detonation zone remain intact only for about one microsecond before they disintegrate, 
or that there is a zone of a much higher conductivity, which is about 7 mm deep, im- 
mediately behind the detonation front. 


Results from a number of similar oscillograms, but with different voltages across 
the electrodes, are given in Table I. The voltages on the electrodes were calculated 
from the recorded current and the known battery voltages, taking into account the 
distributed resistance of the cable (2 Q). 


g te TABLE I 
iN} ap, | 
SS rh nt a 
Pes Variation of current with voltage. 
0.6 mm dia. copper wire electrodes along the sides 
of a 20 mm dia. rod of Pentolite 50/50 
10\. 
Voltage on electrodes Current. Ratio of voltage 
(volts) (amperes) to current 
Due 
“ 10.6 2.4 4.4 
Voltage across electrodes ; 
+ wins 43.9 . 6.9 6.4 
Figure 62.3 10.3 6.0 
Variation of current with voltage across elec- 80.5 14.7 5.5 
trodes on the charge. Copper wire electrodes 0.6 102.3 18.1 5.6 


mm diameter, 20-mm apart on Pentolite 50/50 


a OT 
fo weer 


The variation of current with voltage is given graphically in Figure 3 and is seen to be 
practically linear, the ratio of voltage to current being 5.5 within 20 per cent. 

This seems to indicate that formula (6) holds in the range investigated. The ratio 
of voltage to current may conveniently be regarded as “‘ionization resistance”. The 
conduction during the explosion may thus be visualized as the closing of a switch in 
the circuit with an appropriate resistance connected across the electrodes (Figure 4). 


rene In the previous case this resistance was 


o——WWwv 2 : 
x Schematic representation of arrival about 5.5 ohms. When thin electrodes 
ik of detonation at the electrodes | are chosen and are. carefully arranged 
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Figure 2; Conduction between electrodes on detonating explosive. Copper wire electrodes 0.6 mm 
diameter. ;}60 mm long, along a Pentolite 50/50 rod 20 mm diameter. Time marking 1 MC. 
Battery voltage 100 V. — Figure 5; Connection in parallel. Conduction of two pairs of copper 
wire electrodes. 0.6 mm diameter, connected in parallel and placed along two similar Pentolite 
50/50 rods, 20 mm diameter, which were detonated one after the other with a delay of 2—3 micro- 
seconds .Time marking 1 MC. Battery voltage 200 V. — Figure 6; Effect of area. Conduction 
between electrodes of varying area, along a Pentolite 50/50 rod 20 mm diameter. First half of 
the electrodes was copper wire 0.18 mm diameter, the second half was copper foil 11 mm wide. 
Time marking 1 MC. Battery voltage 100 V. — Figure 7; Electrodes parallel to detonation 
front. Copper wire electrodes 1.5 mm diameter, 20 mm long, 16 mm apart, inside a charge of 
PETN. Time marking 1 MC. Battery voltage 100 V. — Figure 8; Conduction in a shock wave 
in air. Copper wire electrodes 0.6 mm diameter, 16 mm long, 5'mm apart, placed parallel to 
the shock front, at a distance of 150 mm from a 30 grams charge of PETN. Time marking | MC. 
} Battery voltage 250 V. 


parallel to the detonation front, it is possible to reduce the current rise-time to a small 
fraction of a microsecond. Thus the picture of closing a switch is not far wrong. 

It was interesting to see whether the ionization resistance behaved like an ordinary — 
resistance and obeyed the rules of addition in series or parallel. To check this, elect- 
rodes on two similar charges were connected in parallel, and the charges were fired — 
one after the other within a few microseconds. Figure 5 shows the oscillogram which 
was obtained in one of the experiments. The shoulders seen on the oscillogram were 
caused by current flowing separately through each of the probes (14.6 amp). The central © 
portion is the result of the combined current (19.3 amp). The corresponding ionization — 
resistances are 5.4 ohms separately and 2.2 ohms in parallel. Another experiment gave — 
the figures 4.5 and 2.3 ohms respectively. It may thus be seen that the ionization 
resistance behaves roughly like an ordinary resistance. 

The value of the ionization resistance is affected, as might be expected, by the area 
of the electrodes as well as by the distance between them. 

The effect of a change in area is strikingly demonstrated in Figure 6, which shows 
the change in current accompanying an increase in width of the electrodes halfway 
down the charge. However, the change in ionization resistance, from 7.3 to 2.2 ohms, 
was not proportional to the increase in area. 

Changes in distance between the electrodes also affected the resistance. For example, 
a reduction in distance from 20 to 2 millimetres, in 0.6 diameter copper electrodes 
along a Pentolite rod, caused the ionization resistance to drop from 5.1 ohms to 1.2 
ohms. 

_ The observed effects of area and distance on conductivity do not confirm the simple 
picture presented by formulas (1) and (6), mentioned earlier. It is therefore concluded 
that the non-homogeneous electric field and the variable conducting area in the ionized 
medium must play an important part. 

The ionization resistance is also dependent on the type of explosive. Thus, values 
measured on charges of PETN were some 3—4 times larger than those found on Pentolite. 

Figure 7 shows an oscillogram of a charge with electrodes parallel to the detonation 
front. There is a rapid current rise followed by a gradual decay. The rise-time is probably 
equal to the time in which the detonation front sweeps the electrodes. 

When the electrodes are placed near the charge instead of on it, the ionization re- 
sulting from the passage of the shock wave in air causes a current to flow between the 
electrodes. Figure 8 shows such an oscillogram when the electrodes are parallel to the 
shock front. The general features are similar to those seen in Figure 7, but the times 
are longer. The rise-time is 2.8 microseconds, which corresponds to a distance of 7 mm 
travelled by the shock front. Apparently this is the width of the area in which the ma- 
ximum conduction takes place in this case. Other experimental results supported the 
idea that the rise-time is equal to the time in which the electrodes and some region round 
them are swept by the shock wave. The total time of conduction, in this case about 
14 microseconds, corresponds to the time in which the electrodes are surrounded by 
ionized gases. 

Results from a number of similar trials but with 1.5 mm between the electrodes and 
different voltages across them are given in Table II. 

The dependence of current on voltage is shown graphically in Figure 9. It is seen 
that the voltage to current ratio changes only by a factor of about two over the range 
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TABLE II 


ty Amp 
Current 


Variation of current with voltage across electrodes 
in air 


Voltage Current Ratio of voltage 
(volts) (amperes) to current 


Voltage across electrodes 


50 100 150 folts 12 0.4 30 

Figure 9 | 56 1.0 56 

Variation of current with voltage across 87 1.6 54 
electrodes in air. Copper wire electrodes 

0.6 mm diameter, 16 mm long, 1.5 mm 155 2.2 70 


apart, at a distance of 150 mm from a 30 
grams charge of PETN 


of voltages tried; it therefore seems justifiable to retain the term “‘ionization resistance” 
in describing conduction in shock waves. 


Results obtained with different distances between charge and probe are given in 
Table III. 


TABLE III 
The effect of distance from the charge on conduction. Elec- 
trodes 0.6 mm dia., 16 mm long and 5 mm apart at various © 
distances from a charge of PETN weighing 30 grams. Bat- 


Chins 
Resistance 


tery voltage 250 volts 0 
Distance from Voltageon Current Ionization Current hi 
centre of electrodes resistance  rise-time 
charge . : tHe from charge 
(mm) (volts) (amperes) (ohms) (microseconds) o tes ce BATE a 
Figure 10 
ie fies = ay ne Variation of “ionization resistance” with 
163 191 13 144 28 distance from charge. Copper wire elect- 
M6 - 246 0.09 2700 ait rodes 0.6 mm diameter, 16 mm long, 1.5 
: mm apart 


When the distance is increased, both current rise-time and ionization resistance increase, 
the latter increasing roughly exponentially with distance (see Figure 10). When the 
distance was kept constant the ionization resistance was. found to decrease when the 
weight of the charge was increased. The addition of a reflector immediately behind the 
electrodes, which increases the peak pressure and temperature in the reflected wave, 
also caused a drop in the observed resistance. It thus seems clear that the ionization 
resistance is a function of the peak pressure and temperature in the shock wave. 


When the electrodes are in the air, changes in their area or the distance between them 


- have a similar effect on ionization resistance as when they are placed on the explosive. 


Thus, for example, the trebling of area, by taking three wires in parallel for each elec- 
trode instead of one, caused the resistance to drop from 365 ohms to 177 ohms. Some 
results from experiments with different distances between the electrodes are given in 
Table IV. 
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TABLE IV 


Variation of conduction with distance between the electrodes. 0.6 dia. copper hoe odes, 16 mm long at a 
distance of 150 mm from a charge of 30 gm PETN. Battery voltage 250 volts 
+ 


Distance between Voltage on Current Ionization © Current 
electrodes electrodes resistance rise-time 
(mm) (volts) (amperes) (ohms) (microseconds) 
10 223 0.61 366 332 
5 191 1.33 : 145 2.8 
is) 145 DPN IS) 72 22, 


The results of the investigation of conduction in probes are summarized below. 


1. The ratio of voltage to current between two electrodes in the detonation zone is 
practically independent of the voltage in the range investigated, and may conveniently 


be regarded as ‘“‘ionization resistance’. This resistance becomes smaller when the area ~ 


of the electrodes is increased or the distance between the electrodes is decreased. It is 
also dependent on the type of explosive used. 


2. In air the picture is generally similar to that on the explosive except that the — 


resistance is no longer independent of the voltage but increases slowly with it. The 
‘resistance is strongly affected by the peak pressure and temperature in the shock wave 
and it increases roughly exponentially with the distance from the charge. 

3. The current rise-time depends on the speed with which the electrodes are swept 
by the advancing front. This time interval may be cut down by reducing the size of the 
electrodes and spacing them closer together, by arranging them parallel to the shock 
front, and if possible by making the front move faster. 


THE MEASUREMENT OF DETONATION AND SHOCK VELOCITIES 


The velocity of a detonation front in an explosive or of a strong shock wave in air may 
be measured by placing probes along the route of the wave at the desired intervals and 
recording the resulting signals on a suitable oscillograph; the signals are formed in each 
probe in turn on the arrival of the ionized wave. The method of recording adopted 
by us consisted of generating a single sweep spiral time base on the oscillograph and 
marking the arrival of the probe signals on it by blanking the beam for a short time 
(1/4 microsecond). The use of circular or spiral time bases for the accurate measure- 
ment of time intervals is well known!9,2. A circular time base with a period of 10 micro- 
seconds may have an accuracy of 10-8sec20. Spiral time bases are advantageous when 
relatively long time intervals are to be recorded with high accuracy. The spiral generated 
in our equipment had some ten to fifteen periods of 10 microseconds each, thus a total 
time interval of over 100 microseconds could be recorded with an accuracy approaching 
10-8 seconds. 

The spiral time base was generated by giving the X and Y inputs of the oscillograph 
two sinusoidal voltages at a frequency of 100 KC, which were 90 degrees out of phase 
and were gradually decreasing in amplitude. Figure 12 is an oscillogram of the spiral 
time base, as is Figure 11, but with 16 blanking pulses per revolution. The blanking 
pulses were generated by a 1.6 MC crystal oscillator and were used for calibration. The 
time base is triggered by a signal from a probe on the primacord which sets off the 
charge. The distance of this probe from the charge is chosen according to the time ad- 
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Figure 11 Figure 12 
Oscillogram of a spiral time base Oscillogram of a spiral time base, with 1.6 MC 
blanking pulses for calibration 


vance required. The amplified signal from the probe fires a thyratron which in turn 
trips a monostable multivibrator and causes the spiral sweep to appear on the screen. 
The arrangement for mea- 
suring detonation velocity in 
detonator = ang solid charges is shown schema- 
een Ar tically in Figure 13. Two cables 
are required, one for the syn- 
chronizing signal and the other 
for the blanking signals. Each 
Yee sa SR eee 2 probe on the explosive is con- 
nected to a small capacitor 
(100 uu F) which is charged 
through a_ high resistance 
(200 KQ) to about 60 volts. 
When the detonation sweeps 
the electrodes the capacitor discharges through the ionization resistance and the 
termination resistance in a fraction of a microsecond and the cable is left free to 
transmit the next signal. 

The measurement of velocities of shock waves in air may be carried out in an identical 
manner. Steps must be taken, however, to amplify and sharpen the signals. The addition 
of reflectors behind the electrodes is of some help, as is the addition of a sharpener 
at the oscillograph end. A more radical improvement is obtained, however, by placing 
a small quantity of a sensitive explosive, such as lead azide, between the electrodes of the 
probe. When the shock wave is strong enough, this explosive detonates instantaneously 
on the arrival of the shock front2! and the signal from the probe is similar to that ob- 
tained on the charges. This method worked well up to distances of some 30 cm from a 


Figure 13 
Schematic arrangement for measuring detonation velocity 
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Figure 14 
/ Electronic circuit diagram of spiral time base generator, synchronizer and sharpener 
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_ 28 gram charge of PETN corresponding to a peak pressure in the shock wave of some 
_ 20 atmospheres. 

The electronic circuit diagram is given in Figure 14. A regulated voltage of +300 
volts and an unregulated voltage of +400 volts are provided by a power supply (V1, 
V2, V3). The output from a 100 KC crystal controlled oscillator (V4) is fed into a modu- 
lator (Vs) and thence into a phase shifting circuit (Vs, V7) where two sinusoidal voltages 
are obtained with a phase difference of 90 degrees. These voltages are applied to the 
X and Y inputs of the oscillograph to form a circle. A spiral is obtained when the ampli- 
tude of these voltages is made to fall off linearly by changing the cathode voltage of the 
modulator (Vs) with the aid of a multivibrator (Vi2, Vi3, Vis). When a negative signal 
is given to the grid of V13 a positive square wave is obtained in the anode of V;3 and a 
negative square wave in the anode of V14. The negative square wave is used for beam 
brightening. The positive square wave charges the cathode capacitor of Vs and modu- 
lates the amplitude of the signal from the oscillator, thus causing the spiral to be formed. 
An RC network in the cathodes of Vi4 and Vs is used for obtaining a uniform spacing 
in the spiral; the spacing may be altered with potentiometer Py. The ellipticity of the 

spiral is controlled by potentiometer P2 and by the X¥ and Y amplifiers of the oscillo- 

graph. The number of turns (duration) may be varied by potentiometer P3. In operation, 
the synchronizing signal from outside, amplified by a two stage amplifier (Vs, Vo), 
fires a thyratron (Vio). The thyratron in turn triggers the multivibrator and the spiral 
is caused to appear on the screen. The triggering may also be done by closing a switch 
(S). The signals from the sensing probes are first sharpened by an amplifier (Vis) and 
are then fed via a cathode follower (V16) to the Z input of the oscillograph. 


APPLICATIONS 


A few examples are given here which illustrate the use of our method in the measure- 
ment of detonation and shock wave velocities. 


The detonation velocity of primacord was measured with 23 probes spaced 2 cm apart 
along the cord. Each probe was made of two copper wires, 0.18 mm diameter, threaded 
through a needle hole at right angles to the primacord and pulled apart to prevent 
contact between them. The oscillogram which was obtained is shown in Figure 15 and 
the times measured from it in Table V. 


TABLE V 


Detonation of primacord. 
Time of arrival of detonation at various probes along the primacord 


Distance (mm): 20.5 40.2 60.1 100.2 120.2 140.0 160.2 
Time (microsec.): 3.25 6.32 9.47 15.78 18.80 222 25.29 
Distance (mm): 180.0 200.0 220.0 239.9 260.0 280.0 299.9 
Time (microsec.): 28.30 31.47 34.63 37.70 40.92 44.16 47.19 
Distance (mm): 320.0 340.0 360.0 380.0 400.0 420.6 440.2 
Time (microsec.): 50.29 53.60 56.67 59.80 63.13 66.28 69.34 
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Figure 15 


Oscillogram for determining 
detonation velocity in primacord 


As was expected a constant velocity was found (Figure 16); the value of this velocity 
is 6350 +10 m/sec. When velocities are calculated between neighbouring probes the re- 
sults deviate from the average by not more than 3%. This deviation is equal to the ex- 


perimental error introduced in measuring the distances (0.3 mm) and the times 


( £0.05 microseconds). 

The detonation velocity in a Pentolite rod, 2 cm diameter and 14 cm long, was mea- 
sured in a similar way. The probes, 0.18 mm diameter copper wires, were fixed on a 
thin cardboard base at 1 cm intervals and were placed in contact with the charge. A 
uniform velocity of 7410 +40 m/sec was obtained (Figure 17). 

The velocity of a shock wave produced by a cylindrical charge of 30 grams PETN 
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Figure 16 Figure 17 
Propagation of detonation in primacord, . Propagation of detonation in Pentolite 


measured from Figure 15 50/50 rod 20 mm diameter 
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Figure 18 


Experimental arrangement for measuring shock 
wave velocity in air 


| 
Figure 19 


Schematic arrangement of electrodes 
round charge ' 


018 Ha. copper wire , 


Lead Azide 


Figure 20 


Details of probe for sensing 


t shock waves 


~ 


Figure 21 


Oscillogram for determining 

shock wave velocity in air. The 

shock wave was produced by 

a 30 grams cylindrical charge 
of PETN 
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Figure 22 Figure 23 


Propagation in air of a shock wave produced by — Variation of shock wave velocity in air with dis- 
30 grams cylindrical charge of PETN, measured tance froma 30 grams cylindrical charge of PETN, 
from Figure 21 calculated from Figure 22 


was measured on the plane of axial symmetry with the aid of 19 probes. The arrange- 
ment of the probes round the charge is shown in Figure 18. The probes are arranged 
radially round the charge at distances increasing by steps of 1.5 cm. This particular 
arrangement, which is seen more clearly in Figure 19, was chosen to ensure that the di- 
rect shock wave would reach each probe without interference. This arrangement would 
also show up any lack of symmetry in the propagation of the shock front, for in that 
case the experimental results when plotted graphically would fall alternately on two 
curves instead of one. Details of the probes are shown in Figure 20; it shows two wire 
electrodes surrounded by lead azide at the end of a fibre rod. Figure 21 shows the 
oscillogram which was obtained and Figure 22 gives graphically the times that were 
measured from it. The points on the graph do not alternate about the curve, which 


shows that the shock front propagated with a radial symmetry. The velocity of the - 


shock wave can be obtained from the slope of this curve (Figure 23), and the peak 
pressure in the shock wave may be calculated from this information. 
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SOME THERMODYNAMIC PROPERTIES OF FREON-22 


R. LANDSBERG and S. SEIBALD 
Technion, Israel Institute of Technology, Haifa 


The thermodynamic properties of the various Freon compounds have been expressed 
by the Beattie-Bridgman equation, which, however, does not permit an explicit sol- 
ution for the specific volume y. The engineer will usually look for a formula representing 
the volume as function of pressure and temperature, and instruction in thermodynamics 
will have to dwell on the difference between the ideal and real volumes. The clearest 
expression of this difference seems to be the form of equation which was used first by 
Eichelberg for steam! and subsequently applied to ammonia? as well as again to steam 
in Mollier’s and later tables}. All these equations include a series of members with 
pressure functions as numerator and temperature functions as denominator, derived 
from an expression for the specific heat cp, substantially similar to eq. (1a) below. 

It seemed interesting to develop such formulae for the Freon-compounds, and 
Freon-12 was dealt with first. While computations were in progress, information about 
the preparation of new tables+ was received; work on Freon-12 was suspended, and 
the results published here refer to Freon-22 (Monochlorodifluoromethane CHCIF2). 

On the basis of the well-known tabless the specific heat at constant pressure cp 
was determined as difference of the enthalpy values and expressed by 
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Specific heats of Freon-22 at constant pres- ty 


Q 
sure (cp) and constant volume (cy) Oth 


Oe 


010 


Received January 14, 1954, "40 | 32 wi CT 392 F 


€ ase 
/ 


BULLETIN OF THE RESEARCH COUNCIL OF ISRAEL 


Vir 
Figure 2 Teal [ 
Exponents x7. and xs of isothermal and isentropic F 7 
changes of state, for Freon-22. . ; 1 : es : 
10 0 y 
3 2) 
08 iNg Be ais G 
a a + he 
06 Natl i : 
| t-40 | 50. | 100 200 | °c 
— al 


HEMET DEC aaa piel 392 | 


(For numerical values of the constants, see table below). The trend of the cp isobars, — 
Figure 1, corresponds to the curves known for steam and ammonia but originally (in ~ 
1896) determined theoretically by Linde® for air. The equation reproduces the table | 
values with a maximum error of about + 1.5 percent near saturation; at high tempe- — 
rature (300°F), the error increases slightly. It may be noted that the current tables for — 
Freon-12 do not result in the typical decrease of cp with slight superheat, but curves — 
. showing the expected trend have already been published’. 3 
With the aid of the Clausius equation 


0Cp wy ov 
(Se) --7 GR) 2) 
if P. 
the equation of state for v can be obtained by differentiation and integration: 


RT P Po.4 E; F 
=—-|Ci + D, ae } 
wae ie (T/100) (T/100)4 aie G ¢) oe 


The auxiliary function (F/P +G) which enters during the integration, was determined 
4) in such a manner that the published values of the dry saturated vapour volume were 
. rendered correctly. The error remains far below 1 percent. 

On the basis of these equations, it was possible to determine also the exponent. 
xs of isentropic changes of state where Py*s = const. The usual assumption that this 
exponent equals the ratio of the specific heats cp/cy, holds true for ideal gases only. 
For real gases, the ratio must be multiplied by a factor x7 which may be defined as 
exponent of the isotherm 
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The general equation 


(= 2 
i ee 
ony 


uy Cp Cys = (5) 
s ) aP )r 
: _ leads to values for cy as shown also in Figure 1, and the desired result is 
; ; 
a 6 
4 es Cy ( ) 


The explicit form of eq. (4), (5) and (6) is rather bulky and of little interest, but 
the results as represented in Figure 2 show clearly the expected influence of pressure 
and temperature. Similar results have been demonstrated for steam! and ammonia’. 


‘ TABLE I 
Constants for equations (1), (la) and (3) 


British Metric British Metric 
A IDA TS 1073 FQA IS 1 053 Ci 4.93 x 10-3 MSS he ulOnaG 
B 14.28 x 10-3 D5] ox 110-3 D, ANTS 2.06, x. 10-3 
C 0.027 x 10-3 0.95 10-11 Ei 0.3985 1is783 Co ee0:-> 
5 D 1D ie ol One 69.0 x 10-8 1B 3.54 155.0 
E 1.47 x 10-3 6:46 iAOme G 56.1 x 10-3 BS 5On>e Os 
R 17.847/144 9.806 


For use of “British”? constants, pressures in psia, volumes in cu ft/lb; for “metric”? constants, pressures 
f in kg/sq m. 
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ON A GENERALIZATION OF UNIFORM STRUCTURES AND SPACES 
D. TAMARI 
Centre National de Recherche Scientifique, Paris 


and Technion, Israel Institute of Technology, Haifa 


I. INTRODUCTION 


The following is an abstract study belonging to pure mathematics, and no claim to 


successful application to physical theory is made. The considerations of the introductory 


_ section are only to suggest, eventually, to physicists, some possible lines of interest in 


conceptual research. At least, they served the author as an heuristic guide for his mathe- 
matical speculation. 


Generalized concepts of real space play an important role in fundamental research 


concerning the theory of relativity, but only metric spaces seem to have been considered 


- in this connection. A somewhat more general form of space, still very similar to metric 


space, is known as uniform space’. It does away with the exclusively numerical character 


of the distance between two points A and B — even very near ones — but still con- 


_ serves the symmetry with respect to A and B. On the other hand, general as well as 


physical considerations concerning the irreversibility of time, of the relation of cause 


and effect, of entropy, the essential importance of irreversible processes — in biology 


even more than in physics — make it desirable to have space concepts without. this 
symmetry. 
Can such an asymmetry be achieved without falling into too great and physically 


i meaningless abstractions, without getting something which is a space only by metaphor? 


The following reasons seem to indicate that this question might have a positive answer: 

1. The well known fact that it is possible to define topologies based on order relations 
only. 

2. Our observation that the proof for the existence of a topological uniform space 
associated with a given uniform structure does not essentially need the symmetry of the 
uniform structure. 

3. Our observation that relations of equality can often advantageously be replaced 
by more general quasi-order or substitution relations without impairing the validity 
of important chains of deductions. As a consequence stronger and more general theorems 
will then be obtained3. 

4. Together with such asymmetrical spaces semi-group concepts, replacing the usual 


group concepts, suggest themselves as natural tools of thought for the treatment of 


the irreversible character of nature. This is the more significant as there exist infinitely 


| _many classes of cancellation semi-groups which do not permit of any extension to 


whole groups‘. 
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5. The very strong analogy between certain aspects of the semi-group word 
lem, characterizing the embeddability of quasi-ordered semi-groups into quasi-or 
groups — and the process of creation and annihilation of short lived pairs of 
particles, schematically described in a granulated time composed of distinct mom 


6. A more qualitative theory describing something like order relations inste: 
equations does not exclude extensive use of numerical concepts. Nothing leads | 
to the concept of real number than inequalities’. 

This provisory discussion shows already two possible trends of research, one v 
lining a continuous (or topological) space aspect, the other a discrete operational 
braic (algorithmic) aspect. We do not possess a really general theory of topol: 
semi-groups — more specifically of quasi-ordoform semi-group spaces — bridging 
pletely the gap between these two aspects. However, some developments in th 
tection exist. Elsewhere, we have treated the extension of a topological semi-gro’ 
a topological group of quotients (and also of topological rings into topological 
in some detail®. That really new results in this direction—independently of embe 
theorems—may not be easily obtained is perhaps indicated by the following t 
theorem: A compact cancellation semi-group is necessarily a (compact topolo 
group’. 

The purely algebraic aspect has been studied by us extensively and in great gene 
under the title of quasi-ordered semi-groupoids’. Here we shall limit ourselves 
more explicit study on the foundations of quasi-ordoform structures and spaces 4 
were previously only briefly mentioned’. Our exposition here should be also rea 
for non-experts and parallels $5 1—2 of Bourbaki!. The deeper and more comp! 
questions of completion and of compactness paralleling Bourbaki’s SS 3—4 ar 
treated, although their generalization in our sense seems not hopeless. In parti 
it should be interesting to know how far the important result of Uryson abow 
essentially “‘real number” character of uniform space (cf. Bourbaki /.c. Chap 
generalizes to (quasi-) ordoform space. 


If. ELEMENTARY CALCULUS OF RELATIONS 


We have to introduce some concepts and notations of the theory of binary rela 

Given any abstract set E we form its square set EXE = E2? = {e1/e2}, e1, e2eE 
run independently through £)°; in other words, £2 means the set of all ordered 
of elements of £. A subset of E? is called a (binary) relation in (or over) 
€1/e2¢ RCE? we say also “‘e; is in the relation R to e2”, and we write e:Re>. 

As particular relations we mention 1) the void relation @ (there is no pair satis 
this relation); 2) the universal relation U=U,=E? (consisting of all pairs); 3) the 
gonal relation A= 4A; (consisting of all pairs e/e, i.e. with e1=e2) also called the id 
relation in E. 

Any two relations in E, say R and S, may be composed or multiplied to give a uni 
determined third relation T, written RS=T, by the following definition of T: If 
only if eRe. and e2Se3 then e:Te3; in other words, a/ceT is equivalent to the exis 
of abcE, such that a/beR and b/ceS. This composition is evidently not commu 
but easily proved to be associative. Multiple products may therefore be written wi 
brackets, and the whole set of relations in E, i.e. the set 8 (E) of subsets (parts) ¢ 


Sie Malye ite bs So CS Saar rar ait a Sea Sa aaa 
eae, eat ip PY LE et ‘ 
ofa 2 = 3 = F ; ‘ 


/ 
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a semi-group with respect to this operation, but not a cancellation semi-group. 
ticular we may speak of the nth power of a relation, written 


2 R= R, RR a R, etc. For all R we have: 

RO= © R= © (the product of two non-void relations may be void too); 
-RA=AR=R 

= (“R is contained in S as a proper or improper subset’’), is equivalent to “‘the 
jn R implies the relation S”’, i.e. aRb ——> aSb. 

mposition of relations is monotonous: RCS > RT CST and TRCTS for all T. As a 


quence we have also: RCS> RCS (Proof: RCRSCS), and also RCS. 
elation R containing A, i.e. RD A, is called a reflexive relation. If in a product 
“SR one factor, say R, is reflexive, then RS DS and SRDS (because of RS D AS=S, 
In particular, the product of two (or more) reflexive relations is again a reflexive 
on, i.e. the reflexive relations form a subsemt, -group. For reflexive relations we have 
i ACRCRERC.. 


RCR, R is called a transitive relation. This is equivalent to the well known de- 


' 2 3 
‘formulaaRb, b Rc—~ a Rc. For transitive relations RD ROR... A reflexive 
ansitive ae O is salled ied order and will be written —-> or «—. Evidently 


) and QD O implies Q= 0- om 


every given R in E there exists its inverse relation, written R, obtained from : by 
-l 


iv x ‘ Sf ¥ 

ing the order of every pair in R; a/be Rb /ae R. (R) = RaCleatlye RR = (i) = 
3 ei 

) and therefore we denote it by R ; similarly we have R, ae A and the inverse 

sflexive relation is again a reflexive relation; further (RS)= 5 R and RC S—~> R a . 

fore the inverse of a transitive relation is again a transitive relation. In parti- 


RcoR— R=R, and such an R is called a symmetrical relation. A symmetrical 
order is called an equivalence. 


{ 
: 


il 3 of 
en any relation R, Rf) R is a symmetrical relation. A quasi-order Q with Q[1Q=4 
ed an order relation (in the usual sense) and written < or = (in this case a/b, 
) —~albe A—>a = b); Q—A is called a strict order and denoted by < or >; if 


of 
OQ > E—A the order Q is called a total order quasi-order 
or non-strict). - V7 ose 
shave the following lattice (Hasse diagram) show- WA \ 


e order of generality of these concepts. We xe 


‘ any relation R= {x/V}.xj)yep and any element © “order equivalence O 
7e can form the two so called cuts, the first or ax y 

#1 one Ri(e) = {V }eyer being the set of all yeE SY ee 

that e/yeR, and the Be or OD cut 


No 
He tx } xJee R. E.g.; Rie) = R2(0), Re) = Ri(e). equality 


Sa Rees ps yay RL i rele Ee Sn A A vr ae Cd sec rie ey Re ei Ri 2 
ahi A Mice 8, he ‘ ¢ ee eke 
; ; j i ane ity3 i nee Sod ato 
s ; } ei aie AS Na Ua 
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For symmetrical relations the two cuts coincide. 

Relations with vertical cuts containing at most one element are called uniform or 
univalent functions defined for those arguments for which the vertical cuts consist pre- 
cisely of one element. 

The following proposition indicates why the quasi-order should be considered for 
many purposes as the best possible generalization of the relation of equality. 

Let the abstract set E be also a multiplicative system, i.e. be provided with a multi- 
plicatively written operation. We may then define several kinds of compatibility of 
relations R over E with the multiplication in E. 

The two simplest ones concerning a single relation are: 

(1) Homogeneity (H) meaning simultaneous right and /eft homogeneity 
(H) <— (H;) & (A), where 

(H;) means that aRb —~ axRbx 
and (Hi) means that se arene for every xeE 
(2) Regularity (r) means thata Rb & a’ R 


PROPOSITION: For a quasi-order homogeneity and regularity coincide. 
Proof: We shall show that a) if R is transitive then (H) —> (r) and ; 
b) if R is reflexive then (r) —> (#). 
a) aRb —- aa’ Rba' (by A), : 
a’ Rb’ —- ba’ R bb’ (by Ai), therefore 
aRb &a’ Rb’—~ aa’R ba’ & ba’ R bb’ — aa’ R bb’ (by transitivity), 
i.e. R is regular. 
D) ia .R.Oyi xR x ax R Dx, Xa R Xs! 0.6 RvIS Cy 
The property (#7) or (r) if applied to a quasi-order is also called monotony; and we 
call a monotonous quasi-order also a substitution relation. E.g.: The relation of set 
theory C (“‘is contained in’, or “‘contains’’) is a substitution relation in the multipli- 
cative system of relations. | 


III. QUASI-ORDOFORM BASES 

Let ® be a non-empty (generally infinite) family of reflexive relations over a set E. 

® will be called a quasi-ordoform base over E if the following two axioms are satisfied: 
(1) The so-called Moore-Smith or filter base property 

R, Se ®—~> (dTeo)(T CRS). | 


“This is the characteristic property of so-called directed sets; in other words, we: 
may say that with any two given members R and S of the family eee exists a member 7) 
in the family smaller than both. 


(2) Collective transitivity 
Re ®—~> (Ft R’e ®)(R’R’ CR), 


i.e. with every member Re ® there can be found a member R’ e © such that R Cet 


To understand how these family properties generalize those of individual relatioul 
we consider the degenerate case in which the family ® consists of one single reflexive! 


pine ae Tey Ay WEG); cite oki aii yeas lage ia icp aa) A ASSP ON eet waa Ay AL RD 
t re Sa y i 


s! hes ee ! 
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7 relation R, ® = {R}. Then (1) is trivially satisfied because RC R () R; and, by (2), 
4 : 2 

_ R’ = Rmust be such that R C R, ie. Ris transitive; R must therefore be a arnt 
_ and every quasi-order is a degenerated quasi- -ordoform base. 

_ On the other hand, a base of a uniform structure, or shorter a uniform base}, is 
s- _ characterized by the same axioms (1) and (2) and the following additional axiom (3) 


Z Be Pressing a property of symmetry. 


(3) Re ®—- (A R’e ©) (R’ CR). 


If a uniform base is reduced to one member R only, then R must be an equivalence: 

_ We may therefore say that the notion of quasi-ordoform base generalizes that of uni- 

_ form base just as the quasi-order generalizes the equivalence, and with equal right that 

the quasi-ordoform base generalizes the individual quasi-order relation in exactly the 
_ same way as the uniform base generalizes the individual equivalence relation. 


Let us write Do = ce i.e. D@ is the common part of all members of ©, where 
e : Re 
_ ® is a quasi-ordoform base. Clearly, Do D Ag = A, ie. Do is itself a reflexive relation, 


‘We have even the ies 


NN 


PROPOSITION: D@ is a quasi-order. 
2 
Proof: It is sufficient to show that D@ is transitive, i.e. that Do C Do. Indeed 


fis 2 
_ whatever Re ®, there exists R’e ® such that R’C Rand 


therefore, because of Do C R’, also De CROR tag ee Peg 
2 

for every Re®, ie. Do C Do (and therefore even ae ne 
2 \4 \ 
_Do= Do). va as 
: On the other hand, if ® were a uniform base, Do ase ask uniform base ‘O 
~ would be an equivalence relation. This justifies com- AG vs 
_ pletely what we said before about the quasi-ordoform aS Wa 
_ base as a generalization of the individual quasi-order a ae 
as well as of the uniform base concept. We have, \o* 
therefore the following Hasse diagram ordered as to equivalence 


_ the degree of generality of the corresponding concepts: 


TV. EQUIVALENCE OF BASES: QUASI-ORDOFORM STRUCTURES 


This paragraph contains some matters and methods which apply more generally to 
- families of subsets of arbitrary sets as is well known. Certain parts of the discussion are 
an exact parallel of what could be said by following Bourbaki (/.c.) on uniform struc- 

tures and bases and replacing systematically the word uniform by quasi-ordoform. 


ft A superfamily % of families © of subsets of any set F (ic. F={P} wes 
: = {R} reo, R CF; in our case F is a general “square” set E*), may be organized 
into a quasi-ordered system by comparing its members ® in the following well known 

way: We shall say that “® is finer than ¥”, ®<¥, or equally well “Y is /ess fine than ®”, 
 ¥ >, if and only if for any member Se there can be found a member Re ® such 
Bthat RCS; ie, 0< <> ¥>O+-— (Se W) (TRe ©) (R CS). 


ON 


— 


Re eI, ya Ene eee ae 
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, One has to be careful about the order of the symbols in this definition. The corres- 
- ponding dual concept of coarser, respectively less coarse, is not equivalent to less fine, 
_ respectively finer, and if simultaneously needed a new symbol, distinct from < and >, 
~has to be invented. 

‘The relation > (or <) is clearly reflexive and transitive and therefore a quasi- 
order. It is evidently not symmetrical and therefore not an equivalence; on the other 
_ hand, there exist distinct families ® and ¥, ®=4 ¥, such that simultaneously ®< ¥ 
ead W < ©, i.e. < is not an order. But in a well known way1! every quasi-order defines 
a canonically associated equivalence €, denoted ®~Y, by the definition 


O~Y <> (O< ¥ & Y>9). 


a 


Such an equivalence class of quasi-ordoform bases is called a quasi-ordoform 
structure & = X (©) uniquely determined by an arbitrary member representing its class. 
It is a well known and easily verified theorem! that the so defined set of equivalence 
classes, and therefore also every subset of it, will form an ordered system in the natural 

way induced by the quasi-order of the ©’s. This set © = {2} yeS of equivalence 
_ classes or structures is also called the quotient set of § modulo ¢ and denoted 3/¢€ =G. 
_ Of course, this order is a partial one, and we have to distinguish between comparable 
and incomparable structures. 
For the sake of completeness and the convenience of the reader we mention also 
_ the analogy of the usual, but less general, method which works with the totality of 
“possible families ®, i.e. in our case with all possible quasi-ordoform bases. It is then 
_ obvious that with two equivalent families ®~YV also their union &~¥ helongs to the 
same class of equivalence modulo ¢, and that, even more, with any finite or infinite set of 

families of such an equivalence class, also their union belongs to it. 

A quasi-ordoform structure, considered as the set of all its bases, forms itself a 
(partial) ordered system by the usual inclusion relations between its members (the distinct 
bases). Therefore every quasi-ordoform structure contains a uniquely determined greatest 

- base ® which is the union of all families of its class and which may be characterized 
by the following property: 

“With any relation Re ©, ® contains also every relation over E containing R’’, i.e 


(0) | ROS REO Seo, 
We may consider the uniquely determined © = me @€ X (©) = X (4) as the normal 
De 


or standard representantive of & and therefore identify ® with its Y = Y (0). 
(E.g.: By this definition 6 = ) always contains the universal relation U = Uz as an 
_ element). 

In doing this we could also have defined a quasi-ordoform structure immediately 
by adding (0) as an axiom. (0) and (1) together constitute the so called filter property, as 
distinct from the filter base property (1) only. Clearly, we have then as a consequence 
the stronger and simpler property (1’) (instead of (1)). 

! 


EGS) Re Sigh oR AVS Geass 


We could as well say that with any finite number of relations Ri, Ro,..., Rn€ © 
also their intersection Rif) R2f)...1Rne€ o. The axiom (2) remains without change. 
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a the particular case of a uniform structure the symmetry axiom for bases (3) will 
peply the stronger and simpler property 


“1 
Re o—— Re @. 


However this second method is not always suitable or may sometimes need special 
tation. Thus, it will often happen that we have to consider only such relations E 
h are compatible with a certain partition of £2, i.e. with a certain equivalence ~( 
; the admissible relations over E will then be set unions of members of the quotient 
2/ SAC. Secondly, as will be seen in the next paragraph, the method is unsuitable 
he definition of the class of structures which we shall call ordoform structures. As 
ident by considering the italicized statement on the preceding page, these difficulties 
be overcome and the usefulness of the method preserved if the superfamily 
{2} ocx satisfies certain conditions, e.g.: 


% is closed under the operation of general (i.e. also infinite) set union of its members, 


RE IID CS 
'e o 


, in particular, the operation of set union, applied to equivalent bases, will always 
sh an equivalent base. 


oof: It is sufficient to prove that U®~o,.Put U =. 
Oe UO) CH Me X( D1) 

Clearly ©, C ©, and therefore 0; < %. 

But one has also (Re ©;) (A ®e X(%)) (RE ®) 

and (R e Me 2 (*1)) (A Rie ®;) (Ri CR). 

Therefore (Re 01)(A Rie 91) (Ri CR) ie. 01 <¥ O41, 

and finally ®; ~ 1. 


Of course, also a weaker condition will do as long as the existence of a greatest 
y is guaranteed in every equivalence class of families. 
Let us put Fmax/C = Gr, i.e. let Sz be the set of all quasi-ordoform structures over 
, is not only an ordered set, but even a complete lattice: every finite or infinite 
t S’ CG, has an upper and a lower limit in Gz, i.e. a least fine upper bound and a 
lower bound in Gy. (What should be called ‘‘upper” and what “lower” depends 
on arbitrary convention). More explicitly: a) there exists a 21 = S’ € S- which is 
than every &’ e G’, but less fine than any other element of ©; with the same pro- 
(in other words, 7 is the least fine of all quasi-ordoform structures finer than 
of ©’); similarly b) there exists LX. = G’e Gz, the finest of all Xe S_; which 
ss fine than those of ©’. 
roof: It is sufficient to prove a) because the lower limit of S’ is the upper limit of 
ler subset of S,, namely that of all lower bounds of S’. The proof of a) is exactly 
ame as for uniform structures!2. 
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V. SEPARATE, DISCRETE AND ORDOFORM STRUCTURES 


One verifies easily that . 
o~VY — Do=Dy, 


i.e. that to every quasi-ordoform structure 1 = 2) (©) there belongs a uniquely deter- 
mined D = Do = Dy@). This justifies the following definition: 

> is called a separate (or Hausdorff) quasi-ordoform structure if its Dy = A. 

It is a direct consequence of this definition that a separate quasi-ordoform structure 
generalizes the individual equality relation exactly in the same way as the general quasi- 
ordoform structure generalizes the quasi-order and the general uniform structure the 
~ equivalence. Of course the degenerated separate quasi-ordoform structure, reduced to 
one single relation, must be {A}. 

D is, in general, the intersection of an infinity of sets, and, therefore, it does not 
fall under the influence of the axiom (1) or (1’). It may therefore be or not be in ®. Indeed 
the interesting case is that in which never De®. This is exhibited by the following two 
propositions: 


1 Ow Pam (Die Oro De®); 
and therefore also De ® «> Dew; 


i.e. the property of D to belong (or not to belong) to a member of an equivalence class 
of bases is a class property common to all its members, or, in other words, it is a pro- 
perty of the quasi-ordoform structure itself. This justifies the following definitions: 
® is called a trivial quasi-ordoform structure if D@ € ©, i.e. ® is a trivial quasi-ordoform 
structure if and only if it contains a smallest relation (common to all bases of ©). 

® is called discrete if it is separate and trivial. 


2) Dge® —X ®2 {Do} 


Therefore, if © is a trivial quasi-ordoform structure, then, it possesses also a base 
consisting of one single relation only, which is of course a quasi-order, and we are, in 
fact, again in the trivial degenerated case of structures reduced to one individual relation. 


VI. THE ORDOFORM STRUCTURES 


Contemplating the quadrangle Hasse diagram (I) of individual relations and the 
fact that the general quasi-ordoform structure, the general uniform structure and the 
separate structures correspond respectively to three of the four verices of (I) we are 
led to ask if it is possible to intercalate between the general quasi-ordoform and the 
separate quasi-ordoform structures another class of structures Q with bases Q which 
we will call general ordoform structures, respectively general ordoform bases, generalizing 
the order relation exactly in the same way as the general uniform structure generalizes. 


the equivalence relation. For this the only condition seared is that Do = () R bean 
: A REQ 
order, 1.e. ee Death ers A (of course Po ‘al De Civ Ags pula As for vee 


indices set 1( 1 Sy p Rive have Da Da=( 0. R) NC 0.8) =| a nee ‘al R). 
ie] i€T 


Let us write, for any relation R, RQ R = Op alas call oR titel vii Hee part of 
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R. Our condition will therefore be that | og =A, i.e. that the common part of the 
REQ 
symmetrical parts be the identity relation. 


We can give another form to this condition as a consequence of the 


PROPOSITION: The symmetrical parts of the relations of any quasi-ordoform base © 
constitute a uniform base. 


Proof: Put {or} req = ae EDS, 
(0) All cp being reflexive, they constitute a non-empty family of reflexive relations. 


(1) 2X has the filter ESE property because i CORT () > (in ©) —> op C og [) og. 
a 


(in 2): r=TAT (RNS) N(RNS)- RAB NSS) en Nos. 


(2) dX has the collective transitivity because 5 CR—= os Cog: 
-1 -1 Me Wale fo ea ee 
os = dss = (SOS)(SNS) C SSOSSOSSHSS C SNS C RAR = SOR: 
4 al 
(3) & has ie Sunney property because SC R «<> SCR—> of Ce oR 


MES A SORT Rll eens! 


We can therefore reformulate our condition and define: 

A quasi-ordoform base © = {R }re q shall be called a general ordoform base, and 
its corresponding structure a general ordoform structure, if and only if the uniform 
base, constituted by the symmetrical parts cp of its relations R, is separate. 

In particular, it follows that for separate ‘structures there is no difference between 
ordoform and quasi-ordoform, i.e. a separate quasi-ordoform structure is ipso facto a se- 
parate ordoform structure. This contains as a special case the separate uniform structures. 

Let us note the following important difference between uniform and quasi-ordo- 
form structures: it is not possible to associate canonically to every non-separate (quasi-) 
ordoform structure a separate one in such a simple way as this is possible for uniform 


ones. The reason is that D@ is not an equivalence. 


We may resume our results in the following Hasse diagram giving a complete 
scheme of the hierarchy of our concepts: 


QUASI-ORDOFORM QUASI-ORDOFORM 
STRUCTURE SPACE 


ORDOFORM 
sTrucTuRE OC) 


ORDOFORM 
Q SPACE 


SEPARATE 


UNIFORM 
STRUCTURE 


QUAS|- 
LATTICE 


LATTICE 


EQUALITY 


426 BULLETIN OF THE RESEARCH COUNCIL OF ISRAEL 


VII. QUASI-ORDOFORM SPACES 


A given quasi-ordoform base ® or structure X over E organizes E in two similar 
but distinct ways as a topological space T1 or Z2, if we interpret for every “‘point” 
ecE either the totality of first (left or vertical) cuts or the totality of second (right or 
horizontal) cuts of all the relations Re ®, respectively Re eX, as fundamental systems 
or bases of neighbourhoods, respectively of complete systems of neighbourhoods of 
the point e, written Bi(e)= {Rile)}rem and B2(e) = {Ro(e)ireo, etc.; i.e. every 
Ri (e) will be considered as a neighbourhood of e in the topology &1, and every R2(e) a 
neighbourhood of e in T,X; = Ti (L), respectively T2 = T2(X) will be called the 

first (right or vertical), respectively the second (left or horizontal) topology deduced from 
the quasi-ordoform structure &, or more briefly the deduced first, respectively second, 
-quasi-ordoform space. Of course, if the quasi-ordoform structures in question are uni- 
form ones, the distinction of the two deduced topologies will disappear as a consequence 
of the symmetry axiom. 

To justify the above ideas we have only to prove that the deduced families of cuts 
will really be such that they satisfy the axioms for fundamental systems of neighbour- 
‘hoods. It is of course sufficient to prove this, say, for the first cuts. For this we can follow 
exactly Bourbaki!2, being only careful about the distinction of the two kinds of cuts. 


Proof: 
(0) As a consequence of the reflexivity we have ee Ri(e) for every ec E and every 
Re ®, 
(1) As a consequence of the filter base property we have 
~Ri(e), Si (e) € Bi (e-) —> (ATi (e) € Bi (e)) (Ti (eC) € Rie) N $1 (e)). 
| (2) As aconsequence of the collective transitivity we have 
Ri(e) € Bi (e) —> (AS: (e) € Bi (e)) (fe Si le) & ee Si(f)— ge (Ss); (e) C Ri (e)). 
But these are the three axioms of fundamental systems of neighbourhoods saying: 
(0) Every neighbourhood V (e) of any point e contains the point e. 


(1) Given any two neighbourhoods of a point there is a neighbourhood of that 
point contained in the intersection of the given ones. 


(2) Every neighbourhood V of a point contains a neighbourhood W of that point 


such that V is also a neighbourhood of every point of W, or, in other words, such that 
W is in the “interior” of V. 


The trouble with the two, generally distinct, topologies deduced from the same 
-quasi-ordoform structure is less than it might seem at first. It will indeed be sufficient 
‘to consider one kind of topology only, say the first one, because to every second 

topology &2(X) deduced from a quasi-ordoform structure ~ we can find another 
quasi-ordoform structure, say X*, such that T2(X) = %1(L*). For this purpose it 
is sufficient to replace all relations R appearing in the definition of X (e.g.: constituting 


a base ® of &) by their inverses R. The second cuts of the R’s will be the first cuts of the 
R’s, and therefore ®* = {R}re@ will be a base of a quasi-ordoform structure * 
=t 


such that X,(L) = FT (2*). It will also be convenient to denote ®* = ® and 


yr =. 


ee 
sah 


\ 
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VIII. QUASI-ORDOFORM CONTINUITY 


As is well known the usual notion of continuous function in general topological 


spaces can be sharpened to that of uniformly continuous functions in uniform spaces. — 


For quasi-ordoform spaces the corresponding generalized concept will be quasi-ordo- 


form continuity. 


Definition 


A mapping f of a quasi-ordoform space E into another quasi-ordoform space E’ will M 


be called quasi-ordoformly continuous if for every relation R’€ ®’€ XY (i.e. ©’ is a base 
of 2” which is the quasi-ordoform structure, or, more exactly, one of the quasi-ordoform — 
structures, from which the topology of E’ may be deduced) there can be found an~ 
Re weX (o and Y have the analogous meaning for E) such that for all x/yeR also — 


SOOM (DY) ER’. 


Very often E’ = E, i.e. arguments and values are in the same space. We speak then — 


simply of quasi-ordoform continuity in E. 


One has the following easy theorems which are the exact analogies of those for 


uniform continuity!2: 


1. Every quasi-ordoformly continuous function is continuous. 

2. Let f be a quasi-ordoformly continuous mapping of E into E’ and g similarly 
a mapping of E’ into E” (E, E’, E” three not necessarily distinct quasi-ordoform spaces), 
then the composed mapping h = g°f will be a quasi-ordoformly continuous mapping 
of-E into E’: 

3.° A 1—1i mapping f between two quasi-ordoform spaces is an isomorphism 
between them (i.e. an isomorphism of their quasi-ordoform structures, which is more 


than a homeomorphism of the topological spaces) if and only if f and its inverse f 
are both quasi-ordoformly continuous. 


EXAMPLES 


eer Lie On the rational or real number axis consider the additive ordoform structure 
defined by 0S y—x Bans The family of relations ® = {An dneg where 


An= {x/y | OSx—y ae } and n runs through the set §t of natural numbers, 


constitutes an ordoform base of a separate ordoform structure A. 


2. Another separate ordoform structure _/(, the multiplicative one, is defined in 
the same sets without 0, by ® = {Mm} me, where Mm = {x/y | 1S 4 <1 4+ a). 


Note that we could also define 0/0 € A, but 0/y (v0) in no Mm. Note | 


further that the definition of _4/ is also of interest in the set of natural num- 
bers (d,e.° = 1): 

3. The two structures considered in the same set, say the positive real numbers, 
are incomparable; even more, whatever the couple of indices n and m we shall 
never have An C Mm nor MmC An. It suffices to state that a) the couple 
vy. = (1/k)/[1/k +0 /(n +1)] € An but never y,¢ Mm for every m and a sufficiently 
large k (k>n suffices); b) the couple y, =k (m+1)/k (m+ 2)¢€ Mm but never 
y,€An for every n and sufficiently large k (here k >1 suffices). 
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4. None the less the corresponding deduced topologies, say {1 (A) and 21 ( NM 
are identical. The family 9{(x) of neighbourhoods A» (x) of the point x is 
given by the intervals Ay (x) = [x, x + ae The family 9% (x) of neighbour-. 
hoods Mn(x) of x is given by the intervals Mm(x) = [x, x+ =~]. To 
every Mm(x) we can find an n such that An(x) C Mn(x) (by choosing 
n2““), and, inversely, to every An(x) we can find an Mm(x) C An(x) (by 
choosing m= nx). Therefore 1 (4) < T1( MW) and 81 (WO = 3:1 (A) ie. 
®1(A) = 22(MNO. 


5. But this topology ©; is essentially distinct from its dual Z2. and from the 
ordinary topology & of real numbers. This is exhibited by the fact that in 1 
every monotonously descending infinite sequence, if bounded below, has a limit, 
but a monotonously ascending one with upper bound never. In 22 the 
situation is just the opposite, while in © both have always limits. {1 and Z2 
are incomparable and & is just the least upper bound of Zi and Zo. 


1. Consider the totality "; of graduations G (or “hierarchisations” as opposed 
to “partitions” or “‘equivalences”) of an infinite set E by finite ascending 
sequencesof (infinite) subsets By, 2 =1)2,.. 3 1,.1:6. (CO = ho) et Gi7 Ge 
(yay GEE a CEn = E. 


2. Consider the families of graduations T = {G‘} <7, T an index set, such | 
that the symmetric difference of any two distinct set E$®, ES is infinite. 
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ADDENDA 


After this paper was finished the review of a paper of Konishi, Isao, On uniform topologies in general 
spaces, 1952, J. Math. Soc., Japan, 4, 166—188, came to my attention (see 1953, Math. Rev., 14, 892—893). | 
It appears to have some points of view in common with us, but to push its exploration farther: the | 
problems of completion and compactification are treated. 
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SPECTROGRAPHIC OBSERVATIONS ON ‘“NON-ALTERNANT”™ 
HYDROCARBONS 


Ernst D. BERGMANN 
Department of Organic Chemistry, The Hebrew University of Jerusalem 


The interest which the fulvenes, systems containing a cross-conjugated system coupled 
with a five-membered ring 


have aroused recently in the circles of both chemists and physicists!, is due to two facts: 


A (a) they constitute a group of polar hydrocarbons (i.e. hydrocarbons exhibiting a finite 


As expected from Kundt’s rule, the shift 


dipole moment); (b) by the application of the technique of “linear combination of atomic 
orbitals” (LCAO), one has been able to describe the physical properties of these com- 
plicated hydrocarbons with great accuracy; in fact, one could predict a number 
of features unknown to the organic chemists who had worked with these com- 
pounds. 


The present study reports on some additional observations concerned with the 
spectra of fulvenes and related compounds, which can all be classified as belonging to 
the series of “‘non-alternant’’ hydrocarbons. 


1. ABSORPTION SPECTRA IN CARBON DISULPHIDE SOLUTION 


It has been known that the spectra of conjugated polyene hydrocarbons, R. (CH=CH)n. 
R, are very much dependent on the solvent used in their determination. For dehydro- 
lycopene, e.g., Fieser? gives the following wave-lengths of the longest absorption band: 


to longer wavelengths is parallel to the in- 5°'v°™" Se 

crease of the refractive index of the sol- 

vent, but the large shift caused by carbon Anuene oe i 

disulphide remains exceptional. Le Rosen Benzene 531 7 

and Reid3 have suggested that the effect Pyridine 535 31 
Carbon disulphide 557 S16 


is related to the smallness of this mole- 
cule which enables it to approach more 
closely the polyene molecules and thus to exert an unusual polarising effect. As 
the compounds of the fulvene group are characterised by their high polarisability4.5, 
it seemed interesting to compare their spectra in alcohol and carbon disulphide 


solutions. 
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TABLE I 


Longest absorption band of “‘fulvenoid’’ molecules in alcohol and carbon disulphide 


Amax in mu (log e) A (1 
Substance inalcohol in carbon disulphide 

1. Diphenylfulvene (1) 328 (4.36) © 375 (3.40) 47 
2. Phenyl-dibenzofulvene (II, R=H) 326 (4.17) © 375 (3.70) 49 
3. Styryl-dibenzofulvene (III) 380 (4.67) © 420 (4.54) 40 
4. Diphenyl-dibenzofulvene (II, R=Co6Hs) 338 (4.14) 6 375 (3.92) 37 
5. 2,7,2’,7’-Tetramethyl-dibiphenylene-ethene IV) 459 (4.34) 7 475 (4.34) 16 
6.  2,3,2’,3’-Dibenzo-dibiphenylene-ethene (V) 530 8 550 20 
7. 1-Benzhydrylidene-2-chloro-3-phenyl-indene 

(Vil;-R7. Gh. Ro = ) 370 (4.10) 5 380 (4.20) 10 
8. 1-Benzhydrylidene-2,6-dibromo-3-phenyl- 

indene (VI,Ri = R2 = Br) 9 366 (4.28) 385 (4.20) 17 
9. Fluorenone-ketazine (VII) 361 (4.26) 5 375 (4.20) 14 
10. Dimethyl-diphensuccindadiene 

(VII, R = CH3) 412 (4.01) 10 421 (4.26) 9 


It is seen that the fulvenes proper (No. 1—4) show the same very large bathoch1 
shift in carbon disulphide solution as the polyenes; it is equally interesting tha 
spectra of the dibiphenylene-ethylene derivatives (IV, V) which are outstanding for 
high polarisability in spite of the absence of a dipole moments are also substan 
affected by this solvent. 
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2. THE ABSORPTION SPECTRA OF 9,12-DIARYL-DIPHENSUCCINDADIENES (VIII, R=ARY 
Phenyl groups in the 9- and 10-positions of the anthracene and in the 1-position o 
naphthalene system do not cause a bathochromic shift in the absorption sp 
of the parent hydrocarbons, whilst, e.g., a phenyl group added at the end of an ¢ 


and whilst 2-phenyl-naphthalene shows a similar bathochromic shift13. 


chain conjugated system is equivalent in bathochromic power to 1.5 double bonds 


4 \ 
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: atoms i in, e.g., 9-phenylanthracene (A) and 1-phenyl-naphthalene (B) which prevents 
_ the phenyl rings from orienting themselves in the same plane as the anthracene 


- and naphthalene system, respectively, and therefore from creating the — planar | 


— conjugated system which is responsible for the bathochromic effects. Pull- 
man, Berthier and Baudet!5 have calculated recently that the introduction of phenyl 
_ groups into the systems of “non-alternant’”’ hydrocarbons can have both a hypsochromic 
_ or bathochromic effect, depending on the charge distribution in the parent systems and 
the mutual polarisabilities between the atoms of the molecules; in this case, the hypso- 
chromic effect is independent from steric interference with planarity. It appeared in- 
teresting to study the 9,12-diarylated diphensuccindadienes (VIII, R=aryl) (Table II). 
Methylation has a slightly hypsochromic effect on the wavelength of the longest ab- 
sorption band of the parent hydrocarbon, as predicted by the theory!®, whilst intro- 
duction of phenyl, m- and p-tolyl or p-methoxyphenyl groups has a pronounced batho- 
_ chromic effect, although the steric interference in (C) 
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would not be smaller than in 1-phenylnaphthalene (B). Pullman!7 has, indeed, applied 
his calculations to the case of the 9,12-diphenyl compound (VIII, R = CsHs) and has 
arrived at a correct prediction of the observed effect; the present case is unique in that 
the bathochromic effect is due to the lack of coplanarity; a planar structure of this parti- 
cular type of molecule would probably cause a hypsochromic shift. 


TABLE I 
Longest absorption band of the 9,12-diaryl-diphensuccindadienes (YU, R=aryl) (in alcoholic solution) 


Substance Amax in my. (log ¢) 

| D 415 (4.18)18 

_ Diphensuccindadiene (VILE Ro) % 

i Dimethyl. (VII, R = CH3) 412 (4.09)10 
Diphenyl- (VIII, R = Co6Hs) 446 (4.23)19 

_ Di-m-tolyl- (VII, R = 3-CH3.C6H4)?° 460 (4.20)a) 

_ Di-p-tolyl- (VIII, R = 4-CH3.C¢6Hs4)?! 450 (4.22)>) 

_ Di-p-methoxyphenyl- (VIII, R = 4-CH30.C¢6H4)22 448 (4.20) 


Notes; a) other bands: 264 (4.56), 342 (4.03), 435 (4.21). 
b) other bands: 263 (4.68), 323 (4.22), 426 (4.22). 
c) other bands: 262 (4.68), 285 (4.50), 425 (4.22). 


This effect has been ascribed'4 to the steric interference of the ortho-hydrogen 


1 
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It should be noted that the introduction of the — auxochromic — methoxyl group © 


has practically no effect in this series. 


3. INFLUENCE OF HALOGEN SUBSTITUTION ON THE SPECTRUM OF 
““NON-ALTERNANT ”’ HYDROCARBONS 


It has recently23 been shown that introduction of halogen into the I-position of the 


azulenes, which belong to the above-defined class of hydrocarbons, has a pronounced 
bathochromic effect. In the fulvene series, only qualitative observations of the same 
type have so far been made®, and it seemed interesting to investigate a few pertinent 


cases quantitatively. Table III shows that halogenation of the 2-position in 1-benz- | 


hydrylidene-3-phenyl-indene (VI; Ri = R2 = H) also causes a bathochromic shift of 
the longest absorption band. In the diphensuccindadiene series, the effect is much less 
in evidence. No theoretical explanation for this phenomenon has yet been given. It may 
be interesting to recall that halogenation of the benzene rings in the dibenzofulvenes 
has a negligible influence on their absorption spectra24. 


TABLE WI | 


Influence of halogen substitution on the longest absorption band of some ““non-alternant” hydrocarbons 
(in alcoholic solution) 


Substance Amax in mu (loge) 
Azulene 70023 
1-Chloroazulene 73723 
1-Bromoazulene 74023 
1-Benzhydrylidene-3-phenyl-indene (VI, Ry = R2 = H) 350 (4.02)25 a) 
1-Benzhydrylidene-2-chloro-3-phenyl-indene (VI, R; = Cl, R2 = H) 370 (4.18)5 
1-Benzhydrylidene-2,6-dibromo-3-phenyl-indene (VI, Ri = R2 = Br) 366 (4.28) 
Diphensuccindadiene (VIII, R = H) 415 (4.18) 
9.12-Dichloro-diphensuccindadiene (VIII, R = Cl) 420. (4.28) 


Note: a) other bands: 250 (4.25), 299 (3.92). 


4. THE SPECTRUM OF 2,3-DIARYL-INDONES (x) 


Coan, Trucker and Becker? and Shapiro and BecKer27 have studied the spectra of 
a large number of 2,3,4,5-tetraaryl-cyclopentadienones (IX), and have interpreted 
their findings by the assumption that of the two main bands in these spectra the 
shorter one is due to the system IXa, the longer one to the system IXb. It should be 
possible to verify this simplifying hypothesis in a less complicated system such as that 
of the 2,3-diaryl-indones (X, Xa, Xb), in which the possible influence of the “bran- 
ching” of the conjugation, involving the aryl groups in positions 4 and 5 of (IX), is 
eliminated. Table IV summarises the results. 
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ie 
A ‘ TABLE 1V 
l Absorption spectra of 2,3-diaryl-indones (X) (in alcohol) 
j Substance Amax in m u (loge) 
1. 2,3-Diphenyl-indone5 234 (4.48) 256 (4.50) 440 (3.24) 
2. 2-Phenyl-3-(p-methoxypheny])-28 268 (4.49) 322 (3.78) 450 (3.42) 
3. 2-(p-Methoxypheny]l)-3-phenyl- 224 (4.76) 291 (4.23) 435 (3.16) 
4. 2-Phenyl-3-(p-bromopheny]l)-27 260 (4.58) 436 (3.30) 
5. 2-(p-Bromopheny])-3-phenyl- 265 (4.59) 440 (3.36) 
6. 2-Phenyl-3-(a«-naphthyl)-28:29 223 (4.84) 264 (4.55) 416 (3.53) 
‘7, 2-(a-Naphthyl)-3-phenyl- 224 (4.80) 286 (4.28) 432 (3.18) 
8. 2-Phenyl-3-bromo-39 245 (4.54) 296 (3.87) 425 (3.08) 


The results cannot easily be accounted for by the assumption that the two longest bands 
in the spectrum of 2,3-diphenylindone correspond to the absorption paths Xa and Xb. 
Introduction of a methoxy group into the para-position of the 3-phenyl indeed shifts 
the 256 my band of 2,3-diphenylindone considerably, but the analogous operation in 
the 2-phenyl also affects only the 256 my band and has no influence on the 440 mu 
_band. Bromination of either the 2- or 3-phenyl has no effect on the latter band (the 
256 my. band disappears in these two cases). Replacement of the phenyl groups by 
a-naphthyl! radicals has a hypsochromic effect on the 440 my band and a bathochromic 
effect on the 256 m». band, in both cases. It should be noted that replacement of the 
3-phenyl group by a bromine atom has a bathochromic effect on the 256 mu band — 
as the above-mentioned hypothesis would predict — but a hypsochromic effect on the 
440 my band which is not altogether in accord with that hypothesis. It appears that the 
assignment of the two bands of 2,3-diphenylindone to two distinct absorption paths 
is not feasible. 


The description of the substances studied — as far as they are new — will be pu- 
-blished elsewhere. 
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General and Industrial Physics (Monday afternoon) 


The Problems of Cavitation in Pipelines after 
Cessation of Pumping, MosHE Biron, Hydraulic 
_ Engineer, Tel Aviv. 


Indefinite Admittance Representation of Linear 
Networks. JAcoB SHEKEL, Scientific Department, 

_ Ministry of Defence. Kirchhoff’s Rules, that form 
‘the basis of network analysis, apply to networks 
composed of two-terminal branches. Two postu- 

-Jates are now proposed, applicable to networks 
whose basic elements may have more than two 
terminals (e. g., multi-electrodes vacuum-tubes or 
transistors). The resulting method also makes 
possible analysis without specifying the voltage- 
reference terminal. 

There is some redundancy in the definition of 
‘the currents, and excessive degrees of freedom in 
the voltages; but it is shown that these two effects 
compensate and result in no ambiguity in the de- 
finitions of instantaneous power and of the ad- 
mittance matrix. 

_ The various points raised are interpreted geo- 
“metrically as relations in n-dimensional Euclidian 
space. 


“Scattered Solar Radiation. Its Computation and 
‘Measurement, N. Rosinson, Solar Radiation 
Laboratory, Technion, Israel Institute of Techno- 
logy, Haifa. The scattered solar radiation is a part 
of the total solar energy radiation created by the 
influence of the atmosphere. This is important be- 
cause of the scattered ultraviolet and the hea- 
ting effect. Because of its undirected character it 
is impossible to compute by means of the so- 


lar coordinates. Only the influence of pure air on 
the spectral parts of solar radiation can be precise- 
ly computed. The various particles present in the 
atmosphere complicate computation, especially 
since the quality and quantity of these particles 
change rapidly. 

Therefore, it is only possible to measure the 
scattered radiation separated from the total and 
sky radiation. 


The author has developed an auxiliary in- 
strument for this purpose. 


The instrument is based on the principle of 
permanent shadowing of the pyrheliometer, and 
the shadowing device may be adjusted according 
to the date. The design of this instrument allows 
the width of the shadow cast on the pyrheliometer 
to remain constant all the year round. For this 
purpose the pyrheliometer is in the centre of a 
sphere, and its surface rests in the plane of the 
hemisphere. A strip was cut from the hemisphere 


having a radius ten times greater than its width. — 


This strip is movable, according to the solar co- 
ordinates. The various strips are computed for 
the dates required. 


On the Calculation of the Detonation Parameters 
of some Explosives, Y. MANHEIMER, Scientific De- 
partment, Ministry of Defence. The pressure, tem- 
perature and detonation velocity of an explo- 
sive as well as the material velocity and the spe- 
cific volume of the detonation products can be 
calculated from the known loading density and 
chemical composition of the explosive. 


The first step is the determination of the deto- 
nation products, which can be obtained from a 
number of equilibrium conditions, dependent on 
the unknown temperature and pressure. An equa- 
tion of state for the detonation products must be 
assumed, since they are far from ideal gas con- 
ditions; this is done by evaluating the second, 
third, fourth and fifth virial coefficients. The 
calculation is performed according to the hydro- 
dynamic theory of detonation (Rankine-Hugoniot 
equation, Chapman-Jouguet condition), employ- 
ing a method of successive approximations}. 


The calculation was carried out for mixtures of 
tetranitromethane and toluene? of different com- 
position (this is a powerful liquid explosive known 
as panclastite) and we obtained the result that the 
maximal pressure and detonation velocity were 
obtained for a composition of 15% toluene and 
85% tetranitromethane. 


Measurements of the intensity of the shock 
wave issued by the detonation of these mixtures 
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showed good agreement with the theoretical re- 
sults. In this case the explosive is close to stoichi- 
ometric composition and it was therefore possible 
to neglect the equilibrium equations (taking these 
equations into account alters the result by less 
than 1%). 

Another explosive for which the calculations 
were carried out is pure mononitromethane, 
which has a large negative oxygen balance, and 
here we had take into account the equilibrium 
coefficients. The detonation velocity obtained as 
a result of the calculations was in agreement with 
measurement within 5%. 


REFERENCES 


1. Taytor, J., 1952, Detonation in Condensed Explosives» 
Oxford University Press. 

2. MANHEIMER, Y., 1954, Memorial de I’ Artillerie Francaise, 
in press. 


Some Measurements of Detonation Velocities with 
Electrical Conduction Probes and Spiral Sweep 
Oscillogram, G. NAHMANI, Scientific Department, 
Ministry of Defence. Velocities of detonation of 
various explosives were measured by using the 
electrical conduction due to ionization in the de- 
tonation wave to short circuit gaps in probes 
placed in the explosive and thereby provide timing 
signals. The signals were recorded on an oscillo- 
graph with a single spiral sweep, of about 10-15 
turns and a frequency of 100 KC, by blanking 
the beam for about 1/2 microsecond each time. 

The accuracy with which velocities may be 
measured by this method is high and is limited 
in practice to the accuracy with which distances 
between the probes are measured. The method 
does not suffer; as direct photographic me- 
thods do, from masking effects by illumination 
from shock waves and it is useful for measuring 
velocities in cased explosives or inside charges. 

Two examples are given which illustrate the 
type of work done by this method. 

The detonation velocities of a solid propellant 
in a powdered form were measured by placing 
the powder in cardboard tubes, threaded by fine 
copper-wire probes, at 2 cm imtervals, and ini- 
tiating with No. 10 detonator. As expected the 
velocity was found to vary with the grain size, in- 
creasing when the powder was finer. 

Nitromethane with no confinement failed to 
detonate in contact with a 30 gram charge of 
PETN. Under strong confinement, however, it did 
detonate. The liquid was poured into a 2.5 cm 
dia. hole drilled in a 6 cm dia. steel shaft and 7 
probes were placed inside at 2 cm intervals. A 
constant velocity of 6200 m/sec was recorded. 


On the Measurement of Transient Pressures and 
Synchronizing Devices, M. Birk, Scientific De- 
partment, Ministry of Defence. Transient pressures 
of 10—104atm. and 10-3—1 sec. duration have been 
measured by gauges of the following types: re- 
sistive, piezoelectric and capacitive. The first me- 
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thod has been found most convenient for routine 
work, there being no need for high insulation o} 
gauge and cable, whereas in the second method 
trouble is sometimes caused by leakage, espe- 
cially when the relative humidity is high. On the 
other hand the piezoelectric method has the ad- 
vantage of giving easily recorded signals gene- 
rated by pressures as low as one atmosphere. The 
capacitive method requires a r.f. oscillator near 
the place where the pressure is measured, which 
is sometimes a disadvantage. 

The recording instrument in the described me- 
thods is a cathode-ray-oscillograph and the mea- 
sured processes should be synchronized with the 
camera or the beam. When the process is electri- 
cally initiated, synchronization is achieved by using 
a multi-contact relay which triggers a camera 
shutter and then closes the ignition circuit, the 
beam continuously running on the scope. If a 
drum-camera is used, the drum synchronizes 
beam-brightness with ignition. However, in fast 
processes single-sweep operation had to be used. 
A variable delay between beam-triggering and ig- 
nition was obtained by a R-C network firing 2 
thyratron, which was thus used to close the ignition 
circuit at the desirable moment. 

A monostable multivibrator which brightened 
the beam for a desired time proved efficient in 
some operations. 

In cases of mechanical initiation the problem 
of synchronization had to be solved for eacts 
case separately. Generally, the movement of some 
part was used to close or to open an electric cir- 
cuit, thus triggering the beam. 


The Solution of the Problem of the Kaleidoscope, 
A. MarKEL, Natanya. The formjulae given in the 
literature regarding the number of images ob- 
tained by a kaleidoscope (or by two plane ithe 
nclined at an an angle j with each other) are either 
incorrect or at best not exact; for this reason some 
books on optics do not mention this problem 4 
all. An accurate solution is suggested below: | 

To the angle of inclination 0 whose arc k0 is ob 
tained by dividing the perimeter of the cirrcle p b 
a whole number, corresponds a regular polygon 
whose number of sides is equal to the divisor ir 
such a way that two consecutive symmetrical axe 
of the polygon coincide with the arms of the angl 
of inclination, and one vertex of the polygon is si+ 
tuated on the bisector of the angle. The vertices 
of the polygon which are symmetrical alternately 
to the axes (according to the arrangement of the 
points symmetrical to the object inside the angl 
0) may be arranged in two series whose sequence 
and number of rterms detemines the sequence anc 
number of images. The arrangement of the series 
is such that if the image falls on the arms of the 
vertical angle or inside it, the series is not conti: 
nued. (This implies reduction of the number ol 
terms). 

This method may be used for cases in which an 
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arc of the angle of inclination is obtained by di- 
viding theperimeter of the circle by an improper 
fraction. Determination of the exact number of 
imges is made possible only by use of regular po- 
lygons and cyclic groups of the vertices. 


A Summary Account of the Origin of the Function 
and the Variable before Galileo, S. Hevesi, Museum 
of Modern Art, Haifa. An essential part of Gali- 
leo’s laws, the variable and its correlated use, are 
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shown to have been evolved through centuries from 
the discussion of the intensity of qualities by 
scholastic philosophers. Not only was the new 
science different in nature from the static mecha- 
nics of the Greeks, but the raising of this problem 
of change in intensity already meant a radical 
departure from Greek ways of thought. The re- 
ception of Aristotelian philosophy into an alien 
linguistic is suggested as the stimulus for the ela- 
boration of the new conception of change. 


Theoretical Physics (Monday afternoon) 


Some New Levels in the Spectrum of Yb II, G. 
Racau, The Hebrew University of Jerusalem. Con- 
stant differences between known levels and un- 
classified lines were looked for by a punched-cards 
technique; coincidences were obtained, which 
suggest the existence.of 19 levels which are not 
comprised in the unpublished list communicated 
by W. F. Meggers. A definitive confirmation of 
the existence of these levels may be obtained only 
by examining the Zeeman data of the correspon- 
ding lines. ; 

A group of suggested levels agrees with the 
values calculated by S. Aberbach and D. Sperber 
for the configurations f13sd and f13sp; the position 
of the other group agrees with the expected po- 
sition of the low levels of f13d2. The intensities of 
the transition confirm the assignments of the 
levels to these two groups. 


The Spectrum of YbII*, D. SpERBER, Technion, 
Israel Institute of Technology, Haifa. The con- 
figurations fl3sp and f13sd of YbII have been 
calculated, and the configuration f13pd of the same 
element is now being calculated. Use was made of 
the values of the energy levels, the angular mo- 
menta J and the Lande g-factors communicated 
by W. F. Meggers. jj-coupling between the outer 
electrons and the missing electron was assumed. 
LS-coupling was assumed between the two outer 
electrons. These assumptions were based on the 
positions of the levels, the Lande g-factors, and 
the intensities observed. The linear equations for 
the energies were formed according to this scheme. 
The parameters appearing in these linear equations 
were initially determined by the method of least 
squares, and the use of known levels, to a first 
approximation. Closer approximations to these 
parameters were then made by the use of pertur- 
bation theory and numerical diagonalization. The 
equations for the unknown levels were then solved 
via the use of the best parameters determined 
above. These solutions agreed with the values ar- 
rived at for these levels by an experimental method 
used by Racah. 


_ * This work was done at the Hebrew University of Jerusalem 


under the direction of Prof. G. Racah 


Statistical Geometry and Quantum Theory, NA- 
THAN Rosen, Technion, Israel Institute of Techno- 
logy, Haifa. Since there exists a limitation on the 
accuracy of measurement of position due to the 
existence of a fundamental length associated with 
the elementary particles, it appears necessary to 
introduce the concept of statistical geometry in 
which, corresponding to a given measured po- 
sition, there exists a distribution function for the 
true position!. On the basis of the homogeneity 
and isotropy of space and the assumption of the 
independence of the Cartesian coordinates one 
arrives at a distribution function in the form of a 
Gaussian error function. From the standpoint of © 
the quantum theory, one can associate with each 
point of space both a set of coordinates and a set 
of momenta, and it is plausible to characterize 
each point by means of a set of non-Hermitian 
variables, each of which has as its real part a 
coordinate and as its imaginary part (to within a 
constant dimensional factor) the conjugate mo- 
mentum. The eigenvalues of these variables are 
continuous, and the eigenfunction is a Gaussian 
error function, so that the probability distribu- 
tion is of the same form as above. These ideas can 
be extended and modified to conform to the re- 
quirements of the relativity theory. If one assumes 
that all fields are described by components which 
are functions of these new variables, then it is pos- 
sible to choose a representation in which the co- 
ordinates are diagonal, but the fields are non- 
localized. This leads to the removal of divergences, 
such as the infinite self-energy of the electron. 


REFERENCE 


1. Rosen, N., 1947, Phys. Rev., 72, 298; cf. also, DE BROGLIE, 
L., 1935, C. R. Acad. Sci. Paris, 200, 361 and EDDINGTON, 
A. S., 1946, Fundamental Theory, Cambridge University 
Press. 


Investigations on the Integral Equation Method 
and the Assumption of Superposition in the Theory 
of Condensed Systems, J. Mazur and J. E. 
Mayer, The Weizmann Institute of Science, 
Rehovot and The University of Chicago, Chicago, 
Illinois. 

1. Aset of molecular distribution functions 
F,, have been defined which depend on molecular 
coordinates and on parameters which describe the 
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thermodynamic state of the system. The para- 
meters chosen are the temperature and the acti- 
vity. The activity becomes identical with the 
molecular density at an infinite dilution. 


2. The distribution functions which describe 
two systems at different activities but at the same 
temperature, are interrelated through an integral 
equation, which was derived from the Grand 
Canonical Ensemble of Gibbs. 


3. A potential of average forces of n particles 
has been defined as a quantity which is pro- 
portional to the logarithm of F,,. For zero activity 
the potential of average forces becomes identical 
with the classical potential energy of intermole- 
cular forces. 

4. It has been assumed that, similarly to the 
potential energy of intermolecular forces, the po- 
tential of average forces can be expressed as a 
sum of interactions between all possible mole- 
cular pairs. This assumption has been called the 
‘superposition assumption. 

5. Two.reciprocal integral equations have been 


‘constructed, which have as the unknown quantity 


the potential of average forces. Using the super- 
position approximation we transform one of 
these two equations into Fredholen integral equa- 
tion, whose solution enables us to test the validity 
and accuracy of the superposition assumption, 
Generally, there is a mathematical inconsistency 
in the assumptions of superposition in both the 
potential energy of intermolecular forces and the 
potential of average forces, which can be shown 


by symmetrizing the kernels of the two reciprocal - 


integral equations and expanding them in ortho- 
gonal sets. é 


6. As a’ simple case, a liquid with a hard- 
sphere potential energy for the intermolecular 
forces has been investigated. The apparent phase 
transitions which this system seems to possess, 
arise from the incorrectness in the superposition 
approximation. 


Two-Component Wave Function, S. BURSZTEIN, 
Haifa. A two-component first-order wave equa- 
tion is studied for a neutral particle of vanishing 
rest-mass (neutrino). It is shown that there may 
exist two kinds of neutrinos with opposite orien- 
tations of spin relative to momentum (right and 
left particles). Some results concerning the “‘Zitter- 
bewegung” of Schroedinger are deduced. The pos- 
sibilities of an extension of the theory to charged 
particles is considered and some possible conse= 
quences regarding asymmetry in nature are dis- 
cussed. 


Multiple Meson Production and Isotopic Spin Con- 
servation, Y. YEIVIN, Zhe Atomic Energy Com- 
mission, P.O.B. 7056, Hakirya. Fermi’s theory 
of pion production! enables one to calculate the 
(relative) cross-section for production of p pions 


in a nucleon-nucleon collision as a function of the — 


collision energy. The theory was generalized2,3 so 
as to include production of heavy mesons (K- 
particles) as. well, and give the cross-section for 
production of k heavy mesons and p pions, and also 


the ratio n;/nz of the average number of heavies- 


to that of pions produced in a collision. This ratio 
can be compared with experimental results. 


While Fermi deals with classical, independent 


particles, Haber-Schaim et al. consider the diffe- _ 


rent possible charges of the particles appearing 
after the collision, consistent with charge conser- 
vation, and also the possible identity of some of 
them. In a recent paper4, Fermi considers the diffe- 
rent charge possibilities consistent not only with 
charge, but also with isotopic spin conservation. 


Our purpose is (a) to give general formulae for 
the corrections of the production cross-sections 
which follow from charge (and isotopic spin) con- 
servation, and possible identity of some of the 
particles; and (b) to show that there is hardly any 
difference — as far as meson production is con- 
cerned — between charge and charge plus isotopic 
spin conservation. 


REFERENCES 


1, Fermi, E., 1950, Prog. Theor. Phys., 5, 570; 1951, Phys. 
Rev., 84, 683. 

HABER-SCHAIM, U. and YEKUTIELI, G., 1952, Phil. Mag., 
43, 997. 

HABER-SCHAIM, U., YEIVIN, Y. and YEKUTIELI, G., 1954, 
Phys. Rev. 

FerMI, E., 1953, Phys. Rev., 92, 452. 
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Exciton Band Structure in the Benzene Crystal, 
D. Fox and O. ScHNeEpP, Technion, Israel In- 
stitute of Technology, Haifa. Non-conducting 
excited states of insulators can presumably be 
described in terms of ‘‘excitons’”, or excitation 
waves. Each excited level of the free molecules 
is replaced, in the crystal, by a band, with each 
level of the band characterized by the exciton 
propagation vector. We have calculated the ener- 
gy as a function of the propagation vector for the 
two lowest bands of the benzene crystal. These 
bands correspond to the’ molecular states be- 
longing to the representations Byy and Bop, re- 
spectively, of the molecular point group D¢a. It 
was found that in an expansion of the Coulomb 
interaction potential between molecules, the 
octupole-octupole terms are the lowest order con- 
tributions to the spread of the band. Calculations 
give the width of the Byu band as 1500 cm-!, of 
the Bou. band, 65 cm-!. It may be shown that there 
are at most three levels of each band which give 
electric dipole transitions to the ground state. Two 
such transitions originating in the lower band 
have been observed. The separation between them 
is 25 cm-1; the predicted value, on the assumption 
that the lower molecular state belongs to Boy, is 
20 cm-!, 


u 


_ Linear Relations in Crystalline Potential Problems, 
PP. Naor, Technion, Israel Institute of Techno- 

logy, Haifa. The calculation of crystalline poten- 

tials, lattice sums and Madelung constants is 

- dealt with from the view point of space group 
_ theory. It is assumed 


a) that the potential emanating from any 
single atom in the crystalline assembly is iso- 
tropic with respect to this atom, and 


b) that no distortion—not even isotropic— 
of such atomic potential takes place on ex- 
panding or contracting the crystalline assembly. 


Introducing the crystallographic concept of lat- 
tice complexes it is shown that these assumptions 
lead to two types of relations between different 
crystalline potentials — a) Reciprocity relation 
and b) Additivity relation. These two concepts 
may be used for the final formulation of linear 
dependence between crystalline potentials, lattice 
sums and Madelung constants. 


He If: Kinetics of Superflow in the Bose-Einstein 
Gas Model, P. R. ZmseL, Technion, Israel Insti- 
tute of Technology, Haifa. The Bose-Einstein con- 
densation mechanism can account for the exis- 
tence of separate hydrodynamic velocity fields 
for the normal and the superfluid, if one assumes 
a suitable single-particle energy spectrum. The 
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microcanonical gas distribution for nonzero total 
momentum P is P 


nj = gj | (exp[(€j—-*Pj— p)/kT]-1 } 
where 
v = (GE/OP). . 


Below the condensation temperature, if the 
energy spectrum has a sharp minimum (gap or 
cusp), Only the excited part of the gas contributes 
to the total momentum, the condensate remaining 
“frozen” in momentum space. This rigidity of 
the condensate in momentum space plays the 
same role as the rigidity of the superelectrons on 
imposition of a magnetic field in the London 
theory of superconductivity. P acts as an additional 
thermodynamic variable, states with P=40 being 
macroscopically metastable and corresponding to 
relative motion of the two fluids with velocity v. 
The hydrodynamic equations of the two-fluid 
theory follow directly from the statistical model. 
The basic hydrodynamic assumptions of the two- 
fluid theory are thus reduced to an assumption 
concerning the form of an effective single-particle 
spectrum, and the parallelism between the theo- 
ries of superconductivity and superfluidity is 
clearly exhibited. The present model permits, in 
particular, the introduction of the mathematical 
form of Landau’s phonon and roton spectra with- 
in the framework of the Bose-Einstein conden- 
sation picture. 


General Session (Monday evening) 


Opening of the first meeting of the Israel Physical Society 
by its first president, Prof. Giulio Racah 


The Influence of Modern Physics on Organic Che- 
mistry, E. D. BERGMANN, Scientific Department, 
Ministry of Defence. Tel Aviv. 


The Role of Physics in Industry, M. CHwALow, 
Technion, Israel Institute of Technology, Haifa. 


Atomic, Nuclear and Molecular Physics (Tuesday morning) 


Search* for Radiations from Pb295, C. D. 
CoryeLL**, R. H. Herser, T. T. SuGmARA and 
W. E. BENNETT, Department of Chemistry and 
Laboratory for Nuclear Science, Massachusetts 
Institute of Technology, Cambridge, Mass. U.S.A. 
The unidentified nuclide Pb295 is expected to decay 


* This work was supported in part by the U.S. Ato- 
mic Energy Commission. " 

** Louis Lipsky Fellow, Weizmann Institute of Science, 
Rehovot, 1953—54. : 


by electron capture to T1295 with 0.4 Mev decay 
energy. Its absence in nature indicates an upper 
limit of 3 x 108 years on the half-life. De Shalit and 
Goldhaber (1953) have pointed out that the trans- 
ition (expected to be P!/2 S1/2) should be “‘super- 
slow” because of departures from the strict single- 
particle model. 

Predicted amounts of Pb295 have been synthe- 
sized by the (d,p) reaction on natural lead with 
the M.I.T. cyclotron and by the (v, ‘¥) reaction 
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in the Arco MTR pile with 0.4 g of Pb enriched 
to 26% Pb204 from the Stable Isotopes Division 
of the U.S.A.E.C. All attempts to find K x-rays 
of thallium (73 Kev) from its decay have been 
fruitless. Using the thermal neutron cross-section 
of Pomerance (1952) and the integrated flux of 
3 x 1029 n/cm2, it is shown that the half-life for 
K-electron capture is outside the range 10 days 
to 1019 years. Studies made immediately after 
such bombardments eliminate K-capture half-life 
‘in the region seconds to 10 days. Thus it can be 
said that Pb295 does not decay appreciably by 
K-electron capture, and search is being turned 
to the detection of ZL and softer x-radiation. 


Description of a 6-ray Spectremeter, J. BURDE, 
Department of Physics, The Hebrew University of 
Jerusalem. A thin lens magnetic 6-ray spectro- 
meter has been built, for the measurements of the 
energies and intensities of nuclear radiations from 
radioactive substances. 


The axis of symmetry of the instrument is 
vertical. The distance between source and detector 
is one metre. The vacuum chamber is a brass tube 

‘ of outer diameter 17.5 cm. The axially symmetric 
magnetic field is produced by an iron-free short 
solenoid surrounding the vacuum chamber built 
in the form of eight concentric coils of copper 
wire. Cooling is provided by passing coolant 
through 3 layers of copper tube which lie between 
the coils. The solenoid contains 180 kg of copper. 
The vacuum chamber contains a system of alumi- 
nium baffles which fix the transmission and resol- 
ution of the instrument. The transmission can be 
changed externally by moving a baffle via a Wilson 
vacuum seal. A vacuum lock and gate have been 
incorporated so that the course can be changed 
without destroying the vacuum in the main cham- 
ber. An operating pressure of 10-5 mm is used. 


Tests of the performance of the instrument 
have been carried out using the thorium F line. 
The position of the “ring focus”’ (which arises from 
spherical aberration) has been determined by di- 
rect photography. using a 10 millicurie recoil 
source of thorium B and a four hour exposure. 
The photographs show excellent axial symmetry. 
By placing an annular baffle of suitable annular 
radius at the ring focus, -it is hoped to obtain a 
resolution of 0.6% for a transmission of 0.6%. 
With magnet cooling, the spectrometer should be 
capable of focussing electrons up to energies of 
5S MeV. 


Single and Complex Probability Functions in the 
Counting of Alpha Particles, H. LINDEMAN, Tech- 
nion, Israel Institute of Technology, Haifa. When 
alpha particles from a steady source of radioactive 
substance (for instance polonium) are randomly 
emitted, then the probability that a certain num- 
ber of particles will be counted in a given time 
interval is given by the Bateman-Poisson law. 
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In certain cases of radioactive disintegration, 
however, the alpha emission does not occur 
randomly with respect to time. This has been 
pointed out by Adams, who takes as example the | 
thorium series. Here, if we take 5 min. as the length 
of the counting interval, the mean life of thoron 
and thorium A is short in comparison with this 
length. Therefore, the probability that a certain 
number of alpha particles will be counted in a 
given interval of time is given by a complex pro- 
bability function which differs considerably from 
the (single) Bateman-Poisson function. 


Measurements on the probability function of 
the disintegration of polonium, the radium series 
and the thorium series were carried out with a 
methane flow proportional counter. The measure- 
ments showed that disintegrations of polonium 
and the radium series occurred in good agreement 
with the Bateman-Poisson law, while those in the 
thorium series obey a complex probability func- 
tion, as should be expected on the basis of the 
theoretical work of Adams. 


Absorption and Scattering of Microwaves by a 
DC Discharge in Helium and air, Z. GELLER and 
W. Low, Department of Physics, The Hebrew 
University of Jerusalem. Microwave radiation is 
scattered and absorbed by electrons in a dis- 
charge. The magnitude of these effects is a func- 
tion of the electron density and collision frequen- 
cy of the electrons. 

We have studied changes in transmission and 
scattering at an angle 90° of microwaves by a 
DC discharge. The discharge tube of 50 cm length 
and aluminium electrodes of 5 cm diameter was 
subjected to 1 and 3 cm radiation generated by 
a low powered klystron. The transmitted and 
scattered waves were detected by means of a 
crystal detector. Detection was also made at 90° 
polarization. Considerable difficulties were ex- 
perienced by diffraction and interference effects. 

We have measured the attenuation and scatter- 
ing as a function of gas pressure and current (up 
to 30 ma.) at various places along the discharge. 
From the preliminary results the following con- 
clusions can be drawn. 


1. The magnitude of the attenuated and scat 
tered waves varies along the discharge. 

2. At constant pressure and current the atte- 
nuation and correspondingly the scattering are 
very large in the negative glow region. They go 
through a distinct maximum near the position 
of. the reversed electric field. 

3. In the Faraday dark space there is a con- 
siderable decrease of attenuation and scattering 
from the high values in the negative glow, falling 
to a nearly constant but low attenuation and 
scattering in the positive column. 

4. For a given pressure similar regions in the 
discharge show larger attenuation and scattering 


for larger current densities. 
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Effects of Electric Fields on the Luminescence of 
the Phosphor SrS:Eu,Sm, I. T. STEINBERGER, E. 
ALEXANDER, A. E. BRAUN, W. Low and L. WEI- 
DENFELD, Department of Physics, The Hebrew 
University of Jerusalem. The effect of application 
of alternating electric fields during various stages 
of the excitation and the exhaustion on this 
infrared-stimulable phosphor were investigated. 
The experimental arrangement was similar to that 
used by Destriau! in his research on electrolumine- 
scence. 

The following main effects were observed: 

An A.C. electric field (of the order 104 V/cm, 
50 c.p.s.) acting during the excitation by blue 
light, causes a momentary increase of illumination 
and a subsequent stationary quenching of the 
fluorescence. On switching off the voltage during 
the excitation a second momentary illumination 
results. Furthermore, the field which acted during 
the excitation increases both the phosphorescent 
and the infrared-stimulated brightness. The in- 
crease of infrared-stimulated emission persisted 

-even if several hours had elapsed between the 
end of the excitation and the beginning of sti- 
mulation. 

On the application of an electric field during 
phosphorescence or during the infrared-stimulated 
luminescence a momentary increase of illumina- 
tion results with no subsequent quenching of the 
luminescence. This momentary illumination grows 
with the field strength, and decreases with the 
decay of the luminescent emission. 

The effects are strongly interrelated. For exam- 
ple, if the field acted during the excitation and 
thus caused an increase of the subsequent infra- 
red-stimulated emission, a second switching-on 
of the field during the stimulation will cause only 
a very feeble momentary increase of illumination. 

An attempt will be made to explain these results 
according to the various models on electrolu- 


minescence. 
REFERENCE 


1. DestriAu, G., 1947, Phil. Mag., 38, 700. 


Colour Centres in Alum Crystals, E. A. BRAUN and 
A. Many, Zhe Hebrew University of Jerusalem, 
A. E. SIMCHEN, Scientific Department, Ministry of 
Defence. We have studied the production of 
colour centres by X-ray irradiation in the fol- 
lowing alum single crystals: 

1. KCr (SOg)2, 12H20; 2. KAI (So4)2, 12H20; 
3. NHsAl(SO4)2,12H20; 4. NH4Fe(SO4)2,12H20. 

The specimens were exposed to X-rays for var- 
ious periods of time, and their absorption spect- 
ra were measured before and after irradiation. 

Of these substances, colour centres are pro- 
duced in chromium potassium alum only. An 
additional absorption band at 228 my. was found; 
the measured density of this band increases up 
to a saturation value with the time of X-ray 
irradiation. At room temperature, this band de- 
cays slowly (several weeks), while at liquid air 
temperature no decay is observed. The absorption 
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band can be bleached by exposure to ultraviolet | 
light of any wavelength within the band. 


This proves that the absorption band arises from 
colour centres of a single energy level. 


Further work is now being carried out, and a 
full account will be published in due course. 


Electron Microscopic and Diffraction Studies of 
Some Paraffinic Sodium Soapsi, M. L. E. 
CHWALOW?, Temple University, Philadelphia, Penna., 
U.S.A. Electron microscopic investigations of the 
crystalline structures formed by the paraffinic 
sodium soaps, from sodium butyrate (NaC4H702) 
through sodium stearate (NaC;sH3502), show 
these to consist, primarily, of ribbon like fibres, 
which in the higher molecular weight soaps occa- 
sionally form closed rings. The maximum widths 
of these fibres decrease as the molecular weights 
of the soaps increase. As is known, sodium soap 
molecules align themselves with the long axes 
of their hydrocarbon chains parallel and with 
their ionic ends adjacent to each other, thus 
forming bimolecular laminae. Present electron 
diffraction studies substantiate this and demon-. 
strate that the long axes of the hydrocarbon 
chains are oriented essentially normal to the 
planes of the above noted ribbon like fibres. 
Knowledge of this plus analysis of the van der 
Waals forces acting between the adjacent hydro- 
carbon chains and the forces prevailing in the 
ionic layer, lead to a direct explanation of the 
structures and structural changes observed elec- 
tron microscopically. 


1. Materials and equipment (RCA) were provided by Socony 
Vacuum Laboratories. 
2. Present Address — Technion, Israel Institute of Techno- 


— logy, Haifa, Israel. 


The First Absorption System in the Ultraviolet of 
Crystalline Hexamethylbenzene, O. SCHNEPP, 
Technion, Israel Institute of Technology, Haifa, and 
D.S. McCuurz, University of California, Berkeley, 
California. The absorption spectrum of single 
oriented crystals of hexamethylbenzene in the 
near ultraviolet in polarized light has been pho- 
tographed on a 3 metre Littrow quartz spectro- 
graph, at 20°K, and the emission corresponding 
to the lowest absorption system was photographed 
under the same conditions on a medium quartz 
spectrograph. The crystal structure allows un- 
ambiguous separation between the polarization 
components perpendicular and parallel to the 
plane of the benzene ring. The results show that 
the transition which corresponds to the 2600 A 
transition of benzene, contains a well developed 
system polarized perpendicular to the plane of 
the ring, in addition to a more intense in-plane 
system. A vibrational analysis was made and 
showed that the 0—O band occurs only in the 
perpendicular component and totally symmetric 


f 
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vibrational progressions are superimposed on it. 
The in-plane component, on-the other hand, re- 
presents a forbidden transition made allowed by 
a vibration analogous to a molecular vibration 
of symmetry E2g of the benzene molecule. This 
vibration has a frequency of 450 cm-! in the 
ground state as measured on the emission pho- 
tographs, and this is in excellent agreement with 
an observed Raman frequency of the molecule. 
The spectrum can be explained on the assumption 
that the hydrogen atoms of the methyl groups 
perturb the z-electron system and allow the 
mixing in of Rydberg states. It is also necessary 
to assume that the methyl groups are in a state 
of interlocked rotation at the temperature of 
the experiment. 


Transfer of Energy from Solvent to Solute in 
Liquid Organic Solutions Under Ultra-violet Ex- 
citation, S. G. CoHEN and A. WEINREB, Depart- 
ment of Physics, The Hebrew University of Jeru- 
salem. The phenomenon of transfer of energy from 
solvent to fluorescent solute is well known in the 
case of certain organic solid solutions. The works 
of Kallman and others have shown that such a 
transfer also exists in organic liquid solutions, 
when excited by y-rays. 
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In this work the phenomenon of energy transfer 
in liquid solutions was found to exist in the case 
of ultra-violet excitation, and the problem of the 
nature of the transfer is being studied under these 
conditions. The advantages of the method are: 


1) The excitation process is much simpler than 
in the corresponding case of excitation by y-rays. 


2) By examining the fluorescence at exciting 
wave-lengths for which the solvent does not signi- 
ficantly absorb, one can estimate the quenching 
of the solvent molecules on the solute fluores- 
cence by comparing different solvents; and simi- 
larly the self quenching can be estimated by 
measuring the fluorescence as a function of so- 
lute concentration, under similar conditions. 


Results showing the dependence of the fluo- 
rescence from p-terphenyl solute on concent- 
ration and exciting wave lengths have been ob- 
tained, using different solvents and solvent mix- 
tures. 


It has been shown that the phenomena of 
energy transfer cannot be explained on the as- 
sumption that fluorescence of the solute is pro- 
duced by secondary radiation of the solvent of 
range greater than 0.01 mm. ? 


Methods and Instruments (Tuesday afternoon) 


Synchronization of a Pendulum Clock with Signals 
Derived from a Quartz Crystal Clock, M. vAN 
Ments, Research Council of Israel. Pendulum 
clocks, a few of which are to be found in several 
institutions about the country, can have an accu- 
racy of about less than +0.2 seconds a day. As 
is known, still greater accuracy may be obtained 
by installing them in a thermostat and/or in 
vacuum, If these measures are not taken, for 
many purposes it is desirable to check the clocks 
a few times a week with time signals from more 
accurate clocks. Since it is impossible, however, 
to correct the clocks afterwards for fractions of 
a second, one never can rely on the clock to 
within a second. 

However, a way has been found to synchronize 
these clocks with the aid of special signals derived 
from a quartz crystal clock. 

These signals magnetize a pair of different coils 
that are placed in an asymmetrical arrangement 
under the orbit of the pendulum. As a result of 
the extra forces added to the pendulum, there are 
now altogether three effects which cause a diffe- 
rence between the real and nominal period of 
the pendulum: a) the intrinsic divergence of the 
clock itself (as for instance caused by tempera- 
ture influences), b) a phase effect,.c) an amplitude 
effect. 

The resultant of these effects is such that the 
pendulum is locked within far less than 0.1 second 
into synchronization with the forced pulses. 


A Special Tension Source for the Electrical Standard 
Clock in Israel, M. VAN MENTs, Research Council 
of Israel. Owing to the frequent failure of the 
electric supply mains in Jerusalem, special at- 
tention must be paid to the tension source for the 
quartz crystal standard clocks and their accessories. 
To run the several services, two D.C. tensions of 
respectively 240 and 6.5 volts are needed without 
the slightest interruption. A number of floated 
batteries take over the service if there is a failure 
of the electric supply mains, and in case these 
batteries have lost a considerable amount of their 
capacity, they are reloaded when the mains supply 


‘is restored, Needless to say, this device must work 


automatically. In addition, special safety devices 
had to be installed to prevent damage that might 
be caused by overloading or underloading the 
batteries by too high voltages on the load of both 
the high- and low-tension circuits, and by some 
other possible undesirable situations. 

All these and other devices have to work con- 
tinuously and automatically in such a way that 
the time-keeping of the clocks and the service- 
supply is never interrupted for even 0.1 second. 


A Couette Viscometer for Precision Measurement 
in the Centipoise Range, H. E1seNBerG and E. H. 
Fret, Weizmann Institute of Science, Rehovot. 
Solutions of polyelectrolytes, i.e. multiply-charged 
compounds of high molecular weight!, show dis- 
tinct anomalous flow properties down to low rates 
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Figure 1 


_ of shear. For the theoretical evaluation of mole- 
cular parameters and the structure of dilute so- 
lutions? of these substances shear stress measu- 
rements at well defined conditions are required. 
For this purpose, the conicylindrical type? instru- 
pee described below (see Figure 1) was construc- 
ted. 


The inner stationary cylinder is freely floated in 
the sheared liquid under investigation. It is po- 
sitioned by an upper pivot-and-cup bearing (out- 
side of the liquid) and is adjusted to exert an up- 
ward thrust of about 50 mg. No other bearing is 
required. A stable “‘suspension”’ is obtained ha- 
ving a negligible frictional torque. 


The restoring force is obtained by means of 
an electrostatic system. A variable stabilized D.C. 
voltage of up to 2000 volts is used. A pair of 
vanes, appropriately shaped, are mounted axially 
on the inner cylinder and move between two 
static pairs of plates. A knowledge of the voltage 
_and the position of the vanes enables one to cal- 
- culate the electrostatic restoring torque. 

The instrument is suitable for the measurement 
of shearing stresses from about 2 x 10-3 dyn cm-2 
with a precision of 0.3% at rates of shear from 
0.2 sec-! te 40 sec-!; considerable accuracy can be 
attained in the determination of absolute visco- 
sities in the centipoise range. 
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Measurement of the Refractive Index of Light- 
Absorbing Substances, J. H. Jarre, The Weizmann 
Institute of Science, Rehovot. Various methods 


were used for the measurement of the refractive 


index of substances which are highly light-ab- 
sorbing, particularly interferometry. It was found 
experimentally possible to obtain an exact value 
of the refractive index only when the optical ab- 
sorption was known. On the other hand, it seems 
to be possible to determine the absorption only 
when the refractive index is known, the latter 
being required for the correction which must be 
made for reflections within the sample, etc. 

In every case studied experimentally, then, it 
became clear that it is impossible to determine the 
refractive index or the optical absorption inde- 
pendently; they must be determined together by 
a pair of appropriate measurements. 


A New Method for Determining the Masses of 
Fast Charged Particles, S. RosENDORFF and G. 
YEKUTIELI, Atomic Energy Commission, P.O.B. 
7056, Tel Aviv. The mass M of a fast charged par- 
ticle which does not come to rest in nuclear 
emulsion may be estimated by measuring the 
variation of ionization along its track. Let R, 
be the residual range of the particle measured 
from the middle of its track in the emulsion. The 
ionization at X mm from the middle point is 
IT=f(R,/M + X/m). (f(R/M) is the ionization as 
a function of the residual range R). The ionization 
along the track is measured by counting the num- 
ber of grains G(X;) (in cells of 0.5 mm, X; mm 
from the middle point). The two unknowns M 
and R are found by applying the Principle of 
Least Squares to the expression 


® = py Lf (Rol M+ Xj/M) — G(X)? 


The new method was applied to a K particle of 
35 mm (G = 1.41 plateau value) and two pions 
of 7 mm (G = 1.53 P.V.) and 10 mm (G = 1.39 
P.V.). The following mass values were obtained: 


840 + 130, 238 = 50 and 377 ~ 70 respectively. 


A Transducer Using Crossed Magnetic Fields, E. H. 
Frel, S. SHTRIKMAN and D. Treves, The Weiz- 
mann Institute of Science, Rehovot. In conventional 
magnetic amplifiers the flux in the magnetic ma- 
terial from the exciting alternating current is es- 
sentially parallel to the flux of the signal current. 
A system has been investigated, where the ex- 
citing magnetic field is perpendicular to the field 
of the signal current and of such a yalue as to 
change appreciably the permeability in the di- 
rection of the signal field (Figure 1). This leads 
to an alternating flux in the direction of the signal 
field. It consists essentially of even harmonics of 
the frequency of the exciting flux and its ampli- 
tude is dependent on the signal. Change of di- 
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*ection of the signal current changes the phase 
of this output by <x. 

This changing flux can produce a voltage in a 
winding parallel to the signal winding. It can be 
shown that its energy, partly or totally, derives 
from the exciting current. 

Ferrite materials are used for the core because 
difficulties would arise with ferro-magnetic ma- 
terials needing lamination. 

Possible uses of this instrument are for a trans- 
ducer for small currents! and for a magnetometer. 


REFERENCE 
1. Fret, E. H. and Treves, D. (see following paper). 


A Clip-on Milliamperemeter for D.C. Currents, 
E. H. Fret and D. Treves, The Weizmann Insti- 
tute of Science, Rehovot. Using the principle des- 
cribed in the previous paper! an instrument was 
built which measures direct currents by surround- 
ing them with a magnetic circuit (without opening 
the electric circuit). 
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Figure 1 


The magnetic transducer (probe) consists of a 
U-core which can be closed by a moving I-core, 
Figure 1. The crossed field is applied in part of 
the U-core, producing therein a ‘‘varying arti- 
ficial airgap’. The wire carrying the current to be 
measured is enclosed in this system. A one-tube 
oscillator (15 Kes) generates the saturating cur- 
rent; a pick-up coil connects the probe to a two- 
stage amplifier. The signal is then demodulated by 
a synchronous detector driven by the oscillator 
through a doubler circuit. 

Outside magnetic fields. contribute a magnetic 
flux to the probe core. The earth’s field is equi- 
valent, in such a probe, to a current of the order 
of one milliampere. Shielding with Mumetal can 
make this influence negligible. 

The demodulating output is nearly linear to the 
measured signal in the range of 0.1 to 4 milli- 
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amperes. The upper limit can be extended to 
practically any value by negative feedback. A 
mono-stable relay circuit makes it possible to de- 


magnetize the probe with a decaying 50 cycle 


current, thereby avoiding errors due to remanence. 
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A New Active Circuit Element Using the Magneto- 
Resistive Effect, A. AHARONI, E. H. Frer and G. 
Horowitz, The Weizmann Institute of Science, 
Rehovot. A bi-stable circuit, known as flip-flop is 
proposed, which uses no tubes. 

Suppose that, in Figure 1, the resistors R,, Ro, 
R3, and Rq are strips of bismuth. As is well known, 
the resistance of this metal undergoes a conside- 
rable change R= CRH2, when a magnetic field H 
is applied. C is of the order of 10-8 gauss-2 for 
pure bismuth at room temperature, but is much 
larger at lower temperatures. 

Ry, Ro, R3, Ra are so chosen that at a certain 
constant field H, they are all equal (=R). The 
coil L produces a magnetic field KJ, when the 
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current through it is J. The resistors are physi- 
cally placed so that R,; and R, are in a field 
H,+KI, while Rz and R3 are in a field H,—KI. 
Under this arrangement any change in J changes 
the resistances thereby further changing J. One can 
calculate the current J and find that this circuit 
yields two stable equilibria J = +: I, (besides the 
unstable state J=0), whenever 


2CKH,V/i+CH,2) = r+R+e+re /R. 


The behaviour of such elements was verified 
by building an experimental model, operating at 
low speed. 

It seems possible to use the magneto-resistive 
effect also in other cases in a similar way for the 
construction of active elements. 
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LETTERS TO THE EDITOR 


A reaction between hypochlorite and bromate 


In the course of an investigation of the oxidising 
action of hypochlorite-hypobromite mixtures on 
cellulose, the influence of bromate on the rate of 
decomposition of hypochlorite has been examined. 
It was found, surprisingly enough, that the rate 
of this decomposition is accelerated by bromate. 

Table I shows that hypochlorite solutions of 
the given concentration decompose extremely 
slowly at pH 9. This result agrees with those of 
Chapin! and Skrabal?. 

The accelerating effect of three concentrations 
of bromate, viz. 0.2, 0.5 and 0.8 mole/litre respec- 
tively has been studied and is shown in Table IT 
for 0.5 mole/litre. It cannot be explained as due 
‘to the action of a neutral electrolyte, as a parallel 
experiment carried out with 0.4 mole/litre of Cl~ 
showed only a very slow decomposition (Table 
AWE 


TABLE I 
“Decomposition of hypochlorite in the presence of chloride 
. pH=9.14 t=25°C (NaCl)=0.4 moll/litre 


Time (4C102)+-(C10’) (C10’) (4C10 9’) 


in hours mol/litreX 102 mol/litre X 102 mol/litre x 102 
0 2.695 2.655 0.040 
91/2 2.665 2.648 0.017 
27 1/4 2.653 2.640 0.013 
93 2.640 2.630 0.010 
211 2.620 2.590 0.030 


It is suggested that a slow reaction between 
hypochlorite and bromate takes place according 
to the following overall equation: 


HBrO3 + HOC! = HClO; + HOBr 


The equilibrium constant and free energy change 
‘for this reaction, as calculated from the values of 
the free energy of formation of the reactants and 
the products3, are 218 and ~—3.2 Kcal respective- 
ly, which proves that the reaction is thermodyna- 
mically feasible. 

The formation of chlorate might possibly pro- 
‘ceed by a number of intermediate steps: 


HBrO;3 + HOC! = HCIO2 + HBrO2 (1) 
HBrO2 + HOC! = HCIO2 + HOBr di) 
-HCIO2 + HOC! = HCIO3 + HCl (Il) 


The initial increase of available oxidising ca- 
pacity as determined by the arsenite-iodine method 
(see Table II and Figure 1) would indicate re- 
action (1). As chlorite ions are not determined 
by the arsenite-iodine reaction, this increase would 
be due to the formation of bromite. (Unfortu- 
nately the latter cannot be determined directly). 


TABLE II 
Decomposition of hypochlorite in the presence of bromate 
pH=9.15 1=25°C (KBr03)=0.5 mol/litre 


Time  (C10’) +. (BrO’) (CIO ) (BrO’) 
in hours  mol/litreX 102 mol/litre X 102 mol/litre X 102 
0 2.664 2.618 0.046 
1 2.720 2.628 0.092 
21/2 2.740 2.640 0.100 
51/2 2.683 2.602 0.081 
17 2.453 2.410 0.043 
40 3/4 2.262 2.228 0.034 
T1 1/5 2.108 2.084 0.024 
114 1/2 2.014 1.986 0.028 
191 1.990 1.952 0.038 
311 1,959 1.930 0.029 
SCALE FOR 
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Figure 1 


As at the same time some hypochlorite will react 
with chlorite to. form chlorate according to re- 
action (III), which is known to proceed at a rapid 
rate! and thus cause the oxidising capacity to 
decrease, the concentration of the bromite would 
actually be even higher than indicated by the 
maximum of the curve. Reaction (II) would 
account for the small amount of hypobromite 
found in the reaction mixture. The hypobromite 
reacts relatively rapidly with hypochlorite to form 
bromate and chlorate*, which explains the low 
concentration of hypobromite found. 


M. LEWIN 
M. AVRAHAMI 
Institute for Fibres and 
Forest Products Research, 
Jerusalem 
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Copolymerization of «-amino acids with 
w-aminohendecanoic acid 
Poly-«-aminohendecanoic acid! is a polyamide 
(“Rilsan”) used in the production of fibres and 
plastics. Owing to the absence of reactive side 
groups, it cannot be dyed by the usual techniques 
for natural fibres. It is therefore to be expected 
that the dyeability and absorptive capacity of 
polyamides might be improved by’ the introduction 
of polar and hydrophilic groups into the poly- 
meric chain. A copolymer of the required type 
was prepared several years ago2 by the heating of 
<, N-carbobenzoxy-«, N-carboxylysine anhydride 
with w-aminohendecanoic acid! and by the sub- 

sequent removal of the carbobenzoxy groups. 

A copolymer containing tyrosine and «-amino- 
hendecanoic acid was prepared by means ofa si- 
milar reaction, copolymerization of the N-carboxy- 
#-amino acid anhydride with w-aminohendecanoic 
acid. Tyrosine monomer was chosen for copoly- 
merization since it was expected to facilitate dyeing 
by adsorption and by direct coupling with aromatic 
diazonium salts. In addition, the polytyrosine? 
formed as a byproduct can readily be removed, 
and the tyrosine in the copolymer can easily be 
‘determined. 

The copolymer of tyrosine and «-aminohende- 
canoic acid was prepared by mixing O-carbobenz- 
oxy-N-carboxy-L-tyrosine anhydride} (5 mols) 
with w-aminohendecanoic acid! (95 mols), heating 
to 200° in vacuo for eight hours, cooling, and re- 
moval of the carbobenzoxy groups of the copo- 
lymer obtained by a 33% solution of hydrogen 
bromide in glacial acetic acid4. The decarbobenz- 
oxylated copolymer was precipitated with abso- 
lute ether, washed with ether and ethanol, and dried 
in vacuo. The product obtained is soluble in hot 
dimethylformamide. It was purified from traces 
of tyrosine and polytyrosine by repeatedly dis- 
solving in dimethylformamide and precipitating 
alternately with 2N sodium hydroxide and 2N 
hydrochloric acid. The copolymer was dried in 
vacuo over sulphuric acid and potassium hydro- 
xide. A sample of the copolymer (100 mg) was 
hydrolysed for 72 hours in conc. hydrochloric 
acid (2 ml) at 120°. The dried hydrolysate was 
dissolved in 0.1 N sodium hydroxide and the 
amount of tyrosine determined spectrophoto- 
metrically at 2935 A3,5. It was found that the 
copolymer contains 3.3 tyrosine residue-mols per 
each 100 residue-mols of the copolymer. Coupling 
of the copolymer with various aromatic diazonium 
salts (e.g. p-nitroaniline, sulphanilic acid, p-bro- 
moaniline) yielded polymeric azo dyes. 

It could further be demonstrated that even free 
%-amino acids, such as tyrosine, phenylalanine, 
leucine and yaline, can be copolymerized with 
«-aminohendecanoic acid. All copolymerizations 
of «-aminohendecanoic acid with varying amounts 
of free «-amino acids were carried out as previous- 
ly described. The copolymers obtained were sol- 
uble in hot dimethylformamide and were purified 
by repeatedly dissolving in dimethylformamide and 
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precipitation with hot water. Hydrolysis of the 
dried copolymers was carried out after each puri- 
fication as previously described, and the amounts 
of the different «-amino acids were determined by 
the ninhydrin-carbon dioxide method®, or, in the 
case of tyrosine, spectrophotometrically (pH 13, 
2935 A)3:5. 
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Figure 1 
Mole fractions of the “%-amino acids in copolymers with | 
@-aminohendecanoic acid, as a function of the mole 
fractions of the %-amino acids in the monomer mixture. 


O tyrosine; @ leucine; L\ valine; {_] phenylalanine 


Figure 1 shows the mole fractions of «-amino — 
acids in the hydrolysates of the various copoly-— 
mers obtained on copolymerization of different 
initial mole fractions of both components. 

The copolymers were purified by the precipi- 
tation method until the mole fraction of the «- 
amino acid reached a constant value, indicating 
that in each case a true copolymer was found. 


E. KATCHALSKI 
M. SELA 
RIVKAH SPANIER 
Department of Biophysics, 
The Weizmann Institute of Science, 
Rehovot 
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A simple semi-solid tryptone-urea medium as 
aid in the diagnosis of Enterobacteriaceae 


Many media have been produced in the past, 
which give simultaneously various characteristics 
of the intestinal group of organisms, and facilitate 
their routine diagnosis. 

The Bacto Sim medium was devised as an aid 
in the identification of members of the Salmonella 
and Shigella groups, and the one-tube medium 
enables the detection of H2S production, indol, 
production and motility. 

Friewer and Shaughnessy! described a lead 
semi-solid medium, as a preliminary screening 
medium in the classification of the Salmonella- 
Shigella group. 


_ Many modifications of those media are in use, 
and in all cases urease activity, in some indole 
production, are tested separately. 
; The one-tube medium described below faci- 
itates the detection of a) urease activity, b) indole 
production and c) motility, and gives together 
with either, a double sugar iron medium (Kligler’s), 
_or a triple sugar iron medium (Difco), or a T.S.I. 
Agar (BBL), —the general characteristics of the 
“organism, belonging to the Enterobacteriaceae. 
The routine diagnosis is reduced to the inocu- 
_lation of the two test tubes — a procedure which 
saves time and serum in the final slide aggluti- 
nation test. 


% Preparation of the semi-solid medium 


- Bacto-tryptone (Difco) 10 g 
-Phenol-red 0.1% 5 ml 
Aqua dest. 1000 ml 


50 or 100 ml portions of the medium were 
distributed into bottles and sterilised in the auto- 
clave. This stock solution keeps indefinitely. 
Twenty-four hours before use 0.5% urea from a 
50% conc. solution (sterile) were addea. The pro- 
per amount of melted 2°% nutrient agar was added 
‘to make a final agar conc. of 0.3—0.4°% (8—10 ml 
to 50 ml medium). The latter was distributed into 
“small sterile test tubes (10x75 mm), ‘put into 
-ice- -box for 30 min. for semi-solidification, then 
transferred into the incubator to test for sterility. 
‘The medium was kept at room temperature until 
used. 
Mode of inoculation of the medium 
‘Using a straight platinum wire, the semi-solid 
‘medium was punctured to a depth of not more 
‘than 1—1.5 cm (1/3 of the total depth of medium 
‘in test tube). For the indole test, a strip of hard 
filter paper, previously soaked with the modified 
-Ehrlich-Pringsheim reagent2* and then allowed to 
dry, was: inserted between the cotton plug and 
-mouth of the test tube. 

Indole production was detected bya reddish-violet 
colour appearing on the yellow paper strip. Urease 
activity was indicated by the alkaline reaction as 
shown by the Phenol-red indicator. Non-motile 
‘organisms grew along the line of inoculation, 
with a small conus of growth near the surface of 
the medium at the place of puncture. 

Motile organisms gave a swarming growth 
throughout the medium, totally covering the sur- 
face of the medium. 


* Modified Ehrlich-Pringsheim reagent: p-dimethylamido- 
benzaldehyde 5.0 g, methyl alcohol 50,0 ml, 66% conc. phos- 
phoric acid 10.0 ml. A comparative study of the indole test 
by the paper strip method and by the Kovacs reagent method 
yielded the same results. The paper strip method is more 
convenient as it saves time. 
. P. LUBLING 
; E. BREGMAN 
Zamenhoff Central Laboratory, 
Kupat-HolimTel Aviv 
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Failure to detect complement fixing antibodies in 


the serum of mice immunized against homologous 
tumors with the aid of adjuyants* 


The problem of the existence of distinct tumor — 


antigens is still highly controversial and the con- 
siderable amount of research devoted to it so far 
has been mostly disappointing. A comprehensive 
review on the subject has been recently published!. 

In spite of the numerous failures met with in 
this field, it was considered that the problem is 
important enough to warrant further research 
as long as all lines of approach have not been 
completely exhausted. The advent of Freund’s 
adjuvant technique? and the striking successes ob- 
tained with it in evoking immune responses to 
weak antigens, particularly in work on allergic 
encephalitis where tissue antigens are involved, 
prompted the initiation of a similar experiment 
on tumor immunity. 


Materials and methods 


Animals. C57 black mice were used throughout 
this experiment. 


Tumor. 2 mg methylcholanthrene in 0.5 ce olive 
oil were inoculated subcutaneously to 5 mice. 
3 months later a tumor was obtained in the only 
surviving mouse and it proved on histological 
examination to be a polymorphocellular sarcoma. 
The tumor was subsequently maintained by trans- 
planting it at 3 weeks intervals. 


Preparation of antigen for immunization. When the 
tumor had become well established (about the 
4th passage) antigen for immunization was pre- 
pared in the following manner: — Mice were 
killed with ether and the 3 weeks old tumors 
(appr. 1 cm in diameter) were aseptically removed, 
ground with sterile glass sand in porcelain mor- 
tars and a 20% suspension prepared in buffered 
saline (pH 7.2). The suspension was left overnight 
in refrigerator (if used immediately it caused for- 
mation of tumors) and then centrifuged for 15 
minutes in the cold room (+4°) at low speed. The 
supernatant was emulsified with Bayol F and 
Arlacel A according to the method of Salk and 
Laurent*. Autoclaved and dried TB bacilli were 
also added to the oil phase to a concentration of 
0.5 mg per 0.1 cc of antigen-adjuvant mixture. 


Preparation of the immune sera. Immune sera 
were prepared in the homologous C57 black mice, 
thus avoiding iso-immune reactions. 3 inocu- 
lations of antigen-adjuvant mixture were adminis- 
tered at monthly intervals, each inoculum con- 
sisting of 0.1 cc intramuscularly into the thigh of 
the left hind foot and 0.1 cc subcutaneously. 
1 month after the last inoculation the animals 
were bled from the heart under ether anesthesia 
and the pooled serum (obtained from 18 mice) 
was stored in the deep freezer (—25°) without 
preservative. 


* Supported by the Jacob I. Schaffer Memorial Research 
Scholarship in Medicine. 
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Complement fixation tests. The tests were per- 
formed following the sensitive technique of 
Thornton et al5, according to which complement 
is titrated in the presence of antigen-antiserum 
mixtures. The tumor suspension used for im- 
munization served also as antigen for the comple- 
ment fixation test, but diluted 1/2, this being the 
minimal dilution which did not exhibit anticom- 
plementary action at higher concentrations. Serum 
dilution was 1/29, as normal sera had some anti- 
complementary action at higher concentrations. 
The hemolytic system was a 2% Sheep Red Blood 
Cells suspension sensitized with an equal volume 
of 3 MHD anti-sheep hemolysin. 


RESULTS AND COMMENTS 


Results of a typical experiment are presented in 
Table I. 
TABLE I 
Complement fixation test with “antitumor” and normal mouse 
sera 


Complement titrated in 
presence of 


Complement titres 
(Dilutions of complement at which 
50% fixation was obtained) 


Antitumor serum- antigen 1/80 
" » + saline 1/90 
Normal mouse serum -+- 
antigen 1/100 
Normal mouse serum +- 
saline 1/100 
Antigen +- saline 1/100 


The degree of fixation obtained is too small to 
be considered significant. 

The complement fixation test was repeated 3 
times with practically identical results. 

Whilst it is obvious that this is only a preliminary 

experiment which by no means could be intended 
or expected to settle definitely the question of the 
existence of distinct tumor antigens, it is however 
believed that further research with the adjuvant 
technique, employing different tumors and dif- 
ferent adjuvants, could bring weighty evidence for 
or against the theory of homologous tumor anti- 
genicity. 
Acknowledgements. Thanks are due to the. Depart- 
ment of Experimental Pathology and Cancer Re- 
search, Hebrew University-Hadassah Medical 
School for providing the mice used in this study 
and for much help in various ways. 
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Sedimetric method for potassium determination 


In our development work and for following up 
the progress in the factory of potash production. 
we were constantly ~hampered by not having a 
quick and relatively accurate method for potas- 
sium determination. The disadvantage of excessive 
time consumption is common to the numerous 
existing and proposed methods. Even the acceptec 
standard method, the perchlorate method whict 
gives highly accurate and reproducible results. 
suffers from the time disadvantage and the neces. 
sity for the prior separation of SO4 ions. There 
is a pressing need then for a reagent which car 
be used to estimate potassium rapidly and accu: 
rately !. 


M. Lavoye2 sugested a gravimetric methoc 
for potassium determination which depends upor 
the small solubility of potash alum in concentratec 
solutions of aluminium sulphate containing sui 
phuric acid. The authors filtered off and weighec 
the precipitated alum, and the results seem to be 
accurate and reliable. However, this method is 
also very time consuming as it necessitates < 
waiting period of 12 hours prior to the filtratior 
of the alum. 


We have developed a method based on the 
low solubility of alum in concentrated solution: 
of aluminium sulphate. It has been found tha 
under certain conditions, the volume of prec: 
pitated alum is directly proportional to the or 
ginal amount of potash present; hence, deter 
mination of the volume of the precipitated alun 
obviates the necessity for filtering and weighing 


Preliminary investigations 


To determine the practicability of this method i: 
industrial determinations, investigations wer 
made on the influence of temperature and o 
salts generally found to occur concurrently wit! 
the potassium on the final equilibrium betwee 
precipitated K+ and that remaining in solutior 
To this end, various solutions of KCI were pre 
pared containing NaCl or NaCl and MgCl» i 
proportions corresponding to those in samples c 
crude potash material. The potassium was pre 
cipitated with aluminium sulphate solution (Sj 
gr. 1.345, 25°C), the amount of KCl solutior 
being varied in its relation to the aluminium su’ 
phate corresponding to the relations applied i 
the final analytical method. The equilibrium we 
investigated at 25°C and at 35°C. The potassiut 
content of the supernatant liquid was determine 
after equilibrium had been established. In a 
cases, the potassium content of the supernatar 
liquid was determined by the cobaltinitrite m 
thod, as the high SO, content of the syste 
made the perchlorate method too troublesom 
The results are recorded in Table-I. 


, 


a 


TABLE I 


Sp. gr. of Al2(SO4)3 solution used for precipitation =1.345 (25 °C) 


ratio of volumes of YK + of total K+ 
Ale (SO4)3 solution precipitated at 


KCI solution 
containing g/litre 


KCl NaCl MgClo  toKClsolution 25°C 35°C 
e257 125 es 15:8.0 91.7 86.2 
HOSTS 15:4.0 94.2 89.0 

92 64 138 15:7.5 93.2 90.0 

9252 't64 4) 138 15:4.0 93.5 87.0 


Graphs showing the relationship of volume of 
precipitated alum to amount of potassium ori- 
ginally present in the solution were plotted for 
varying volumes of solutions and varying tem- 


_ peratures. Iso-thermals at 25°C, 35°C and 40°C 


ie 


for volumes corresponding 4 ml and 8 ml KCi- 
‘solutions with 15 ml aluminium sulphate so- 
lution (sp. gr. 1.345)* were prepared, thus facili- 
tating the analysis of potassium under various 
conditions and obviating the necessity of wor- 
king under fixed temperatures (Figure 1). In the 


__ final analysis the temperature must be observed 


only during precipitation. The temperature during 


centrifugation is irrelevant since the chief part of 


solution which is in equilibrium with the preci- 
pitate is withdrawn. 


Preparation of graphs 


- Potassium chloride A. R., dried at 130°C, was 


4 


used to make up the following solutions: 


TABLE II 


100 ml solution containing 


KCl NaCr KCl 
(g) (g) (%) 
25.00 _— 100 
18.75 6.25 75 
12.50 12.50 50 
6.25 18.75 25 
2.50 22.50 10 
1.25 23.75 5 


4 ml of each solution were introduced into 
specially designed cylindrical centrifugal tubes 
(length 110 mm, dia. 14 mm), graduated at inter- 
vals of 0.2 ml. Into the top of this tube was in- 
serted, by means of a standard ground joint, a 
funnel-like 80 mm long tube, the diameter of 
which above the joint widened to 25 mm (Figure 
3). 15 ml of the aluminium sulphate solution 
were introduced into this apparatus and the mix- 
ture immediately stirred by means of a thin 
glass rod flattened at the lower end. The alu- 
minium sulphate reagent was prepared by dis- 
solving the equivalent of 700 g_ hydrated 
Alo(SO4)3 in 1000 ml hot distilled water. After 
cooling and filtering, the specific gravity of the 
solution was brought to 1.435 (25°C). The pre- 
cipitated alum was allowed to settle for about 
ten minutes until it had sunk approximately 2—3 
cm below the joint. The clear supernatant liquid 


* If the work is carried at a lower temperature, the sp. gr. 
should be lowered to 1.330. 
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—® PRECIPITATE m1 


0.0 

40 20 30 40 50 60 70 80 90 100% 
—e % KCl 
Figure 1 


—® PRECIPITATE ml 


ae Ss Se eee 9.0 
0 NO-<c620) esa 40h > Ol 2100070 80 90 100% 
—e % KC 
Figure 2 


was then withdrawn with a pipette, the upper 
funnel-like part removed and the lower tube 
placed in the centrifuge. This latter should not 


‘ \ 
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have an angle-head, as horizontal sedimentation 
is required to obtain correct readings of volume 
of precipitate. The solution is centrifuged for 
10 minutes at a rate of 3000 r.p.m. after which 
the tube is taken out and the volume noted. 


It was found that the various volumes of pre- 
cipitate were in all cases directly proportional to 
the varying amounts of KCl, irrespective of the 
amount of added NaCl; hence the alum volume 


— % KCI graph was represented by almost 


straight lines. 


Similar graphs for determinations using 8 ml 
of solution — in use for samples poor in KC] — 
were prepared (Figure 2). The standard KCl 
solutions from which those graphs were pre- 
pared contained, in addition to NaCl, also 


' MgCl. Here also it was found that those added 


salts had no practical effect on the final volume 
of potash alum and that the alum volume —% 
KCI graph was represented by almost straight 
lines. 


Figure 3 


Procedure for practical determination 


A given quantity of the salt to be analyzed, the 
amount depending on the nature of the material 
and its potash content, is dissolved in a 100 ml 
volumetric flask (see Table III which gives the 
amounts of the various materials to be taken for 


. 


analysis). If the sample is suspected to contain 
calcium, 10 ml of 20°% Na2SOx4 solution are added. — 
Water is added to the mark and the solution 
thoroughly shaken. It is then filtered from in- 
soluble matter and an aliquot portion withdrawn 
by means of a pipette into the graduated centri- 
fuge tube. The procedure then follows as outlined 
above for the preparation of the diagram. 

After centrifugation and after reading the alum 
volume, the percentage of KCl is drawn from 
the corresponding graph. 


TABLE Ul 


Dissol- Aliquot Amount 


- portion in 
Amount peo with- aliquot 


drawn portion 


Material 


Sylvinite (KCIl-+ NaCl) 


containing 10O—100% KCl 25g 100 40 ml 1g 


Sylvinite containing 
less than 10% KCl 25 g 100 8.0, mls 


Carnallite containing 
~20% KCl 
(+ NaCl-+ MgCle) 40 g 100 7.5 ml 3g 


Brine with more than 
40 g KCl/litre 4ml — — 4ml 


Brine with less than 
40 g KCl/litre 
(rich in MgCle) 75ml_ 100 8 ml 6 ml 


Table IV enables a comparison to be made bet- 
ween the results obtained by the alum method 
and those by the pérchlorate one. 


TABLE IV 


Material analyzed Alum method Perchlorate method 


Cas SO me KEI 

Carnallite 19.5 19.55. 

ud 13.5 13.23 

F 18.0 18.05 

3 19.8 19.50 

a 20.7 : 20.30 

sf 13.5 15.60 

ps 22.4 22.70 

za 21.2 21.30 

Carnallite -+- Sylvinite 27.8 27.92 

es 30.2 30.30 

3 25.3 25.43 

Sylvinite 54.0 54.18 

a 45.7 45,92 

a 39.0 39.08 

Be 61.5 61.54 

2 63.5 63.76 

” 33.7 33.69 

i 90.6 90.87 

¥ 83.5 83.76 

> 89.2 89.28 

ca 97.6 98.56 

te 9.6 9.90 

Y 6.2 6.25 
Factory-brine 34.3 g/l 33.1 g/l 
a 63.3 ie" 63:98 
v STO. 32 OF .3oas 


The variations are within the limits of error per- 
mitted for industrial purposes. t 


{ 
Summary and Conclusion 


A sedimetric method is described which permits 
the rapid and comparatively accurate determi- 
“nation of potassium. The potassium is precipi- 
“tated as potash alum and the volume of the pre- 

-cipitated alum, v-hich is a function of the amount 


of the potassium originally present, is measured 
after centrifugation. 
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_ Amplification of microwaves of 1 cm by means of 
a cold cathode D. C. discharge 


_In the course of measurements of the attenuation 
of microwaves by the various regions in a D.C. 
_ discharge, we have observed negative attenuation 
or amplification of microwaves at a frequency of 
24000 Mc. In view of the importance of these re- 
_ sults, both in explanation of propagation of radio 
waves from the sun as well as possible practical 
applications, we report these preliminary results. 
The discharge tube, 50 cm long and with two 
‘ aluminium electrodes of 5 cm diameter, contained 
helium at 1-3 mm of pressure. The low power mi- 
crowaves froma klystron tube were beamed at right 
_ angles to the. discharge tube, with the electric 
vector parallel to the axis of the tube. The trans- 
mitted radiation was detected by means of a crys- 
tal detector. The attenuation was measured by 
means of a calibrated attenuator. Considerable 
difficulties were experienced with interference 
from the walls of the discharge tube. 
- Ata distance of 15 mm from the cathode near 
the beginning of the negative glow, we observed 
\ amplification or negative attenuation in a very 
narrow region of the order of 1 mm. A secondary 
dip of attenuation but no amplification was ob- 
served at 31 mm from the cathode. The amplifi- 
- cation increases with the increase of the current 
- in the discharge tube. There is'some indication 
_ that at stronger currents the region of amplifica- 
tion moves slightly towards the cathode. 
Merrill and Webb! and recently other2)3 au- 
_ thors have shown that oscillations occur in a nar- 
row layer close to the cathode, in about the same 
region we have observed the microwave amplifi- 
cation. Unlike our experiments, these oscillations 
have been observed in a hot cathode discharge and 
at frequencies not larger than 103 Mc4. 
Tonks and LangmuirS have shown that elect- 
rons in an ionized gas had a natural frequency wr 
of oscillation given by (4 x Ne2/m)? where WN is the 
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electron density, e and m the charge and mass of 
the electron. Bohm and Gross® have amplified the 
theory and shown various conditions for the ex- 


citation of these oscillations. These plasma oscil- © 


lations. however, have no group velocity and, 
therefore, energy cannot be propagated outside 
the oscillating region. Even if oscillations were 
induced by the microwave frequency, it is unlikely 
that much of the energy could be transmitted 
through the plasma. The region of plasma oscil- 
lation is near the region where strong attenuation 
occurs due to the fact that the refractive index 
tends to zero (for reasonable values of the elec- 
tron collision frequency). 


The oscillation detected by Merrill and Webb : 


as well as by others is usually explained by velo- 
city modulation of the primary electrons from 
the hot cathode by means of the plasma oscilla- 
tions. This causes electron bunching and trans- 
mission of the energy. Our results could only 
with difficulty be explained by means of a velo- 
city modulation of the electrons near the nega- 
tive glow by the incident microwave frequency. 
Bailey? has shown that theoretically amplifica- 
tion of electromagnetic energy can occur at cer- 
tain frequency bands, lower than the plasma 
oscillation frequency, either if the ionized gas is 
pervaded by static electric and magnetic fields, 
or if the waves are propagated obliquely to the 


drift velocity of the electrons in the absence of ~ 


a magnetic field. In our experiments the propaga- 
tion of the microwaves was at right angles to the 
velocity of the electrons, and no external magne- 
tic field was present. 

From our results one can conclude that there 
is a narrow region near or in the negative glow 
in which microwaves are amplified. It seems 


likely that this is the same region where violent. 


oscillatory potentials have been observed in a hot 
cathode discharge tube. 

Experiments are in progress in which the am- 
plification is being measured as a function of 
pressure, microwave frequency, polarization, and 
under external fields. Detailed results of these 
measurements, as well as the application of mea- 
surements of attenuation to determine electron 


densities and electron collision frequencies, will | 


be reported later. 
W. LOW 
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NEWS AND VIEWS 


SCIENTIFIC CONVOCATION IN HONOUR OF PROFESSOR EINSTEIN’S 75th BIRTHDAY 


On Sunday March 14, the seventy-fifth birthday 
of Albert Einstein was celebrated at a scientific 
convocation held in Jerusalem under the joint 
auspices of the Hebrew University of Jerusalem, 
the Technion, Israel Institute of Technology, 
Haifa, The Weizmann Institute of Science, Re- 
hovot, and the Research Council of Israel. 

Highest tribute was‘paid to Professor Einstein 
by the President of Israel, Mr. Y. Ben-Zvi, by the 
Prime Minister of Israel, Mr. M. Sharett, and by 
President of the Hebrew University, Professor B. 
Mazar. 

Various aspects of Professor Einstein’s scientific 
activities were discussed. Professor G. Racah 


\ 


of the Hebrew University spoke on the quantum 
theory, Prof. Ch. Pekeris of the Weizmann In- 


' stitute of Science on Brownian movement, Pro- 


fessor N. Rosen of the Technion on the teachings 
of relativity, and Professor S. Sambursky, Di- 
rector of the Research Council, on the cosmology 
of Einstein. j 


In a cable addressed to the Convocation, Pro- 


fessor Einstein conveyed his “‘deep appreciation 


of this honour’ and expressed his “‘best wishes 
for the continued success of the scientific and 
cultural endeavours of the institutions of higher 
learning in Israel.” 


THE FIFTH INTERNATIONAL COLLOQUIUM FOR SPECTROSCOPY 


The above Colloquium will take place at Gmun- 
den (Salzkammergut, Austria), August 30 — 
September 3, 1954. 

The section of absorption and emission spectro- 
scopy will be kept up as previously. It is suggested 
that the application of molecular spectroscopy to 
the examination of technical artificial fibres. be 
dealt with. It is recommended that in the field of 
emission spectroscopy, analytics of non-conductors 
and the alloys of copper be chiefly discussed. 


In addition to the lectures, discussion evenings — 
will be arranged at which one or more reports will — 


be given of personal experiences and there will 
be free discussions. 


Organizations in various countries are asked to 
submit short summaries of no more than five 
lectures (15 minutes each) before May 30, 1954. 


Comments are requested, and may be sent to 
the above address. 


9th INTERNATIONAL CONGRESS OF GENETICS 


A resolution passed at. the Second Plenary Session 
of the 9th International Congress of Genetics held 
at Bellagio, August 30, 1953: 

“The Congress asks the International Committee 
not to recommend that the next Congress be held 
in any country to which it may be expected that 


scientists would be refused permission to enter on 
grounds of race, nationality, religion,-place of 
birth, or political associations past or present’. 

It was decided afterwards that the next Con- 


da. 


CORRIGENDA (to Vol. ILI. No. 3) 


p. 240 Table V should read: (See attachment) 


p. 281 Summary of E. Shmueli, 1. 7: for significant by lower when read significant by higher wheal 


gress be held in 1957 or 1958 in Montreal, Cana- | 
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The Intuitionistic Revolution in Mathematics and Logic, Bull. Res. Counc. of Israel, 1954, 3, 283—289. * 
A description is given of the recent attitude about the essence and the foundations of mathematics, called iPad 
neo-intuitionism byvits initiator Brouwer. Among its features are: identification of mathematical existence NN 
with construction ; rejection of the logical principle of the excluded middle; abandonment of mathematical erat 
continuity in its classical sense. For the physicist, acceptance of this attitude must depend on the invention 
of alternative methods in mathematical analysis. 


RACAH, G. 7 
The Competition between the Low Configurations in the Spectra of the Iron Group, Bull. Res. Counc. of : i 
Israel, 1954, 3, 290—298. - ute 3 


Interpolation formulas are given for calculating the relative positions of the terms with highest 
multiplicity of the different low configurations in the spectra of the iron group. Applications 


to other configurations and to other rows of the periodic table are also considered. |. : * 

‘ i 
TEITELBAUM, P. ims. 
Magnetic Moments of Odd Nuclei in jj Coupling, Bull. Res. Counc. of Israel, 1954, 3,299—303. ; 
Magnetic moments of odd nuclei containing n equivalent particles outside the core of completed shells zs 


treated on the assumption that each particle outside the core possesses.a magnetic moment equal to the 
one particle value in the Schmidt diagram, but combining all such particles, both protons and neutrons, 
into states classified by the isotopic spin T, resultant angular momentum J, reduced seniority s and 
reduced isotopic spin t. Making use of fractional-parentage-coefficients the general formula of magnetic 
moments for odd nuclei in states J=/, s=1 and smallest T is obtained. It is seen that generally the magnetic : 
moments should deviate from the Schmidt lines and fall between the lines. i 


FOX, D. wee 
Production of Antiprotons in P-P. Collisions, Bull. Res. Counc. of Israel, 1954, 3, 304—307.. 
The cross section for the production of a proton-antiproton pair by the collision of two protons is cal- 
culated in the neighbourhood of threshold, using the Feynmann method and assuming pseudoscalar 
mesons with pseudovector coupling. It is shown that certain symmetry arguments may be used, without 
performing the calculations, to obtain some information about the angular and energy dependence of the 
process; these arguments are also applicable to other weak coupling theories than that considered in this 
paper. The results are compared with those obtained by Fermi and by Taketani and Machida. 


NEUMANN, J. 
On the Second Harmonic of the Annual Variation of Solar Radiation and the Consequence of its Zeros, Bull. 
Res. Counc. of Israel, 1954, 3, 308—311. 
A relatively simple form is obtained for the Fourier coefficient of the semi-annual wave of solar radiation 
reaching the outer atmosphere. The assumptions involved in the derivations are of a light nature. The 
latitudinal variation of this wave is studied in brief and it is shown, amongst other things, that the ampli- 
tude vanishes for the middle latitudes of each of the two hemispheres. 

Sverdrup has found that the annual variation of evaporation from the oceans in middle latitudes is a 
double wave. Properties of the latitudinal variation of the semi-annual wave of solar radiation and features 
of conduction of heat in water bodies are used to explain Sverdrup’s results. 
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COHEN, S. and SHMORAK, M. 
An Attempt to Detect the Electrolytic Migration of Radioactive Interstitial Silver Ions Produced in a Silver 


Chloride Crystal by Slow Neutron Irradiation, Bull. Res. Counc. of Israel, 1954, 3, 312—315. 


The irradiation of ionic crystals with thermal neutrons should lead to the production of radio- 
active ions which are displaced from their normal lattice sites by nuclear recoil in a process simi- 
lar to that occurring in the Szilard-Chalmers effect. Under certain conditions. one might be able to 
detect the the electrolytic migration of these interstitial radioactive ions, using radioactive count- 
ing techniques. From the negative-results in the case of silver chloride crystals, one concludes that 
at —80 C the mobility of interstitial silver ions is smaller than 710-8 cm2 sec-1 volt-1, and 
that the activation energy for diffusion in greater than 0.23 e.v. 


JAFFE, A. A. 


The M X-Rays from Radium D and the M X-Ray Fluorescence Yield of Bismuth, Bull. Res. Counce. of 
Israel, 1954, 3, 316—320. ' 

An investigation of the soft electromagnetic spectrum of RaD down to an energy of 1 kev, by means of 
a specially designed proportional counter, shows that M x-rays are emitted. The intensity of M x-rays 
from such a source has been measured relative to that of L x-rays from the same source. Consideration 
of the decay scheme of RaD, and of the processes involved subsequently to L ionisation of RaE, show 
that such a measurement enables an estimate of the M fluorescent yield of bismuth to be made. The total 
M yield of RaE (bismuth) is thus found to be 0.037 + 0.007. 


MUHSAM, H. 


A Probability Approach to Ties in Rank Correlation, Bull. Res. Counc. of Israel, 1954, 3, 321—327. 
The distributions of various rank correlation coefficients of all pairs of rankings containing ties which 
can be obtained from a pair of untied rankings by tying members in all different possible ways is studied 
for a particular numerical example. These distributions are shown to be skew and the respective arith- 
metic means to differ from the coefficient of correlation of the pair of untied rankings. 


ROSEN, N. 


Some Cylindrical Gravitational Waves, Bull. Res. Counc. of Israel, 1954, 3, 328—332. 

Several solutions of the gravitational field equations of the general theory of relativity are obtained, 
representing cylindrical waves. It is found that it is possible to set up solutions representing such waves 
which are free from singularities. 


FEKETE, M. 


On the Semi-Continuity of the Transfinite Diameter, Bull. Res. Counc. of Israel, 1954, 3, 333—336. 

The transfinite diameter T(s) of an infinite compact set s of points in the complex z-plane is a set-function 
whose properties have been much investigated since its first introduction, some three decades ago, by the 
author. The present note is a new contribution to the study of variation of T (s) when s is subject to a con- 
tinuous variation. 

The fact that the transfinite diameter of the o-neighbourhood s (¢) of an arbitrary set s tends to T (s) 
as 9 — is a simple consequence of the original definitions+. The counterpart of this semi-continuity (from 
above), a phenomenon which is more difficult to recognize, is the objective we now pursue. Some special 
categories of compact sets s, described in detail in the sequel (cf. Theorem I and II), will be considered 
with the aim of showing the possibility of their approximation (from within) by lemniscates L such that 
the ratio 7 (s)/ T (L) is as near to 1 as we like. 


LOW, W. 

Some Implications of a Smaller Nuclear Radius, Bull. Res. Counc. of Israel, 1954, 3, 337—347, 

The nuclear radius is a very sensitive parameter in calculations of nuclear quadrupole moments, gamma 
ray transitions, excited states of even-even nuclei, and isotope shifts. It is shown that a reduced radius 
of about R = 1.2 < 10-13 4 1/3 cm, as found by Fitch and Rainwater, gives much better agreement 
between experimental and calculated values. The implications of a non-uniform charge distribution are 
also explored. 
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OLLENDORFF, F. 


iat nates Induced Acceleration of Elementary Electric Particles, Bull. Res. Counc. of Israel, 1954, 3, 
The technically highly developed apparatus for the acceleration of electrically charged elementary particles 
known up to the present are based upon the application of longitudinal, electromagnetic waves, whose 
phase-velocity is synchronized with the corpuscle velocity of the particles. The application of the radiation 
pressure of transversal, electromagnetic waves gives rise to the possibility of a new type of accelerator 
using an asynchronous driving mechanism. The mathematical treatment of this effect requires the intro- 
duction of a force of the radiation reaction into the equations of motion, Integration of these equations 
is carried out for the case of the particle at rest and for the case of the particle in motion. The radiation 
pressure is always so small under terrestrial conditions that it is not suitable for technical applications; 
but it can transfer considerable energy to a particle through its action along astronomical paths. However, 
ifa Stationary, magnetic field, which is directed parallel to the radiation, is superposed on the electro- 
dynamic working field, then resonance of the thus excited circular movement with the frequency of the 
progressing wave can enhance the radiation pressure by several orders of magnitude. Choosing the fre- 
quency suitably this resonance is produced automatically by the relativistic Doppler effect on the moving 
particle. It appears in the light of these results that it would be possible to build an asynchronously driven 
radiation cyclotron, which could enlarge the scope of the existing synchronous ion accelerators. Further 
studies of these phenomena give insightin to the physics of cosmic rays. The possibility of carriers in the 
cosmic rays is assumed, which originate in the strongly magnetized stellar spheres of the nature of sun- 
spots. It has to be noted however that only blurred resonance phenomena can be expected there due to 
disperse electromagnetic waves; a quantitative formulation of this case requires a statistical treatment 
not given in this paper. 


DE SHALIT, A. 


Angular Momentum in Non-Spherical Fields, Bull. Res. Council of Israel, 3, 359—363. 

Bohr’s formula for the angular momentum operator of a quantized liquid drop is derived for a 
general non-spherical field. It is shown that the commutation relations of the field variables and 
the structure of the angular momentum operator result from the required invariance of the inter- 
teraction under rotations of space. 


DVORETZKY, A., ERDOS, P. and KAKUTANT, S. 


Multiple Points of Paths of Brownian Motion in the Plune, Bull. Res. Counc. of Israel, 1954, 3, 364—371. 
The paper is concerned with paths of (mathematical) Brownian motion in the plane and studies the 
existence of k-multiple points, i.e. of points through which the path passes k times. The main result is that 
almost all paths, i.e, with the exception of a set of paths having probability zero, contain multiple points 
of arbitrarily high finite multiplicity. 


REINER, M. 

Second Order Effects in Elasticity and Hydrodynamics, Bull. Res. Counc. of Israel, 1954, 3,372—379. 
Second order effects appear in quasi-linear elasticity when the strain is finite. They reveal themselves 
through the requirement that simple shear can be maintained only in the presence of (i) an isotropic 
tension or pressure (Kelvin-effect). (ii) cross-stresses consisting of a tensile stress in the direction of the 
displacement and a compressive stress in the direction of its gradient (Poynting effect). These two effects 
are illustrated on the example of simple torsion. The cross-elasticity term in the general law of isotropic 
elasticity permits the appearance of cross-stresses of any sign. No second-order effects of this kind exist 
in quasi-linear viscosity. The cross-viscosity term in the general law of viscosity reveals the presence of 
cross-stresses of equal sign, This is illustrated on the example of the centripetal-pump phenomenon. 


LEVITZKI, J. 

Some Theorems Concerning Associative Zorn Rings, Bull. Res. Counc. of Israel, 1954, 3, 380—384. F 
A ring S is called an associative Zorn Ring or in short an I-ring, if S is associative and if every non-nil 
right ideal in S contains a nonzero idempotent. A ring whose homomorphic images are I-rings is called 
a faithful I-ring (in short: an FI-ring). Any algebraic algebra is an FI-ring. In a recent paper (compare 
paper, ref. 13) the author has studied the structure theory of certain rather general types of I-rings and 
Fl-rings. In the present note, some of the results of that paper are applied in order to derive certain theo- 
rems which hitherto were known to be valid only for finite algebras and for rings with a minimum con- 


dition for right ideals. 
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AGMON, S. ‘ 

On the Singularities of a Class of Dirichlet Series, Bull. Res. Counc. of Israel, 1954, 3, 385— 389. 

This paper deals with some properties of the singularities of functions f(s) represented by Dirichlet series 
with exponents { Ay } satisfying lim inf ( An+1— An) >0. Assuming the imaginary axis to be the axis of 
convergence, it is shown that if the only singularities of f(s) in 2 segment J of the imaginary axis whece 
length depends on { An } are the simple poles i%q(q—1,... ,k), then the character of all other singulari- 
ties on the imaginary axis is determined in a very specific way. In particular it is shown that if i@% is a 
singularity of f(s), isolated on the imaginary axis, then it is necessarily a simple pole and & is a linear 
combination with integral coefficients of 1, ... , &k. 


SHEKEL, J. 


ndefinite Admittance Representation of Linear Networks, Bull. Res. Counc. of Israel, 1954, 3, 390—394. 
Kirchhoff’s Rules, that form the basis of network analysis, apply to networks composed of two-terminal 
branches. In this paper, two postulates are proposed, that are applicable to networks whose basic elements 
may have more than two terminals (e.g., multi-electrode yacuum-tubes or transistors). The resulting 
method also enables analysis without specifying the voltage-reference terminal. 

There is some redundancy in the definition of the currents, and excessive degrees of freedom in 
the voltages; but it is shown that these two effects compensate and result in no ambiguity in the definitions 
of instantaneous power and of the admittance matrix. 

The various points raised in the paper are interpreted geometrically as relations in n-dimensional 
Euclidian space. 


HAYMAN, H. J. G. 


The Application of the Debye Charging Process to Polyions, Bull. Res. Counc. of Israel, 1954, 3, 
395— 397. 


BIRK, M., EREZ, A., MANHEIMER, Y. and NAHMANI, G. 


On Electrical Conductivity in Detonation and Shock Waves, and the Measurement of Detonation and Shock 
Velocities, Bull. Res. Counc. of Israel, 1954, 3, 398—413. 

Electrical conduction was measured between electrodes on detonating explosives, and in shock waves in 
air. The current was found to increase with area and with voltage and to decrease when the gap was 
widened. The ratio of voltage to current, which was designated for convenience ‘“‘ionization resistance’’, 
was practically constant in detonations, but increased slightly with voltage in shock waves. It also in- 
creased, exponentially, with the distance from the charge. Comparison of theory with results seems to 
indicate, that the ionized gases are not in a state of energy equilibrium. Velocities of detonations and of 
shock waves were measured by a system where pulses from probes were used for blanking the beam in 
an oscillograph with a spiral time base. 
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LANDSBERG, R. and SEIBALD, S. 

Some Thermodynamic Properties of Freon-22, Bull. Res. Counce. Israel, 1953, 3, 414—416. 

The specific heat of monochloro-difluoro-methane (CHCIF2; Freon-22) has been expressed as function 
of pressure and temperature. 

By means of Clausius’ equation, this leads to an expression for the specific volume. On this basis the 
isentropic exponent is determined and shown to be noticeably different from the ratio of the specific 


heats. 
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TAMARI, D. 


On a Generalization of Uniform Structures and Spaces, Bull. Res. Counc. of Israel, 1954, 3, 417—428. 
The introduction states the problem of asymmetrical directed space concepts corresponding to the ir- 
reversibility of nature. Using the language of binary relations we consider generalizations of the concept 
of uniform structures and define so called quasi-ordoform and ordoform structures. These structures 
generalize the order and quasi-order relations exactly in the same way as the uniform structures generalize 
the relation of equivalence. In particular, we distinguish also separate (Hausdorff) structures (generalizing 
in the same sense the relation of equality) for which “‘quasi-ordoform” coincides with “ordoform”. From 
every structure a topology is deduced. It is easy to transfer the concepts and first theorems of “uniform 
continuity” to those of “(uasi)-ordoform continuity”. Some concepts are illustrated by examples. The 
generalized problem of metrizability remains open. 


BERGMANN, E. D. 


Spectographic Observations on “‘Non-Alterna’’ Hydrocarbons, Bull. Res. Counc. of Israel, 1954, 3, 429—434° 
1) Fulvenes and to some extent also some other “‘non-alternant’’ hydrocarbons show the same batho- 
chromic shift as open-chain polyenes when their spectra in carbon disulphide are compared with those in 
alcoholic solution. 

2) In 9,12-diaryl-diphensuccindadienes (VIII, R=aryl), the aryl groups cause a strong bathochromic 
shift of the longest absorption band, in contradistinction with the behaviour of the analogously built 


substances of the 1-phenylnaphthalene type. This is in accord with the predictions of the molecular orbital 


theory. 

3) Inthe benzofulvene series, substitution of hydrogen by halogen causes the same type of bathochromic 
shift that has been observed for azulene. Diphensuccindadiene does not show an analogous effect. 

4) The spectra of a number of 2,3-diarylindones (X) have been determined. The two main absorption 
bands cannot be correlated to specific ‘‘absorption paths’ in the molecule. 
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virulent physiologic race of (letter), 
256. 

Crystal, benzene, exciton band struc- 
ture in (Phys. Soc.), 438. 

Crystalline hexamethylbenzene, the 
first absorption system in the ultra- 
violet of (Phys. Soc.), 441. 

Crystals, alum, colour centres in (Phys. 
Soc.), 441. 

Cultivation of wild forms of Psalliota 
bispora (Lge.) Schaeffer and Moeller 
in Israel (letter), 255. 

Cyclohexen-1l-aldehyde, syntheses with, 
93. 

DDT, the persistence of on various 
building materials (letter), 257. 

DDT, supercooled melts of, the linear 
crystallization velocity of (letter), 255. 

Debye Charging process, the appli- 
cation of to polyions, 395. 

Deciduoma formation, the influence of 
post-stimulation time interval upon 
the effective inhibition by benadryl 
of, 112. 

Dehydrogenation, photochemical, of 
bianthrone derivatives, 72. 

Detonation and shock waves, on elec- 
trical conductivity in, and the mea- 
surement of detonation and shock 
velocities, 398. 

Detonation parameters of some ex- 
plosives, on the calculation of the 
(Phys. Soc.), 435. 

Detonation velocities, some measure- 
ments of with electrical conduction 
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probes and spiral sweep oscillogram 
(Phys. Soc.), 436. 

Dielectric constant of ‘free’ and 
“bound”? water at microwave fre- 
quencies, 31. 

Diethyl oxalo-fluoroacetate, 101. 

Diffraction studies, electron micro- 
scopic and, of some paraffinic so- 
dium soaps (Phys. Soc.), 441. 

Dirichlet series, on the singularities of 
a class of, 385. 

Disharmonic faulting, a tectonic con- 
cept; 129; 

Dispersal studies, the rearing, marking 
and trapping of houseflies (Musca 
domestica vicina) for (letter), 263. 

Elasticity and hydrodynamics, second 
order effects in, 372. 

Electric fields, effects of on the lumi- 
nescence of the phosphor SrS:Eu,Sm 
(Phys. Soc.), 441. , 

Electric particles, elementary, on the 
radiation induced acceleration of, 348. 

Electrical conductivity in detonation 
and shock waves, and the measure- 
ment of detonation and shock ve- 
locities, 398. \ 

Electrolytic migration of radioactive 
interstitial silver ions produced in a 
silver chloride crystal by slow neu- 
tron irradiation, an attempt to de- 
tect, 312° 

Electron microscopic and diffraction 
studies of some paraffinic sodium 
soaps (Phys. Soc.), 441. 

Embryonic organ rudiments, develop- 
ment in yitro of, on heterologous 
adult tissue derivatives, 197. 

Energy, transfer of from solvent to 
solute in liquid organic solutions 
under ultraviolet excitation (Phys. 
Soc.), 442. 

Exchangers, cation, from olive pits, 96. 

Exciton band structure in the benzene 
crystal (Phys. Soc.), 438. 

Explosives, on the calculation of the 
detonation parameters of some (Phys. 
Soc.), 435. 

Faulting, disharmonic, a tectonic con- 
cept, 132. 

Fishes, freshwater, of Palestine. An 
annotated list, 207. 

Flour, carob germ, baking properties 
and nutritional value of, 129. 

Flour, soyabean, the detection and 
estimation of small amounts of in 
cereals (letter), 252. 

Fluorine compounds, organic, Simul- 
taneous micro-estimation of carbon 
and hydrogen in, 53. 

Foot and Mouth disease virus in the 
Syrian Hamster, propagation of (let- 
ter), 267. 

Freon-22, some thermodynamic pro- 
perties of, 414. 

Freshwater fishes of Palestine. An 
annotated list, 207. 

Function and the variable before Ga- 
lileo, the origin of the (Phys. Soc.), 
437. 

Functions, single and complex proba- 
bility, in the counting of alpha par- 
ticles (Phys. Soc.), 440. 

Gases, active, On the adsorption of 
from streaming air, 56. 

Geiger-counter measurements of single- 
crystal Bragg reflections. The geo- 
metrical problem, 37. 
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Geometry, statistical, and quantum 
theory (Phys. soc.), 437. 

Germination of lettuce seeds, on the. 
Ill. The effect of light on germina- 
tion, 136. 

Gravitational waves, some cylindrical, 

Guanidine perchlorate, the thermal 
decomposition of, Part II. Kinetics, 
89 


He II: Kinetics of superflow in the 
Bose-Einstein gas model (Phys. Soc.), 
439, 

~Helium and air, absorption and scat- 
tering of microwaves by a DC dis- 
charge in (Phys. Soc.), 440. 

Hexamethylbenzene, crystalline, the 
first absorption system in the ultra- 
violet of (Phys. Soc.), 441. 

Huleh region, peat from, as ion ex- 
change material for water softening 
(letter), 250. 

Hydrocarbons, ‘‘non-alternant’’, spec- 
trographic observations on, 429. 
Hydrodynamics, second order effects 

in elasticity and, 372. 

Hydrogen and carbon in organic 
fluorine compounds, simultaneous 
micro-estimation of, 53. 

Immunological methods, on the dia- 
gnosis of bilharziasis in Israel by: 
a preliminary note on the value of 
extracts of Schistosoma mansoni 
worms (letter), 260. 

Industry, the role of physics in (Phys. 
Soc.), 439. 

Integral equation, the system of the 
and the assumption of the superpo- 
sition in the study of condensation 
systems (Phys. Soc.), 437. 

Ion exchange material for water softe- 
ning, peat from the Huleh region in 
Israel, (letter) 259. 

Iron group, the competition between 
the low configurations in the spectra 
of, 290. 

Irrigation studies in the Jordan Valley. 
Physiological activity of the banana 
in relation to soil moisture, 228. 

Isotopic spin conservation, multiple 
meson production and (Phys. Soc.), 
438. 

Jordan Valley, irrigation studies in the. 
‘ I. Physiological activity of the banana 
in relation to soil moisture, 228. 
Kaleidoscope, the solution of the pro- 

blem of (Phys. Soc.), 436. 

Keplerian Motion, relativistic, a con- 
tribution to the treatment of the, 25. 

Kinetics of superflow in the Bose- 
Einstein gas model, He II: (Phys. 
Soc.), 439. 

Lettuce seeds, further identification of 
sugars present in (letter), 248. 

Logic, the intuitionistic revolution in 
mathematics and, 283. 

Luminescence of the phosphor SrS: 
Eu,Sm, effect of electric fields on 
(Phys. Soc.), 441. 

Magnetic fields, crossed, a transducer 
using (Phys. Soc.), 443. 

Magnetic moments of odd nuclei in 
jj coupling, 299. 

Magneto-resistive effect, a new active 
yee element using the (Phys. Soc.), 
443. 

Manganese ore in the Negev, possible 
origins of, 177. 

Masses of fast charged particles, a new 
method for the determination of the 
(Phys. Soc.), 443. 

Mathematics and logic, the intuitioni- 
stic revolution in, 283. 

Mathematical Union, Israel (News), 269 
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Measurement, precision, a Couette 
viscometer for, in the centipoise 
range (Phys. Soc.), 442. 

Meerwein reaction of p- -nitrostyrene, 
98. 

Meson production, multiple, and iso- 
topic spin conservation (Phys. Soc.), 
438. 

Micro-estimation, simultaneous, of 
carbon and hydrogen in organic 
fluorine compounds, 53. 

Microwave frequencies, dielectric con- 
stant of “free”? and ‘‘bound” water 
at, 31. 

Microwaves, absorption and scattering 
of, by a DC discharge in helium and 
air (Phys, Soc.), 440. 

Microwaves of 1 cm, amplification of 
by Means of a cold cathode DC 
discharge (letter), 451. 

Milled products, a simple method for 
the evaluation of moisture in (letter), 
2515 

Milliamperemeter, a clip-on, for D.C. 
currents (Phys. Soc.), 443. 2 

Musca domestica vicina (houseflies), 
the rearing, marking and trapping of 
for dispersal studies (letter), 263. 

Negey, possible origins of manganese 
ore in the, 177. 

Networks, linear, indefinite admittance 
representation of, 398. 

Neutron irradiation, slow, an attempt 


to detect the electrolytic migration , 


of radioactive interstitial silver ions 
produced in a silver chloride crystal 
by, 312. 

G-Nitrostyrene, the Meerwein reaction 
of, 98 

Nuclear radius, some implications of a 
smaller, 333. 

Nuclei, odd, magnetic moments of in 
Jj coupling, 299. 

Nutritional value and baking proper- 
ties of carob germ flour, 129. 

Oats in Israel, a highly virulent race of 
crown rust on (letter), 256. 

Nene pits, cation exchangers form, 


Organic chemistry, the influence of 
sc rNae physics on (Phys. Soc.), 
439. , 

Oxidation reactions, 
solid, 46. 

Particles, alpha, single and complex 
probability functions in the counting 
of (Phys. Soc.), 440. 

Particles, elementary electric, on the 
a oud induced acceleration of, 

Pb205, search for radiations from (Phys. 
Soc.), 439. 

Peat from the Huleh region in Israel as 
ion exchange material for water sof- 
tening (letter), 250. 

Photochemical dehydrogenation of 
bianthrone derivatives, 72. 

Physics in Industry, the role of (Phys. 
Soc.), 439 

Physics, modern, the influence of on 
organic chemistry (Phys. Soc.), 439 

Polyions, the application of the Debye 
charging process to, 395. 

Potassium determination, sedimentric 
method for, 448. 

Potassium perchlorate, X-ray investi- 
gations of the thermal decompo- 
sition of (letter), 248, 

Pressures, transient, on the measure- 
ment of and synchronizing devices 
(Phys. Soc.), 436. 

Probability functions, single and com- 
plex, in the counting of alpha partic- 
les (Phys. Soc.), 440. 


catalysed solid- 


Proteolytic activity of -taka-diastase, 


effect of versene (ethylenediamine 


tetraacetic acid) on (letter), 251. 
Psalliota bispora (Lge.) Schaeffer and 
Moeller in Israel, cultivation of 
wild forms of (letter), 255. 
Pyrene, a total synthesis of, 91, 
Quantum theory, statistical geometry 
and (Phys. Soc.), 437. 


Radiations from Pb205,search for (Phys., : 


Soc.), 439. 


Radioactive interstitial silver ions pro-— 
duced in a silver chloride crystal by 


slow neutron irradiation, an attempt 
to detect the electrolytic migration 
of, 312: 

Rank correlation, a probability appro- 
proach to ties in, 321. 

Refractive index of light-absorbing sub- 
stances, measurement of (P. S.), 443. 

Reifenberg, Prof. A.: In memo-' 
riam, 269. 

Rhipicephalus bursa in Israel, 201. 

Schistosoma mansoni worms, a preli- 
minary note on the value of extracts 
of: on the diagnosis of bilharziasis 
in Israel by immunological methods 
(letter), 260. 

Seismological observations (News), 275 

Shock waves, detonation and, on elec- 
trical conductivity in, and ‘the mea- 
surement of detonation and shock 
velocities, 398. 

Soaps, paraffinic sodium, electron 
microscopic and diffraction studies 
of some (Phys. Soc.), 441. 


Soil moisture, physiological activity of 


the banana in relation to. Irrigation 
studies in the Jordan Valley, 228. 

Soil research in [srael, current,. Sym- 
posium of the Israel Soil Science 
Society on, 270. 

Solar radiation, annual variation of, 
on the second harmonic of and the 
consequence of its zeros, 308. 

Solar radiation, diffuse, and its mea- 
surement (Phys. Soc.), 435. 

Solid-solid oxidation reactions, cata- 
lysed, 46. 


Soyabean flour in cereals, the detection | 
and estimation of small amounts of © 


(letter), 252. 

Spaces, structures: and, uniform, on a 
generalization of, 417. 

Spectra of the iron group, the compe- 
tition between the low configuration 
in, 290. 

Spectrographic observations on “‘Non- 
alternant’’? hydrocarbons, 429. 

Spectrometer, beta-ray, description of 
a (Phys. Soc.), 440. 

Spectrum Yb II (Phys. Soc.), 437. 

Spectrum Yb II, some new levels in 
the (Phys. Soc, 437. 


Spermatogenesis of some farm animals — 


under the climatic conditions in Isra- 
el; 123, 

Statistical geometry and Cuan 
theory (Phys. Soc.), 437. 

Stratigraphy, 
ceous and Tertiary, of a boring near 
Beth Govrin (Israel), 171. 

Structures and spaces, uniform, on a 
generalization of, 417. 

Sugars present in lettuce seeds, further 
identification of the (letter), 248. 


Synchronizing devices, transient pres- 


sures and, on the measurement of 
(Phys. Soc.), 436. 

Synecology, the concept of biotic or- 
ganization in, 114. 


rae st with cyclohexen-1-aldehyde, 


Synthesis of pyrene, a total, 91. 


on the Upper Cretad 


Syrian Hamster, propagation of Foot 
and Mouth disease in (letter), 267. 
‘Taka-diastase, effect of versene (ethyl- 
enediamine tetraacetic acid) on the 
_ proteolytic activity of (letter), 251. 
Tartrate, thorium, complexes: their 
composition, structure and behavio- 
Bur, 32: 
Tectonic concept, disharmonic faulting, 
32. 


: 


Tension source, a special, for the elec- 
trical standard clock in Israel (Phys. 
Soc.), 442. 

Thermal decomposition of guanidine 

__ perchlorate. Part II. Kinetics, 89. 

Thermodynamic properties of Freon- 
22, some, 414. 

Thorium tartrate 
composition, 

_ haviour, 82. 

Tomato roots in cultures, the effect of 

“coumarin on the growth of (letter), 
254. 

Tomato transplants, the effect of 
spraying with sugar solution on 
establishment of and on subsequent 
_growth (letter), 254. 

Transducer using crossed magnetic 


complexes: their 
structure and _ be- 
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fields (Phys. Soc.), 443. 

Transinfinite diameter, on the semi- 
continuity of the, 333. 

Tremor of September 
(letter), 266. 

Trichomonas vaginalis Donné, mecha- 
nism involved in acquired resistance 
of to colchicine (letter), 258. 

Ultraviolet, the first absorption system 
in, of crystalline hexamethylbenzene 
(Phys. Soc.), 441. 

Variable, the function and the, before 
Galileo, the origin of (Phys. Soc.), 
437. 

Versene (ethylenediamine tetraacetic 
acid), effect of on the proteolytic 
activity of taka-diastase (letter), 
251. 

Virus, Foot and Mouth disease, pro- 
pagation of in the Syrian Hamster 
(letter), 267. 

Virus, West Nile, Aedes aegypti as a 
vector of, 127. 

Viscometer, a Couette, for precision 
measurement in the centipoise range 
(Phys. Soc.), 442. 

Viscosity, volume-, on, 67. 

Volume-viscosity, on, 67. 
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Water softening, Peat from the Huleh 
region in Israel as ion exchange ma- 
terial for (letter), 250. 

Wave-function, two-component (Phys. 
Soc.), 438. . 

Waves, cylindrical gravitational, 328. 

Waves, detonation and shock, on elec- 
trical conductivity in, and the mea- 
surement of detonation and shock 
velocities, 398. 

Weizmann’s, Dr., On (his) scientific 
work, 5. 

Weizmann Memorial 
gramme, 146. 

West Nile virus, Aedes aegypti as a 
vector of (letter), 127. 

X-rays, the M, from Radium D and the 
M x-ray fluorescence yield of bis- 
muth, 316. 

X-ray investigations of the thermal 
decomposition of potassium  per- 
chlorate in vacuo (letter), 248. 

Yb II, the spectrum( Phys. Soc.), 437. 

Yb II, some new levels in the spectrum, 
(Phys. Soc.), 437. 

Zorn rings, associative, some theorems 
concerning, 380. 
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